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EDWAKD  H.  COURTENAT. 


Is  the  publication  of  the  following  Treatise  on  the 
Differential  and  Integral  Calculus  bj  Edward  H.  Courtenay, 
two  Institutions  have  an  equal  fnterest  —  the  Military- 
Academy  where  he  was  graduated  in  the  year  1831,  and 
the  Univeraity  of  Virginia,  where  he  died  in  the  Fall  of  1353. 

Mr,  Courtenay  was  born  in  the  City  of  Baltimore,  on  the 
19th  of  November,  1803.  He  entered  the  Military  Academy 
as  a  cadet  in  September,  1818,  and  was  the  youngest 
member  of  the  Class  of  that  year. 

The  Course  of  Study  embraced  a  term  of  four  years.  In 
three  years  Mr.  Courtenay  made  himself  highly  proficient  in 
all  the  branches,  and  was  graduated  at  the  bead  of  his  class, 
in  July,  1891. 

In  his  initiatory  examination  he  made  a  strong  impression 
on  the  mind  of  the  examiner,  who  remarked,  when  the 
examination  was  concluded,  that  "a  boy  from  Baltimore,  of 
spare  frame,  light  complexion  and  light  hair,  would 
certainly  take  the  first  place  in  his  class." 

We  transcribe  the  following  record  from  the  Hegister  of 
the  United  States  Military  Academy. 

"  Edward  H.  Couktenat — Promoted  Bvt,  Second  Lieut., 
CJorps  of  Engineers,  July  1,  1821, — Second  Lieut.  July  1, 
1821. — Acting  Asst.  Professor  of  Katural  and  Expeiimental 
Philosophy,  Military  Academy,  from  July  23,  1821,  to  Sept. 
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1,  1822 ;  and  Asat.  Professor  of  Engineering,  from  Sepl  1, 
1822,  to  Aug.  31,  1824.— Acting  Professor  of  Natural  and 
Experimental  Philosophy,  Military  Academy,  from  Sept.  1, 
.1828,  to  Feb.  16,  1829 ;  and  Professor,  from  Feb.  16,  1829, 
to  Dec,  31,  1834. — Resisiied  Lieutenancy  of  Engineers,  Feb, 
16,  1829;  and  Professorship  of  Natural  and  Experimental 
Philosophy,  Dec.  31,  1834.— Professor  of  Mathematics, 
University  of  Pennsylvania,  from  1834  to  1836.— Division 
Engineer,  New  York  and  Erie  Pailroad.  1836-37.- Civil 
Engineer,  in  the  service  of  United  States,  employed  in  the 
construction  of  Fort  Independence,  Boston  Harbor,  from 
1837  to  1841.*— Chief  Engineer  of  Dry  Dock,  Navy  Yard, 
Brooklyn,  N,  Y,,  1841-42. — Professor  of  Mathematics, 
University  of  Virginia,  since  1843. — Author  of  Elementary 
Treatise  on  Mechanics,  translated  from  the  French  of  M. 
Boucharlat,  with  additions  and  emendations,  designed  to 
adapt  it  to  the  use  of  the  Cadets  of  the  U.  S.  Military 
Academy,"  1833. — Degree  of  A.  M.,  conferred  by  University 
of  Pennsylvania,  1834;  and  of  LL.D.,  by  Hampden 
Sidney  College,  Va.,  1846." 

•  Mr.  Courlenaj,  while  pniployeil  a«  Engineer  in  the  conatniclion  of  the  work* 
in  Boston  Harbor,  waa  ^ociatcd  vitKthat  distinguished  officer,  Colonel  SylTuiua 
Thajor,  of  the  Corps  of  Engineers. 

The  ^ear  before  Mr.  Couitena;  entered  the  Military  Academy,  as  a  Cadet, 
Colonel  Thayer  had  been  appointed  Superintendent.  He  waa  then  engaged  in> 
laying  the  foundation  of  the  ayatem  of  instruction  and  diacipline  which  has 
imparted  so  much  reputation  to  that  institution. 

It  was  amongthe  moat  agreeable  and  cheriahed  nunembriineMof  Mr  Coortenay's 
life  that  he  enjoyed  the  entire  confidence  and  friendahip  of  so  interesting  and 
diatinguished  a  man. 

The  relation  of  principal  and  pupil,  in  a  public  institution  became  [he  basis  of 
B  sincere  and  genrtoua  friendahip;  and  when  the  nens  reached  the  north  that 
Courtenay  waa  dead,  no  eye  wai  moistened  by  a  tear  of  wanner  aympathy  Ihao 
that  of  the  Superintendent  who  had  jpiided  his  youth  and  admired  his  life. 
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The  author  of  this  notice  eM.mined  Mr.  Courtenay  when 
he  entered  the  Military  Academy,  was  associated  with 
him  m  the  Academic  Board,  and  knew  bira  intimately 
in  all  the  eitnations  which  he  subsequently  filled ;  and 
yet  feels  quite  incompetent  to  do  justice  to  the  memory 
of  so  perfect  a  man  and  so  dear  a  friend. 

The  painter  who  has  a  faultless  form  to  delineate  or  a 
pafect  landscape  to  transfer  to  the  canvas,  is  embarrassed 
by  the  very  perfection  of  his  subject.  He  has  nothing  to 
pat  in  opposition  to  the  beautiful — no  shading  that  can  give 
foil  effect  to  the  living  light.  Characters  which  aff>rd 
strong  contrasts  are  easily  drawn — it  is  the  perfect  cliar- 
wter  which  it  is  difficult  to  sketch. 

The  intellectual  faculties  of  Professor  Courtenay  were 
blended  in  such  just  propoi'tions,  tliat  each  seemed  to  aid 
and  strengthen  all  the  others.  He  examined  the  elements 
of  knowledge  with  a  microscopic  power,  and  no  distinction 
vassoDiinate  as  to  elude  the  vigilance  of  his  search.  He 
compared  the  elements  of  knowledge  with  a  logic  so  scruti- 
nizing  that  error  found  no  place  in  his  conclusions; — and 
he  possessed,  in  an  eminent  degree,  that  marked  character- 
istic of  a  great  mind,  the  power  of  a  just  and  profound 
generalization. 

His  mind  was  quick,  clear,  accurate  and  discriminating 
in  its  apprehensions — rapid,  and  certain,  in  its  reasoning 
processes,  and  far-reaching  and  profound  in  its  general 
views.  It  was  admirably  adapted  both  to  acquire  and 
ase  knowledge. 

The  iatellectual  faculties,  however,  are  but  the  pedestal 
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and  shaft  of  the  colmnn — the  moral  and  social  faculties 
are  its  entablature  or  crowning  glory-  It  \s  these  faculties 
which  shed  over  the  whole  character  a  soft  and  attractive 
radiance,  exhibiting  in  a  favorable  light  the  majesty  of 
intellect  and  the  divine  attributes  of  truth,  justice  and 
beneficence. 

It  was  the  ardent  desire  and  steady  aim  of  Professor 
Courtenay,  during  his  whole  life,  to  be  governed  by 
these  principles,  and  there  are  few  cases  in  which  the 
ideal  and  the  actual  have  been  brought  more  closely 
together.  Modest  and  unassuming  in  his  manners  even 
to  diffidence,  he  was  bold,  resolute  and  firm  in  asserting 
and  maintaining  the  right.  Liberal  in  his  judgments  of 
others,  he  was  exacting  in  regard  to  himseltl  He  could 
discriminate,  reason,  and  decide  justly  even  when  his  own 
interests  were  involved  in  the  issue.  His  love  of  truth 
and  justice  was  stronger  than  his  love  of  self  or  of  friends. 

His  intercourse  with  others  was  marked  by  the  gentlest 
courtesies.  He  was  an  attentive  and  eloquent  listener. 
Differences  of  opinion,  appeared  to  excite  regret  rather  than 
provoke  argument,  and  his  habitual  respect  for  the  opinions, 
wishes  and  feelings  of  others,  imparted  an  indescribable 
charm  to  his  manners. 

As  a  professor  he  was  a  model.  He  was  clear,  concise, 
and  luminous  in  his  style  and  methods.  Laborious  in  the 
preparation  of  his  lectures,  even  to  the  minutest  facts,  he 
was  at  all  times  prepared  to  impart  information.  His  manner, 
as  a  teacher,  was  highly  attractive.  He  never  by  look,  act, 
word,  or  emphasis  disparaged  the  efforts  or  undervalued 
the  acquii-ements  of  his  pupils.     His  pleasant  smile  and  kind 
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voice,  wlien  lie  would  say,  "  la  that  answer  jifvfirAly 
convct!"  gave  liope  to  many  minds  struggling  witli  the 
ditlicLilties  of  science  and  have  left  the  improssii'ii  <>f  afFuc- 
tionate  recollection  on  many  hearts. 

At  the  Military  Academy,  on  the  banks  of  the  Hudson, 
where  Mr.  Conrtenay  was  educated,  and  wlicru  lie  first 
labored  to  advance  the  interest  of  instruction  and  suionce, 
his  name  19  recorded  on  the  list  of  distinguislted  p'adnates, 
and  honorably  enrolled  among  the  most  eminent  Prufessora 
of  that  Institotion.  There  Ills  labors  and  memory  will  live 
long  together. 

At  the  University  of  Virginia  ha  has  left  a  name  eqnally 
dear  to  that  distinguished  Faculty  of  which  he  was  an  orna- 
ment and  to  the  many  pupils  whom  he  there  taught  When 
these,  ill  later  years,  shall  revisit  their  Alma  Mater,  to  revive 
early  and  cherished  recollections — toetrengiheii  the  bonds  of 
early  friendships  and  renew  their  resolves  to  be  jrund  and 
great,  they  will  Jind  that  a  wide  space  has  been  mado  vacant. 
They  will  realize  in  sorrow  that  a  favorite  professor  has  been 
transferred  from  the  haiis  of  instruction  to  the  grove  of  pines 
which  borders  the  town,  and  which  contains  the  remains  of 
the  revered  dead.  Thither  they  will  go,  in  the  twilight  of 
the  evening,  to  visit  the  grave  of  a  man  of  scicncc^their 
able  teacher  and  faithful  friend.  In  reviewing  his  life  and 
contemplating  his  character,  they  will  exclaim — 

"  Mark  the  perfect  man  and  behold  the  upright ;  for  the 
end  of  that  man  is  peace." 

FiBSnLl.    LlHDIMO,  ) 

Jfvvt  Vith,  I85S.      \ 
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NOTIOJ), 

The  following  work  was  left  by  ProfcBior  Courtcnay,  in  maouscrijit,  in 
a  highly  hnisheil  coadition ;  ajid  yd,  it  mUBt  bo  regretted  that  it  could  not 
receive  Ihe  final  correetionB  of  the  aulhor.  A  premature  death,  al  the 
meridian  of  life,  placed  the  work  in  other  hands,  and  any  slight  inaccuracies 
of  language  which  may  now  appear,  would  doiibtless  have  been  corrected, 
if  ihe  Ehcets  could  have  pasEcd  under  the  eye  of  the  BUlhor. 

It  ia  a  cause  of  thnukfulncs?,  however,  that  Ihe  work  was  entirely  com- 
pleted by  ProfeFBor  Courtenay  ;  and  tn  its  publication  the  plan,  language, 
and  even  (he  punctuation,  have  been  followed  with  a  fidelity  duo  to  the 
memory  of  a  ftiend. 

The  work  will  be  found  more  full  and  extensive  than  any  which  has  yel 
appeared  in  this  country  on  the  same  subject ;  and  the  part  which  relates 
to  Ihc  Calculus  of  Variations  will  be  especially  acceptable  lo  the  America 
public, 

It  is  perhaps  not  improper  to  add,  that  the  Publishers  have  genorouslj 
offered  to  publish  Iho  work  on  very  favorable  terms,  and  that  the  profile 
irhatevcr  Ihey  may  be,  will  go  lo  the  family  of  the  author. 
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DIFFERENTIAL  CALCULUS. 


riRST  FBUICIPLKS. 


'.  In  all  mathematical  calculations,  the  quantities  which  ore 
Io-<«nted  for  our  conaiderfttion  belong  to  one  of  two  remarlsable 
clft:;scs :  namely,  constant  quantities,  which  are  such  as  preserve 
the  same  values  throughout  the  limits  of  one  in vca Ligation ;  or 
ViiT.able  quantities,  which  may  assume  successively  different  values, 
the  number  of  such  values  being  unlimited. 

The  first  letters  of  the  alphabet,  as  a,  b,  e,  &c.,  are  usually 
employed  to  denote  comlant  quantities,  and  the  last  letters  z,  y,  x, 
&C.  are  used  to  represent  such  quantities  as  are  variuble. 

2.  When  two  quantities  x  and  y  are  mutually  dependent  upon 
each  other,  so  that  a  knowledge  of  the  value  of  one  will  lead 
to  that  of  the  other,  they  are  said  to  be  fanctiont  of  each  other. 
Thus,  in  the  equations 

y  =  az,      y  =  bx* -\- ex  +  e,       y  =  aa?  +  bx'' ~- ex  + ', 
Ibe  vnlue  of  y  is  determined  as  soon  as  that  of  x  is  known ;  and 
accordingly  y  is  Baid  to  be  a  function  of  x. 

In  like  manner,  an  assumed  value  of  y  will  fix  (he  correspond- 
ing values  of  x,  and  therefore  »  is  a  function  of  y.  There  is 
this  difference,  however,  between   the  two  coses:    when  the  value 
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of  x  is  assumed,  that  of  y  la  obtained  by  a  si  nple  substitu* 
tion ;  whereos  the  determination  of  the  value  of  z  from  that 
of  y  requires  the  solution  of  an  equation.  Hence,  y  is  called 
an  ezplicit  function  of  x,  but  x  is  said  to  be  aa  implicit  func- 
tion of  y. 

The  general  &ct  that  y  is  an  explicit  function  of  x   ia  written 
thus: 

y  =  Fx,        or        y  =  ^x, 

Then  the  character  F  oe  f  stands  as  the  representative  of  certain 
operations  to  be  performed  on  the  quantity  *,  the  result  of  which 
operations  will  be  a  quantity  equal  in  value  to  y.  And  when 
we  wish  to  imply  that  the  values  of  x  and  y  are  connected  by 
an  unresolved  equation,  or  that  y  is  an  implicit  function  of  x, 
we  write 

r{x,  y)  =  0,         or        <f{x,  y)  =  0. 

For  the  purpose  of  illustration,  let  there  be  taken  the  three 
y=ax  +  b         (I), 
t,  =  ax'  +  bx  +  c         (2), 
y  =  ax^+bx''  +  cx  +  e         (3), 
and  suppose  x   to   receive  an  increment  h  in  each  equation,  con- 
verting it  into  X  '+  k,  and  causing  y  to  assume  a  new  value  yj. 
Then  if  the  form   of  each  function,  or  value  of  y,  be  supposed 
to  remain  unchanged,  the  three  equations  (1),  (2),  and  (3),  will 
become  respectively 

y,  =  .(.  +  J)  +  i        (4), 
y,=o(.  +  4)'  +  i<«  +  J)  +  t        (5), 
and  y,  =  o(»  +  J)>  +  S(H-J)>  +  c<j+J)  +  «  (6). 

Subtrax^ting  (1)  from  (4)  we  obtain 

f,-y  =  .»    (7). 
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From  (2)  and  (5)  we  get 

y,-y  =  <((aiA  +  A*)  +  6A-  (8). 
And  from  (3)  and  (6) 

y,  -  y  =  a{Si?k  +  arA'  +  A')  +  t(2«A  +  A»)  +  th    (9). 
From  (7)  we  deduce,  by  division, 

V=«        (10); 

from  (8)  ^^  =  a{2x  +  h)  +  b     (11); 

sod  from  (9) 

?^!^  =  a(3*»  +  3;iA  +  A»)  +  i(2a;  +  A)  +  c        (12). 

The  reaultB,  (10),  (11),  and  (12),  express  tne  ratio  between 
tbe  increment-  A  assigned  to  x,  and  tlie  corresponding  increment 
y,  —  y  imparted  to  y.  The  values  of  this  ratio,  in  the  three 
examples  selected,  present  remarkable  differences. 

In  the  first  example,  this  ratio  retains  the  same  value  a,  what 
ever   may  be  tbe  value  assigned  to  the  increment  h.     In  tbe 
second  example  it  consists  of  two  parts, 
one  =  2a«  +  h, 

entirety  independent  of  A,  and  the  other  =  oA, 
which  varies  with  A.     If  the  value  of  A  be  supposed  to  diminish, 
the  ratio 

2<w:  +  i  +  aA         (11), 

will  become  more  and  more  nearly  eqoal  to  2<ix  +  6 ;  and,  final- 
ly, when  A  becomes  Indefinitely  small,  the  ratio   is   reduced   to 
this  latter  value. 
The   corresponding  increments  h  and  y,  —  y,  when   indefinitely 
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small,  are  called  the  differenliuts  of  the  quantities  x  and  t/,  and 
the  limiting  value  of  the  ratio 


is  called  the  differential  eoffficient,  because  it  is  the  multiplier  of 
the  differential  of  x  necessary  to  produce  the  differenliul  of  y. 

The  differentials  of  x  and  y  are  written  dx  and  i/jr,  the  char- 
acter d  being  the  symbol  of  an  operation  to  be  p^^rfortncd  on 
X  or  y,  not  a  lactor :  and  the  differential  coefficient  is  wi'itten  -j-' 

Moreover,  one  of  the  variables  (usually  x)  is  called  the  inde- 
pendent variable,  its  increment  dx  (although  small)  being  arbi 
trary  ;  while  the  other  y,  whose  increment  rfy  depends  on  that 
of  X,  is  called  the  dependent  variable  or  simply  the  fimction. 

In  the  third  example,  the  ratio 

A 
reduces,  at  the  limit  when  A  =  0,  to 

These  examples  illustrate  the  fact  that  two  indefinitely  small 
quantities  may  yet  have  a  finite  ratio ;  and  they  suffice  ti>  show 
that  the  form  of  the  differential  coefficient,  which  la  usually  a 
function  of  x,  will  depend  very  materially  on  the  form  of  the 
original  function  y. 

(3.)  The  considerations  just  presented  analjtically  admit  of 
geometrical  illustration.  For,  whatever  may  be  the  rolaliou  be- 
tween *  and  y,  the  former  may  be  regarded  as  the  ab-^i-iss;!,  and 
the  latter  as  the  ordinate  of  a  plane  curve;  and  the  detcnninatioD 
of  the  relation  between  the  corresponding  increments  of  i  and  y, 
is  reduced  to  finding  the  change  in  the  length  of  the  ordinatn 
produced  by  an  arbitrary  change  in  the  length  of  the  abscissa. 
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It  is  the  i^ef  object  of  the  Ditferential  Calculus  to  inTestigato 
the  laws  of  increase  of  functions  having  varioua  forms,  vrhen  such 
changes  are  produced  by  an  arbitrary  change  in  the  valuo  (tf 
the  independeDt  Tariable  upon  which  the  values  of  the  functions 
depend. 

Geometrical  considerationa  will  also  point  out  very  clearly  how 
it  happens  that  a  given  augmentation  of  the  variable  x  will,  in 
different  stages  of  its  magnitude,  produce  widely  different  ii 
of  the  function  y. 

Referring  to  the  an. 
neied  diagram,  it  will 
be  apparent  that  near 
the  vertex  C  of  the 
curve  CPE,  a  alight 
increase  in  the  value  of 
the  absciHsa  x  will  produce  a  comparatively  large  increase  in  the 
value  of  the  ordinate  y;  but  when  the  tangent  to  the  curve  fiirms 
a  smaller  angle  with  the  axis  OX,  as  at  P,  the  satne  increment 
in  X  will  produce  a  much  smaller  increase  of  y;  and  if  the  tangent 
he  nearly  parallel  to  OX,  the  increment  received  by  y  will  be  very 
■mall  in  comparison  with  that  given  to  *.  Finally,  by  continuing 
to  increase  x,  the  ordinate  y  may  first  cease  to  increase,  and  may 
afterwards  actually  decrease,  or  the  increment  of  y  may  become 
negative ;  and  these  different  results  will  occur  without  any  (jiaoge 
in  the  form  of  the  fimction  y. 

4.  One  of  the  first  inquiries  presented  for  oon^deration  is  the 
determination  of  the  general  form  of  the  function  F(x  +  A) ',  fbr, 
once  we  desire  to  compare 

y  =  Fx        with        y,  =  F{x  +  A), 
it  is  important  to  know  what  form  F{x  -(-  A)  will  assume  when  ex- 
panded into  a  series  of  terms  involving  x  and  h.    Hence  the  fill- 
lowing 
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Propotition.  To  detennine  the  general  form  of  the  development 
of  any  function  of  the  algebraic  sum  of  two  quantities,  such  aa 
F{x  +  A),  arranged  according  to  the  powers  of  the  second  A. 

Ist.  There  must  be  one  term  in  the  development  of  the  form 
Fx,  and  the  other  terms  must  contain  A.  For,  since  the  develop- 
ment  is  supposed  to  be  general,  and  therefore  true  for  all  values  h, 
it  ought  to  be  applicable  when  A  =  0,  in  which  case  the  undeveloped 
function  F{x  +  A)  reduces  to  Fx.  This  condition  will  be  satisfied 
by  supposing  the  first  term  in  the  development  to  bo  Fx,  and  all 
the  succeeding  terms  to  contain  powers  of  k,  since  the  supposition 
A  =  0  will  then  give  rise  to  an  equation,  Fx  =  Fx,  which  is  identi- 
cally true.  And  no  other  conceivable  form  of  development  would 
lead  to  this  result. 

We  may  therefore  write 

F(x  ■^h)  =  Fx  +  Ah'  +  Bh*  +  CA'  +  &0.        (I), 

in  which  the  coefficients  A,  B,  C,  &c.,  will  usually  be  functions  of  x, 
and  the  exponents  o,  b,  e.  Sic,  undetermined  constants. 

2d.  None  of  the  exponents,  a,  6,  c,  &c.,  can  be  negative.  For  if 
there  could  be  a  term  of  the  form 

Bh-*        or        ~, 
A* 

it  would  become  infinite  when  A  =  0,  thus  rendering  the  developed, 

expression  infinite,  while  the  undeveloped  expression  would  become 

simply  Fx,  and  this  latter  would  probably  be  finite. 

3d.  None  of  the  exponents  can  be  fractional.    For  if  there  could 

be  a  term  of  the  form 

Eh'        or        £\/h^ 
such  term  would  have  as  many  different  values  as  there  are  units 
in  t ;   that  is,  it  would  bave  t  values :   and  each  of  these  values 
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could  be  combined  in  succeaaion  with  the  aggregate  of  the  other 
terms  of  the  aeries. 

Now  if  each  of  these  other  terms,  except  the  first  Urm  Fz,  be 
supposed  to  have  but  one  Tolue,  the  sum  of  all  the  terms  coatainiDg 
h  vill  have  (  diOerent  values.  And  if  Fx  be  susceptible  ef  n  di£ 
ferent  values,  the  entire  development  will  admit  of  n  x  *  values, 
sinoe  each  value  of  Fx  may  be  combined,  in  succession,  with  each 
value  of  the  remaining  terms. 

But  F{x  +  A)  being  of  the  tame  fon»  with  Fx,  must  have  the 
same  number  n  of  values.    Thus,  for  example,  if 

Fx  =  x^, 
and.  both  will  have  three  Talues. 

If  JP(*  +  A)  =  a{x  +  A)»  +  6(*  +  A)* 

then  Fx  =  ax*  +  6** , 

and  both  will  have  five  values,  dec. 

Thus,  in  the  case  supposed  above,  where  tiiere  was  one  ftactiontd 
ex^nent,  F{x  +  A)  would  have  n  values  when  undeveloped,  but 
n  X  I  values  when  developed — a  manifest  absurdity. 

We  conclude  therefore  that  the  exponents  a,  6,  e,  iec,  in  the 
general  development,  must  be  positive  int^ersj  and  in  order  to 
make  the  development  include  every  possible  case,  we  write 

F{x  +  k)=Fx  +  Ah  +  5a»  +  CA'  +  m\  &c, 
including  every  power  of  A.    If  in  any  particular  cose  some  of  these 
terms  should  be  unnecessary,  it  will  suffice  to  suppose  the  cor- 
responding coellicicnCa  A,  B,  C,  dec.,  to  reduce  to  zero. 

We  have  a  familiar  example  of  the  expansion  of  F{x  +  A)  is  the 
well  known  binomial  theorem.     Thus,  if 

F(x  +  A)  =  (r  +  A)-  =  JK"  +  iw^A 
^      X.2        *      "  f  1.2.3  *"»  +«?■» 
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we  ehall  have 

where  J,  £,  (7,  ^.,  are  functions  of  x. 

The  MIowing  are  likewise  eaamples  of  the  development  as  ap- 
plied to  particular  cases. 

2.  Let  Fi={a  +  «)*+  6*' :     then 

Fix  +  h)  =  {»  +  x  +  h)^+  &(*  +  A)-, 

which  expressions,  wbea  expanded  by  the  binomial  tlieorem,  give 


+  fee"  +  n&e— » A  +  "^""'^  fcr^A*  +  &c  " 

+  Q^(«  -  1)*^  -  g  (»  +  *)'*]A'+&e. 
which  oorreaponds  with  the  general  form. 
3.  Let  Fx  =  ]jigx:     then 

^(jr  +  A>=log(«  +  A)=log[*(l+^)]  =  loga:+Iog(n-^) 

where  Jf  denotes  the  modulus  of  the  system  of  It^rithms. 

which  also  oorresponda  to  the  general  form. 
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It  may  be  well  to  observe,  that  altbough  the  form  of  the  develop- 
ment of  F(x  +  A)  is  always  such  as  has  been  indicated  while  x 
retains  its  general  value,  yet  it  is  possible  {in  some  cases)  to  assign 
certain  particular  values  to  x  which  shall  cause  the  development 
in  this  fonn  to  become  impossible. 

Urns,  if  in  the  second  of  the  above  examples,  we  put  x=  —a, 
the  true  development  of  F{z  +  k)  will  beoome  simpl; 

F{x  +  A)  =  A*  +  J  (-  «)■  +  i»{-  a)—'  h  +  <kc, 

in  which  one  fractional  exponent  appears. 

The  same  supposition  causes  all  the  coefficients  involving  negative 
powers  q{  a  -\-  X  to  become  infinite  in  the  general  expansion.  It 
will  be  shown  herearter  that  the  particular  eases  in  whidi  the 
general  development  is  inapplicable,  are  always  indicated  by  some 
of  the  terms  of  the  development  becoming  inlinite.  At  present 
it  is  suffident  to  remark  that  the  number  of  such  cases  ia  compara- 
tively small,  aod  that  they  will  receive  a  special  examination. 

6.  From  the  development  of  Fix  +  A),  we  derive  a  direct  and 
general  method  of  finding  the  differential  of  any  proposed  function 

y  =  Fx. 
For,  if  we  give  to  x  an  increment  A,  we  riiall  have 

y^  =  F(x+h)=Fx-ir-Jh-^  Bh*  +  CA'  +  ic. 

.-.y, -y  =  J'(r +  A)  - Fx  =  Ah  +  BIfi -^  Ck^ ■{-  tta. 

. . .  ?iZL?  =  J  +  £A  +  CA^"  +  &c^ 

And  by  passing  to  the  limit,  when  A  =;  0,  we  get 

du 

-T-  =:A,        whence        dy  ■=  Adx, 
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Thua  it  sppearo  that  the  coeffident  A  of  the  lat  power  of  A 
in  the  derelopment  of  F{x  +  A)  is  the ,  dilferential  coefficient  of 
the  proposed  function,  and  this  multiplied  b;  dx  gives  the  re- 
quired differential  of  y. 

It  will  be  found  convenient,  however,  to  foTTn  rules  for  dif 
ferentialjng  functions  of  the  various  forms  likely  to  arise,  and 
to  this  investigation  we  proceed  next. 
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DIFTEXKItTUTIOIt  or  AI^KBRAIO   ruMOTtOKS. 

6.  Prop.  To  differentiate  the  product  of  two  functiona  of  a  ain- 
^e  Tsriable. 
L«t  v  =  yz, 

vbere  y  and  t  are  given  functions  of  the  same  independent  variable 
1,  and  let  x  take  an  increment  k,  converting  u,  y,  and  z,  into  u^,  y,, 
lod  2j.  Tlien,  since  y,  and  «,  will  each  be  a  function  of  x  +  A, 
we  shall  have 

yi  =  y  +  ^A  +  £A»  +  CA»  +  &c., 
sod  z,  =  a  +  -^lA  +  £,A'  +  C^k^  +  &c. 

.  • .   w,  =  y,z,  =  y*  +  (^  +  J,y)A  +  {.Bz  +  £,y  +  -.l^i)^* 
+  (Cz  +  (7,y  +^5,  +  ^,B)A»  +  ifec. 

...  IlLlJ!  ^  yifiZJ^  ==Az  +  A^-\-  (Bt  +  £,y  +  AAy)k 

+  (ft  +  C,y  +  AB^  +  Ji*)/.*  +  i«. 
and  when  A  =  0,  this  becomes 

(ft*       ,         ,  rfy  <fe 

if*  '       dx 

And  by  multiplyiog  by  dx,  we  get 

if  u  =  tdy  4-  ycb. 
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Thut  the  differential  of  the  produet  yz  of  lieo  futietiom  is  found  htf 
multii>tijing  earU  funelwn  bt/  ike  differential  of  the  oiker  fancUon,  and 
adding  I  he  rcaulU. 

7.  Prop.  To  differentiate  the  product  of  several  functions  of  a 
single  variable. 

1st.  Let  u  =  cyz,  where  v,  y,  and  z,  are  functions  of  the  inde- 
pendent variable  x. 

Put  yz  ^=1 ;         then         u  =  vt, 

and  by  the  last  proposition, 

da  =  vdi-^sde,         and  also        ds  =  gdz  +  gdt/. 
Substituting  the  values  of  s  and  de  in  that  of  du,  there  results 
du  =  v(yrfz  +  zrfj)  +  yzdv  =:  vifds  +  vsdy  +  yzdv. 
2"3.  Let  u  =  svyz. 

Put  yr  =  «i;         then         v  =  »va, 

.  • .  du  =  »ik/id  +  tuidv  +  vimb  ^  tv(ydx  +  «(iy)  +  jyri/c  +  vyzdi, 
or,  J«  =  tvydz  +  svtdy  +  <yzrfp  +  vyzd*  ; 

and  the  same  method  could  be  applied  to  the  product  of  a  greater 
number  of  functions. 

Hence  we  have  the  following  rule  for  the  difl«rential  of  the 
product  of  several  functions  : 

Multiply  t/ce  differential  of  eaeh  foctor  by  the  continued  product  of 
all  tilt  other  faelors,  and  add  the  retulls. 

8.  Pr<^.  To  differentiate  a  fraction  whose  numerator  and  denom- 
inator are  functions  of  a  single  variable. 

Let  «  =  -  >  where  y  and  z  ore  functions  of  x. 
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Umb  y  =  nz,  and  thb  differentiated  by  the  rule  for  products, 
giTes 

dy  =  ud*  +  idii  =--dz  +  tdu 

.  ■ .  *rfy  =  ydi  +  **rfti, 

,  ■        ■     .                 >       *rfv  —  y'* 
■ttd  by  reduction  du  =  — ■ — ^ 

Thus  the  rule  is  as  follows : 

iluUiply  die  difftreatial  of  the  numerator  hy  the  denominator,  and 
Ike  differenlial  of  the  denominator  by  the  numerator ;  lublroct  tke 
iteond  product  from  the  Jirtt,  and  divide  Ike  remainder  by  the  tquare 
cf  the  denominator. 

9.  Prop.  To  differentiate  a  power  of  a  single  variable. 

IsL  Let  u  =  «*,  where  »  is  a  positive  integer. 

Regarding  x'  as  the  product  x.  x,  x.  x,  &c,  of  n  equal  factors 
each  =  X,  and  applying  the  rule  for  differentiating  a  product,  we 

get 

du  =  «•-•(&  4-  x'~^dx  +  x'-^dt  +  &e,,  to  n  terms. 

and  the  rule  in  this  case  is  ifae  following : 

Multiply  the  given  power  (»■)  by  the  exponent  {giving  nx') ;  then 
iintiaith  the  exponent  by  unity  (giving  nx"'')  ;  and  finally,  multiply 
hy  the  differential  of  the  root  (producing  nx"-*'dx). 

2d.  Now  suppose  the  exponent  n  to  be  a  poiiitive  fraction  - 

Then  u  =  x' 

.  - .  a*  =  I",  where  the  exponents  a  and  c  are  both  positive  integers. 

Hence^  by  the  application  of  the  rule  just  established  for  such 
CBses,  we  have 

eu'-Mu  =  ax^^dx 
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uid  the  rule  for  diBerentiatiog  tbe  power  ia  the  same  as  when  lb.9 
ezponeDt  is  a  positive  integer. 
3d,  X^t  the  exponent  be  a  negative  integer,  or  u  =  x-* 

and  this  differentiated  hy  the  rule  for  A'actions,  gives 

t'+'  -  (n  +  1)*-+'  .  ndx  •  ■  ■ 

And  the  rule  ia  still  the  same. 

4tb.  Let  the  exponent  be  a  negative  fVaclion,  or  let  u  =  x   '. 

Then  u*  =  ir-*,  and  b;  the  first  and  third  cases, 


and  the  formula  is  atill  the  same. 

We  might  have  deduced  the  rule  for  differentiating  a  power,  as 
alike  applicable  to  all  cases,  by  employing  the  binomial  theorem; 
for,  since  the  aecond  term  In  the  development  of  (x+A)",  is 
nx'^h,  for  all  values  of  n, 

diaf) 
we  must  have         --,  —  =  nx—',     or,    d  (af)  =  nx'-'dx. 
dx  '         •        \    / 

It  is  intended,  however,  to  demonstrate  the  truth  of  the  binomial 
theorem  by  the  aid  of  the  differential  calculus,  and  bence  the  neces- 
sity of  establishing  the  rules  for  differentiation,  without  reference  to 
that  theorem, 

Btmark.  If  the  function  which  it  is  proposed  to  differentiate 
oontun  a  constant  fiwtor,  such  factor  will  appear  in  the  differential. 
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Tbns  d  (ax)  =  aix,  fiir  when  x  takea  the  increment  A,  the  function 


t(,=o(a:  +  A)     and     •'•       ji —  =  "      •""      rf"""" 
Similarly  if  u  =  a .  Fx,  where  F  denotes  any  function, 
then  M,  =  n^(*  +  ft)       and      dw=ad{Fx). 

10.  Prop.  To  difierentiate  the  algebraic  sum  of  several  fuactjona 
of  a  single  variable. 

Let  V  =  Am -^  Bv  —  Cy  +  Dt, 

where  »,  v,  y,  and  z,  are  functions  of  x, 
Ilien  when  x  takes  the  increment  ft, 

At  becomes  ^,  =  ^  (»  +  A^h  +  £,A»  +  C,A»  &o.). 
A  becomes  ^v,  ^  B  {v  +  AJt.  +  ij/i*  +  CJi'  &c.). 
£7^  becomes  (7y,'=  C{i/  +  J/  +  ^gA"  +  (7/^  &&). 
/)*  becomes  i?*,  =  i>  (a  +  J«A  +  B^K>  +  (7.A*  to.). 
.  • .  «  becomes  «j  =  ^»  +  ^n  —  Cy  +  i)a 

+  (^^1  +  BA^  -  CA,  +I>A^  A  +  &c 
.  • .  dtt=  {AA^  +  BA^  —  C^,  +  i>-l,)  dx. 
Bat       .jljiii:  =  (f«,       A^x  =:  if,       ^^s^x  =  djf,       A^dx  =  ir. 

.-.  du  =  Adi -^  Bdv  —  Cily  +  Ddz. 
And  the  rule  is  as  follows : 

Di^irenliale  the  termt  mceeaaively,  and  take  the  algehraie  turn  of 
the  retull. 

Remark,  if  a  constant  be  conneoted  with  a  variable  quantity  by 
the  sign  +  or  — ,  such  constant  will  disappear  by  differenljation. 
Thus,  when  we  have  u  =  a  +  Fx,  thea 

Ut  =  a  +  F(x  +  h)  ^a  +  Fx  +  Ah  +  Bh',  ico., 

=  ui-Ah  +  Bh\  <l!c 

.  * .  dv  ^  Adx,  the  constant  a  having  disappeared. 
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■zuiPLia, 
11.    1.  To  difTereotiate 

y  =  ie'  +  7*2  —  Bar  +  5. 
Applying  the  rule  for  powers  to  each  term  we  obtain 

dy  =  4x  SzHx  +  7  X  Zidx  -8dj!  =  (I2r'  +  14a;  -  S)dx. 
.•.■^  =  I2*»  +  ]4*-8. 

2.  y  =  a^{bx  +  c)  =  abx*  +  acx*. 

Differentiating  this  as  a  product,  we  get 

dy  =  2ax{bx  +  c)<ix  +  a^bdx  =  (3aJj:»  +  ^acxjdx. 

Or  by  first  performing  the  multiplication  indicated,  aod  theu  dif- 
ferentiating as  a  sum,  the  same  result  is  obtained. 

.•.^  =  9abx'  +  2aeii. 

Differentiadng  by  the  rules  for  fractions  and  powers,  we  obtun 
_  12j:*(ft  +  x^fdx  -  3{i  +  x^y  X  4x3  X  gjrfj 

lar^fi  +  x^)  -  24a*  ^        12rV6  -  a:')    , 

=  — w+^ — '"=-irTii.Y-"- 

rfy  _  nx\b  -  x^)^ 
'    '  dx~    (b  +  x^)* 
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di 


«  •  =  vT+yTT5=  ['  +  (!  +  »=)'*]* 

g  =  i  [.  +  (1  +«•)*]-♦  X  [l  +  (1  +  ^)-*  ,] 


S  =  ~  6tj-'  =  -  5 
»  =  v^Vv'*  +  i  =  «*(■*  +  1)*. 

.  £;_('* I-')*  I        1        ^      ■!»;*  + 4 

It*  4.V+1)*       laVSvCrTl 


>-..>-» 


^■(i  -.■)'-(!  +  ^/rrg) 


=  ='-<i^^J!l±2>  =  .vm 


*  +  -/l  +  *^        *»  _  (1  +  ;iij 
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"-Vb 


■v/r+x« 


-•v^ 

1 — p+Vi''-'^)' 

13.   w  = 

nitely. 

y/a  +  .  +  Va  +  i 

anil 

t  +  X  &C.,  TOl 

Qtinuet 

Here 

.ill 

a  +  a: 

or,        «■  - 

^V«- 

'-|. 

'^x       V4a  +  4a:  +  1 

The  functions  considered  hitherto  are  called  algebraic  functions, 
because  they  require  only  the  performance  of  the  common  algebraic 
operations  of  addition,  subtraction,  multiplication,  division,  raising 
of  powers,  and  extraction  of  roots.  There  is  a  second  and  very 
extensive  class  of  functions,  in  which  the  variable  enters  as  an 
exponent,  or  in  connection  with  logarithms,  sines,  cosines,  tangents, 
circular  arcs,  &c,  oC which  the  following  are  examples :  a*,  x*, 
log*,  sin*,  (oosa)"»»,  sin-'*,  (togi)**"',  &c  These  are  called 
tranicendenlat  functions,  and  they  will  be  considered  in  the  next 
chapter. 
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12.  Prop.  To  differentiate  u  =  Ic^  «. 
Let  X  take  the  iocrement  h^  converting  t 


w,  =  log(*+ A). 
Tlien  «,  =log  ( «  +  A)  =  log  [*  (l  +  ^)]  =  log  r -h  log  (l  +  ^V 

wbwa  JT  ia  the  modulua  of  the  sjrstem. 

.-.  3-=   V/   :  =  _        and        <fti  =  — rfi. 
ax  az  «  X 

Hence  tbe  rul«  ia  aa  foltowa: 

Multiply  the  dijirential  of  At  variable  &y  tht  modvlut  of  the  tyi- 
tem  in  whieA  the  logarithm  it  latett,  and  divide  the  product  6y  the 
variable. 

if  the  logarithms  belong  to  the  Naperian  system  whose  modulus 
is  equal  to  unity,  we  shall  have 

•'0«g«)  =  ~ 

Aa  the  essential  properties  of  logarithms  are  the  same  in  all  sys- 
tems, while  the  form  of  the  differential  is  simplest  in  the  Naperian 
■jatem,  the  logarithms    employed  throughout   tho   Calculus   will 
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always  be  the  Naperian,  unless  the  contrnr/  is  distinctly  specilied, 
and  the  rule  for  diiferentiating  a  logarithm  wilt  be  simply  this: 

Divide  the  differealial  of  the  gaantili/  by  the  qwmtily  itself. 

13.  Prop.  To  difTerentiate  an  exponential  function  as  u  =  a',  the 
base  a  being  constant; 

Passing  to  logarithina  we  have 


.  rf(log  m)  =  d(x  log  a)         or        —  =  log  a .  t^ ; 


.  rf«  =  log a.v.dx  =]oga.a*.dx 


-=logffl 


And  the  rule  for  diflerentinting  an  exponential  is  this: 
Multiply  Ike  exponential  (a')  6y  tk*  differential  of  the  exponent 
(dx),  and  thai  product  by  the  Naperian  logarithm  of  the  bate  (log  a). 
Cor.  U  a  =  e,  the  Naperian  base,  we  shall  have  log  «  =  1 ; 


d{e')  =  e-dx, 


dx    ' 


Remark.  The  rule  for  differentiating  logarithmic  functions  will 
often  be  found  useful,  even  vhen  the  original  function  is  algebraic, 
since  by  passing  to  logarithms  we  may  give  the  function  a  simpler 
form. 


JSeamples  of  Lo^writhmia  and  Exponential  FmustioTia. 
14.  1.  Let  «  =  log  (x  +  vT+^ 


"(*  +  vT+^^)VT+^ 


v/r+1 
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Pnang  to  logaiitbms  we  have 

log  «  =  log  *  +  log  (a»  +  a?)  +  i  log  {a*  -  «»). 

d»      rfr     rf(o«  +  ari)      1  rf(g'  -  z^)   . 
•'*    «"«"*"     o»  +  a:»     ■*'2    a'-a:» 


«*  +  a»a?  —  4z* 


Unltiplyiiig  numerator  and  denominator  by  the  numerator  ve  hai 


rf»      te  —  2-^1'  +  1  -  2j'(»'  +  1) 


Hiu  the  rule  for  differentiating  a  power  is  still  the  same,  when  tl 
oponent  is  imsginary 
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^5.  u  ^  X'.    Then  log  H  =  X  log z. 

.*.  —  =  1ogx.tIx  +  X, —  =  (Iog*+  l)d* 

6.  «=«•'. 

Tliis  ugnifiea  that  Z  is  r^sed  to  a  power  whose  exponent  is  x*, 
and  it  must  not  be  confbuiKled  with  {x*)*,  which  latter  implies  that 
«■  is  raised  to  the  x'^  power. 

nien    log u  c  ar*  1(^ z  .'.  —  =  l<^x(logc+  \)x*dx  +  x* — 
.•.g  =  ^..-[log.(loj,  +  l)+l] 

7.  M  =  f"       wlia«  t  is  the  Naperian  base, 
iogu  =  x']oge  =  x-   .•.j^  =  c'.«-(logz+l). 

8.  «  =  «•',  Then        log  u  =  «■  leg  JT 

.•.^  =  «.'(log.  +  y.-. 

e.  «  =  log{«*).        Tten        Ju  =  ^^  =  ^ 

This  result  is  the  same  as  when   u:=logx,  as  might  have  been 
antidpated,  since  log  {nx)  =  log  n  +  log  x,  and  log  n  is  constant 

10.    «  =  log(log!t).     Then    du  =  ^-^^^  =  ~^ 
"^   "    '  log  *  2 .  log  X 
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=  (1(^J!)"  =  log"*,     liken  dw  =  nlog—'x.d{]ogx) 
ifB  _  n  .  log  "-• « 


14. 


;"  +  r"  =  (a*  +  «»)*     and     —  =  - 

:«*"'•.  rfi*  =«""''=.</ (log-*) 

dn      n     leg",   ,     _, 


=  -  «•  log«« 


,  1 


**log«  +  =5**. 


83 


I 


,  1 


16.  «  =  «»(a*  -  4*3  +  12«»  -  24*  +  24) 

(-{r*  -  4x5  +  12a:*  —  24a;  +  24) 


dz 


+  e'(4a?-]ar'  +  24*- 


)  =e».«*. 


TrtgoTwrnetricai  Fwnctione. 

]6.  The  trigonometrical  functions  sinx,  cosx,  tanx,  &c  will  next 
be  considered,  but  the  determination  of  the  forms  of  their  difTeren- 
tuls  will  be  facililated  by  the  fui lowing 
)     aro 

ac  is  diminished  indefinitely,  ia  unity. 

,   „.  sin         cos         rad— verain 

Proof.  Since     ^=  ~ 


nidiu 


rad 
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8d 

and  since  the  last  term  in  this  equality  can  be 
rendered  smaller  than  any  assignable  quantity 
by  taking  the  arc  sufficiently  snialt,  it  follows 

that  the  limit  to  the  ratio  —  is  unity. 

But  both  the  diord  AB  and  the  arc  AB 
are  intermediate  in  value  between  the  sine 
BO  and  the  tangent  AT.     Hence  at  the  limit,  when  the  arc  is 
indefinitely  small, 


16.  Prop.  To  diRerenttate    y  =  sin  x. 
Id  the  well  known  trigonoraetrical  formula, 

sina  — dn(  =  2siD~(a  —  i)  cos-  (a  +6), 

make  a  =  x-\-  k        and        h  =  x. 

.*.  BID  («  +  A)  —  sin«  =  3BiD^A.cos(«  +  ^A}. 

.iii(.  +  A)-Biis     2«ni4.co.(.+ij) 
•' 1  ~  * 

"a*  1 

=  — i ""C'  +  s*)- 


But  at  tbe  limit  wjien  A  =  0, 
•    '. 


^ 


:  1,      and      cos  {x  +  h^)  =  (=<>"• 
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.•.  --=-  =  -^ — i  =  co3r,       and       disinx)  ^oyax.dx. 
dx  dz  ^        ' 

17.  Prop.  To  differentiate    y  =  cosx. 
Here  y  =  co8«  =:  Bi[i|-«' —  zj 

where  *  =  semt-circumference  of  the  circle  whose  radtua  =  1. 

.  •.  dy  =  d khI-*  —  x\  =  cosi-v  —  arj-i/lT*  — «)=  —aiaxdx 

du      d  cos  X 

.-.    ^  =  —^—  =  -^11*; 

the  negative  sign  prefixed  to  the  value  of  this  ratio  signifies  that  the 
«osine  decreases  as  (he  arc  increases. 

18.  A-qp.  To  differentiate    u  =  tan  x. 

I  1/.       \       .sine      ixax.damx  —  aax.dfsoax 

du  =  ff  (tan  x]=d = ~ 

cos  X  oos'j! 

oos'a;  +  vvi^x  ,         dx  .      , 

= dx  =  — T-  =  eK<?x .  dx. 

txx^x  cos'j: 

du       d  tan  x  . 

•'•  -jZ  =  — -^ —  —  9%f?X. 

19.  Prop.  To  differentiate  «  =  cotx. 

rfi(  =  (f(cot3)  =  dtanl-*  —  itj  =  sec' I-*  —  *).  ■'(j*  —  *) 
=  —  aoaet?x.ix 

dit      d&'tx 
. ' .   -r-  =  —, —  =  —  cosec^r. 
dx  dx 

JO.  iVqp.  To  differentiate  «  =  seox.  ■ 

_,  1  ,  ,    1  — rfcoa*      sinx.dx 

Here  u  =  sec  z  = .  ■ .  rfn  =  d = ;; = — 

cos*  cosx  oos^a  cos^a; 

J.  ,  ,  du      dsf.cx      ^ 

ot,  du  =.t&nx.aacx.dx      and       .'.-7-  =  — -, —  =  tanx.secir. 
dx         dx 
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£1.  Pr€^.  To  difierenti&te  u  =  cosecx. 


Ai  =  if(oosecx)  =  (/seel-*'  —  x\ 


=  —  ootx.cosec;ri/x. 
da      deoBKx 


-  =  —  cotr.ooeeox. 


22.  Prop-  To  differentiate    h  =:  veiwn  k 

lAi  =  i{verBiii  x)  =  d(l  —  cos  at)  =  sin  xdx. 


23.  Prop,  To  difTerentiate  u  =  coversin  x. 

(fu  =  d(coversiiiz)  =  if.Tersinl-«'  —  zl=sii)l_-«  —  rMl-i-  — ■  «1 

,  du       d  coversin  x 

=  —coax. ax.  .-.  -r-  =  -, =  —omx, 

dx  de 

24.  In  each  of  these  expressions,  x  represents  the  length  of  an 
arc  described  with  a  radius  ei^ual  to  unity,  and  the  radius  does  not 
appear  in  the  forniulte :  but  it  is  necessary  to  remember  that,  in 
es(^  case,  B  =  \  must  be  understood  to  enter  into  the  formula  as 
often  as  may  lie  required  to  make  the  two  members  of  the  equation 
homogeneous. 

Geometsncal  lUuairatwn. 

25.  The  results  just  obtained  may  be  illustrated  geometrically  in 
such  a  manner  as  to  convey  a  more  precise  view  of  the  compara- 
tive small  changes  imparted  to  the  several  trigonometrical  functions, 
by  an  arbitrary  small  change  in  the  oro  upon  which  they  depend. 
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Thoa  let  ah  Tepreaest  an  arc  x  described 
vilh  nd  =  I,  and  bbi=dx  a  small  in- 
Oement  given  to  x.  Then 
d=aos,  te  =  coax,  at  =  tan  X,  c(=a»cz, 
if,  =  rf ,  sin  x,  *6  =  li ,  COB  z,  jf^  =  (f .  tan  ir, 
rJ,  =  d.eeex. 

Also  wheii  £6,  is  diminished  continually, 
(be  siD^  figures  6*£i  and  trt^  will  continu- 
■11}'  approach  to  the  forms  of  right  angled  triangles,  becoming  in 
definitely  near  to  such  forms  at  the  limit.  Moreover,  the  two  email 
triangles  will  then  be  similar  to  cbe.  Hence  we  shall  have  the 
proportJOQS 

ci  :  c«  ::  i(,  :  (,(    or     1  :  cosz  ::  dx  :  daiax  ^  coaxdz, 
A  :  eb  : :  hbi  '.  &t     or     1  :  mux  ::  dx  :  dcoa x  =  ein xdx. 
The  latter  result  should  be  written     dcoax  =:  —  iiax.dx,  be- 
caase  the  cosine  diminishes  as  the  arc  increases.  > 

Agun  we  have  the  proportions 

ea  :  el  : :  rt  :  11^    1    . ' .  co  x  <*  :  {et)'  : :  M,  :  «, 
lod      ei  :  rf  : :  44,  :  r(    )    or  1*  :  sec^x  ::  dx  :  dWix. 
.  ■ .  d  tan  X  =  sec^zi^r. 
::  rt  :  rtj    1    ,  • .  ca  X  «6  :  «'  X  rf  : :  Mi  :  »•(,. 
::  bbi  :  rl    )    or  1^  ;  tanx.  secz  : :  dx  :  d  seox. 

.' .  d  sec  ^  =:  tan  t  ,  sec  x  ,  dx. 
•  manner,  expressions  for    d  cot  z, 


Also  ta  : 


In  the  I 


,  die., 


could  be  obtained. 


Circular  Functume. 


86.  We  will  now  consider  the  circular  functions,  sin-^i,  tan-'a^ 
be,  which  expressions  are  read,  the  are  vhuse  sine  is  x,  the  arc 
whose  tangent  is  x,  Im. 
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In  these  cases,  it  is  the  arc  which  is  the  function,  or  dependent 
variahle,  the  independent  variable  being  the  sine,  or  tlie  tangent,  &a, 

87.  Prop.  To  differentiate   y  =  Hin~'jr. 

Since  this  notation  is  intended  t*i  imply  that  y  Is  the  arc  whoM 
sine  is  equal  to  x,  we  must  have  as  an  equivalent  relation 


<i'      cos  y       y'l  _  amV       y/T-  «* 
d  8in~'i  __         1 

28.  Prop.  To  differentiate  y  =  cofr'jr. 

Here  a;  =  cos  y,  .  ■ .  da;  =  —  ain  y ,  rfy 


* 

1              1                1 

dz 

Bin  y               yi  _  ^,!^               y^_  ^ 

rfcos-1*                 1 

29.  i*r(j>.  To  differentiate  u  =  tan-'*. 

a:  =  tan  u,  .■.  dx  =  sacht , du 


dz      sec^u      1  4-  tan^it       1  +  ** 

J  tan-'a  _       1 

■'■        dx      ~  1  +*»■ 

80.  Prop.  To  differentiate  «  =  cot"'*, 
z  =  cotw, 


a, 

.  dx=  —  cosec' 

'u,du 

1 
coaec^u 

1 
1  +cot»u  ~ 

1 
l  +  i 

d  cot-'x 
'   '       dx      ' 

1 
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31.  Prop.  To  differentiate  w  =  Mcr'ir. 

«  =  SCO  «,  .  ■ .  (fx  =  tan  « .  seo  u .  (fu 

<fa  1 1 1 

■  «te~t«n».8eo«~Bec» -/secSu-l  ~  «V^"^ 
(f  sec-'a; I 

32.  Prop.  To  differentiate  u  =  cosec-^a:. 

x  =  coaeo  a,  .  ■ .  rfat  =  —  cot  w .  coseo  « .  rf« 

A*____J 1  

'  dx~       cotu.coBeoa"       ooKOU-y/coscc^u  —  1 


d coaec-^T  1 

'  ^        ~       a:  V*»  -  1  ■ 

33.  Prop.  To  differentiate  u  =  versin-'z.  .  • 

«  =  verun u    .'.  dx  =  aziu.du  =  -y/'i versin u  —  versin'it   rfu 
<ftt  1  1 


■"       ■|/2  versin  u  —  versiu'u 
i  versiir-'*  1 


34.  Prop.  To  differentiate  u  =  coverain~'x. 


,-,  (&=— cos«.rfi(  =  —  y'2  oovereiii  u  —  coverain^u  .  <fc< 

^_ 1 1 

<**            y*^  cuversin  u  —  coversiu'u  y^  —  «* 

rfooverein-'*         1 
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36.  The  diflerentiation  of  trigoaometrictd  aod  <urcul&r  fuocljons 
will  now  be  illustrated  by  examplea. 


1.  u  =  3  ma*x. 

du  =  Z  X  iBini'x.diinx  =  Ift^o^x.coax.dx 

.■.-;-  =  12  Blll'« .  COS  X. 

ax 

%  u  =  oos  >w. 

Ai  ^  —  nn ns . d{Kx) ^  —  namnx. ds 

du 
.  ■ .  -;-  =  —  R  Bin  fwr, 
dx 

S.  «  =  tan'nx. 

(fu  =  ntau*~*tLC.(2  tanrw  =  n*  tan*~^ nx . sec^iu: .  ifv 

'''  dx~ 

4.  u  =  sin  3z .  009  2x. 

du  =  (3  cos  3x ,  cos  3z  —  2  sin  3x .  sin  2z)i£t: 

•.^  =  8cos3*.cosai  — 2Bin3jr.wn2r=:coB3*cosar  +  2oo9  5«. 

5.  u  =  (BinT)*.     Hien      log  u  =  z .  log  (sin  x) 

,'.  —  =pog(smar)+*COt«]rf«'.*.-j-  =  (sin*)".  [log(sin  j)+  xcotr], 

6.  «  =  (cos  *)■'■  ".    Then    log  u  =  un  « log  (cos  x) 
.'.  —  =  (eosa;)''»«[oOB«log(co8x)  —  sin  x  tana:]. 

7.  «  =  Bin  (cosar),     dw  =  cos(cosx)rfcosar. 

du  .  ,        . 
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^1+xf 


v/>-r^      (.+..)(. --rlj,)* 


dtt  _     1 
■  rf*  ~  I  +  **" 


n  X .  COS  X      sin  2z 


lA  <  /I  +  sin z       1,       .    ,     .      ,       1,      ,.        .      . 

10.  «  =  logy'.j_--j— =-logU  +  smi)--Iog(l-sio:r). 

rfw_irco8a;  cosx"]_      coaa:  1 

Si  ~  2  Ll  +  ainr  "•"  1  -  sinxj  ~  H 


sin*x      cos  ;r 


u  =  Bin-*  (3*  —  4*^). 
■  3  -  iar»  3 


<^  "  ^l  -  (^x-4x'y~  Vl  —  a!> 

tt  =  log  (cos  a:  +  -y/—  1 ,  sin  x), 
du 


dx~ 


J-\. 


cos  a!  +-/Z~f7 

1  ,  /6  +  o .  COS  i\ 

-WIH-I    I  ; 1. 

Ih  +  o.C08:r\ 
1  ''l  +  l.co.J 


a  SIM  (a  +  6  cos  i)  —  6  sin  t  (6  +  o  cos  a) 

=  T -— Y-d 

(««  -  i')'(a  +  ficosi)[(a  +  ficos*)^-  (6  +  aoosa:)*]* 
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(n^  -  b*)  sin  X 


(a»  _  ii)\a  +  bcoaz)Ha'  -  &»)(!  -  cos**)]* 


u  =  c*  COB  ;r. 

-T-  =  e*  COS  «  —  *■  am  «  =  «*  (cos  x  —  sin  *). 

ax  ^  ' 

'      V  =  t«n-i  (■/!  +  X*  —  *). 

^  _       (1  +;r»)~^z-     I  _  _  1 

dx~l  +  (yTTi»  -  «)'  ~        2  (1  +  **) 

«  =  log^aiDi  +  log  VcoB  X. 

da       1  /COS  *  _  Ein  !r\  _      1 
dz~2\amx      COS*/ ""  tana* 

=  jlog(l  +«)  -  jlog(l -.) +iu«-ir. 


J«  "  4(1  +  I)  ^  4(1  -  I)  ^  S(l  +  »■)  ""  1  -  »• 
_e*»(o8ina:  —  co9«) 


p[«"(asiiiii:  —  co9«)  +  at" coa X  -h  I" Bia x] 
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CHAPTER    IV. 

BE7CGSBBITE  SirFBRBtITU.IIDX. 

36>  When  we  differentiate  a  function  u  =  Fx,  the  differential  co- 
efficient -J-  will  usually  be  itself  a  function  of  x,  and  will  theretiirc 

admit  of  being  differentiated.  This  will  simply  be  equivalent  to 
examining  the  comparative  rates  of  increase  of  the   independent 

variable  x  and  the  variable  ratio  -r—    This  differentiation  will  give 

rise  to  a  second  differential  coefficient,  which  may  also  be  a  function 
of  X,  and  this,  in  ita  turn,  being  differentiated  will  give  a  third  differ- 
ential coefficient,  dfc. 

37.  To  illuBtrate  this  eubject,  let  w  =  »*  be  the  proposed  function. 
The  first  differential  coefficient, 

?  =  »•■. 

ax 
seoond  difierential  ooeflident, 


li). 


third  differential   coefficient, 


A>  the  third  differential  coefficient  in  this  example  prores  ( 
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stant,  the  fourth  and  all  succeediug  differential  coefiicienta  will  be 
equal  to  zero. 

38.  The  preceding  notation  of  successive  differential  coefficients 
being  inconvenient,  it  is  replaced  hy  the  following  : 

^? 

_  dx  .  tPu 

For  —: — 1      we  write       -j— : 


ii* 


the  symbols  <P,  <P,  d^.,  indicating  the  repetition  of  the  process  of 
differentiation  twice,' thrice,  &c.,  and  not  the  formation  of  a  power. 

On  the  contrary,  the  expressiona  dx^,  dx^,  Stc,  represent  powers 
of  dx.     The  second  differential  coefficient   -r—   may  be  obtained 

immediately  from  the  first  differential  coefficient  ^  by  differen- 
tiating this  latter  as  though  dx  was  constant,  (thus  producing  -^j 
Uid  then  dividing  the  result  by  dx. 

Now  since  the  law  according  to  which  the  independent  variable 
X  ciianges,  in  different  stages  of  its  magnitude,  is  entirely  arbitrary, 
we  adopt,  as  most  ample,  that  law  by  which  the  successive  incre- 
ments of  X  are  supposed  equal ;  that  is,  we  make  dx  constant. 

The  same  supposition  will  enable  us  to  derive  each  successive 
differential  coefHcient  from  the  preceding  coefficient  by  a  similar 
process  of  differentiation  and  division. 


KZAMPLKB. 

39.  1. 

»  =  -      S— -■■   ^  =  -(»-<)-" 

-  l)(n  -  2)«— ,  ^  =  "(»  - 1)(»  -  2)(»  -  3).- 
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lliis  operation  will  terminate  when  n  is  a  positive  integer ;  but 
if  »  be  a  negative  integer  or  a  fraction,  the  aumber  of  variable 
di&reotial  coefficients  vill  be  unlimited. 

„  ,  rfy      1     <Py  1      <f»y       1-2 

z      y  =  log*.     ^=^   d^=-^'   d^=-^' 


Ike  upper  sign  will  apply  when  n  is  odd,  and  the  lower  when  n  is 


<Pu  <Ptt 


od  the  succeeding  difierential  coeffidents  will  recur  in  the  same 
oder. 


4. 

y  =  oo... 

d'H       .          d'y 

ud  the  coefficient  will  no 

K  recur  in  the  same  order. 

3-=Bec=a!,  -j3=2Bec»iE,tanj;, -p7=4sec»*tan*a:  +  28ec*jr,  &0. 

Here  the  law  of  formation  of  the  successive  coeffidents  is  not 
divions. 

—  =  «'.loga,      —  =  a'.]og=a,      —  =  «..Iog'<,,&c, 
flte  law  of  the  coefficients  being  very  evident. 


.y  Google 


DirFKBKNTIAL  CALCULUS. 


the  ooeffidents  being  all  equal. 
8.  u  =  Biii(Ra;). 

—  =  »  cos(na;),    -j-^  =  —  n*8in((M),  &C. 

The  formation  of  successive  difTerential  coefficients  will  be  found 
extremely  useful  in  the  expansion  of  functions  hy  the  methods 
which  will  be  e^lained  in  the  i^pters  immediately  succeeding. 
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CHAPTER  V. 
iuciaukin's  thxokbm, 

40.  The  theory  of  M&claurin  is  «  reiy  general  and  useful.  formuU 
for  the  developmcDt  or  expansion  of  a  function  of  &  single  variable, 
in  a  series  involving  the  positive  saoending  powers  of  that  variable, 
when  such  developnieDt  is  possible. 

41.  Prop.  If  y  =  Fx,  where  Fx  denotes  sudi  a  function  of  *  as 
can  be  expanded  in  a  series  containing  the  positive  ascending  powers 
of  X,  then  will  the  form  of  the  developmeot  be  the  following: 

in  which  the  parentheses  are  used  to  denote  the  particular  values  of 
Um  quantities  y,  -r-,  -r-^,  &c,  enclosed  therein,  when  x  is  taken 
«qiial  to  zero. 

Proof,  By  hypothesis,  y  can  be  expressed  In  the  form 

y~A-\-  Ex-^  Cr'  +  i)a;a  +  £*«  +  iic,         (1). 
in  which  A,B,  C,  &o.,  ore  unknown  constants. 

.  •.  ^  =  J  +  aCi  +  ZI>3?  +  AEx>  +  &C. 

-^=  8C+ 2.3/>«+ 3.4£a?  +  &C. 

■^=2.8i>  +  a.3.4fii  +  to!. 

^=3.3.4^+&c 
cfa* 
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Now  making  z  =  0  id  each  of  these  expressions,  we  obtain 

(^j=2.3.4«,4o.,to!. 

Tliew  values,  being  substituted  in  (1),  reduce  it  to  the  form 

vbich  agrees  with  the  enunciation. 
This  formula,  called  Maclaurin's  Theorem,  may  be  written  thus 


<if'/1.2.3 


-(^)r^.  +  -.    <»)■■ 


or  again,  if  we  represent  the  1st,  2d,  3d,  Sic,  differential  coeffi. 
dents,  which  are  functions  of  x,  hy  FjX,  F^,  F^,  &&,  the  formulft 
may  be  written 


48.  1.  To  expand         y  =  {a  +  «)■. 
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^  =  »(«-l)(«-Q)(«  +  .)-, 

^  =  »(„-I)(»-2)C»-3)(.  +  »)",i 


Hence,  when 

*  =  0. 

(?)  =  «■.    1 

©  = 

-.  ©  = 

«(»-i)»" 

©  =  "<- 

.!)(»- 

-  2)"". 

©  =  •(»- 

.!)(„- 

-ajC.-s).-, 

&0.,  && 

substitution  in  MaclauriD's  formula, 

,  =  (.+. 

_.     »(» 

-•>a-^ 

)'  —  <*' 

i::i?l„«;^ 

72 — "'^^ 

-j 

1.2.3 

+  =(1. 

_1)(. 

-2)(.-8)^^ 

-•«•+  &c 

Hu8  we  have  a  simple  proof  of  the  binomial  theorem,  applicable 
to  all  values  of  the  exponent,  whether  positive  or  negative,  integral 
or  fractional,  real  or  imaginary. 


3.  To  develop 

y  = 

=  log(l+»), 

'the  modulus  of  the 

system  being  Jf, 

rfy        M 

dx>  ~ 

1.2.3«- 

5?' 

(1  +  «)• 
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.  • .  ■wheo  X  =  0,     (y)  =  1(^  1  =  0, 

And  by  aubstjtuting  these  values  in  Maclaurin's  formula,  we  have 

y  =  log{14-a;)=Jtf(*-^^'  +  ii'-^*«  +  &c) 

which  is  the  fundamental  theorem  uned  in  the  computation  of  loga- 
rithms, and  ia,  indeed,  that  which  was  employed  in  dedurang  the 
rule  for  differentiating  logarithms. 

8.  To  expand  y  =  sin  *. 

Here  Fx  =  sin  x 

.  • .  /",*  =  cos  X,    Fyt  =  —  sin  x,    F^  =  —  cos  jt,    F^s  =  sin  *, 
and  the  succeeding  coeHicients  recur  in  the  same  order. 

.*.  J'0  =  einO  =  0,  ^",0  =  cos  0  =  1,  /"^  =  0,   /"jO  =  -  I, 
Ffi  =  0,    Ffi  =  1,  &c 
.  •.  by  substitution  in   (4)  the  third  form  of  Maclaurin's  theorem, 
we  have 


~  1.2.3^1.2.3.4.5       1.3.3.4.5.6.7 

TW  series  oonvei^es  rery  rapidly  when  z  ii  small. 

4.  To  expand  y  =  cos  x. 

Fx=eo9x,  FiX=  —  sin*,  F^  =  —  cos*,  F^  =  «\d.x,  F^  =  fx»*, 

tmd  the  succeeding  coefficients  recur  in  the  same  order, 

.  •.  /^  =  1,  /"lO  =  0,  F^  =  -  1,  F^  =  0,  F^  3=  1,  F^i  =  0,  &c. 

^         -       ^  ^ 

•'■'^'  =  ^-1:2  +17273:4-1  ■2.3.4.5.0  +  ^ 
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5.  To  develop  y  :=  a*. 

Employing  NaperiaD  logarithms,  we  have 

Fz  =  a;    FiX  =  a'.loga,    F^  =  a*. log^    J"^  =  a'.log^a,  &c. 

.•.FO=l,  Ffi  =ioga,  FtO  =  log^a,  F^O  =  log^a,  F^O  =  Iog*a,  &ic 

.-.  ««  =  l  +  loga^+l<^«— +  lo^^-^-^ 

■^  •"«''' 172^  +  ^ 
T^  19  called  the  exponential  theorem. 

Cor.  If  a  =  e  the  Naperian  base,  then  log  a  =:  loge  =  1, 


•'       ~  1       1.2^1.2.3^1.2.3.4^        ' 

mi  if   x  =  l    also, 

-  =  '  =  '  +  i+o+t4:3  +  o-'-o  +  «"=' 

a  formula  for  the  Napenan  base. 

0>r.  If  2  =  1,  but  a  not  equal  e,  thrai 

.-=  1  +  loga  +  jijlog'.  +  j-i-^log>a  +  j-J-^-log-.  +  &c 

a  (mmuta  fur  a  number  in  terms  of  its  Naperian  logarithm. 

Prop.  To  express   the   sine  an^  cosine  of  an  arc  in  terms  of 
iBU^nary  eiiponenttals. 

Jo  dw  aeriea  giving  the  value  of  e*,  put  succesaively 

i^—  1,       and      —  i,/^l  for  x. 
•  -    ^       1  1.2       1.2.3^1.2.3.4 
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1.3.3.4       1.2.3.4.5 


But  the  first  series  withiQ  the  [  ]  is  tlie  developmeot  of  cos  i,  and 
tbe  second  that  of  bid  z, 

(A 


'"^■""'^        -(5). 


These  singular  formulEe,  discovered  b^  Euler,  are  jrery  useful  in 
the  higher  branches  of  analjsis,  espeuall^  in  tbe  development  of 
functions. 

Cor.     If  we  divide  (B)  by  (A),  there  will  result 

tans  =  ' ^^- —         '      — — .  .  .  tC). 

Cor.  If  we  make  2  =  3;-/^  in  (.^),  (B),  and  (C),  w6  cm 
espress  the  sine,  cosine,  and  tangent  of  an  imaginary  arc  in  terms 
of  real  exponentials  ;  thus : 

1.  (.v/:^  =  ^1^-  ■  •  (I>),  eo.  {^V^  =  ^=^-  ■■(■») 

tan  («\/—  1)  =    , =     ,        7 
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B  square  [A)  and  (£)  and  add,  there  wW  r«au1t 

And  Bimilarly    sm'(^^—  1)  +  <»8'{*^—  1)  =  1; 
two  results  obviously  correct. 

43.  The  applications  of  Maclaurin's  theorem  are  often  much 
restricted  by  the  great  Ubur  necessary  in  fumiing  the  successive 
differential  coefficients.  Tliis  may  sometimes  be  avoided  by  eic- 
panding  the  first  diflerentiol  coefficient  by  some  of  the  algebraio 
processes.     For  example, 

To  expand  «  =  ton-**. 

_  du  I 

Here  -7-  = ■., 

dx       !+*» 

which  gives  by  actual  division,  the  Quotient 

1—  *'  +  »*  —  «*  +  *•  —  io. 

.'.  I^~  tan-'at, 

J''iX  =  l—3?  +  x*  —  3fi  +  ^  —  Si:c 

F^  =  -2x  +  4x>  -  G)fi  +  Bx'  -  SiC. 

/Vj:=-3  +  3.4a:»-5.6^«  +  7.ar»-&c 

/',i  =  2.3.4«-4.5.«*'  -F«.7.8a:»-&c. 

J'ja!==2.3.4  — 3.4.5. 6x*  +  S. 6. 7.8a:* -toi. 

/'^z=  -2.S.4.5.fl*  +  4.5.6.7.&r'-&o. 

/>=— 2.3.4.5.6  +  3.4.5.6.7.8*"  — &0. 

^^  =2.8.4.5.6.7.8* -&C 

&C.,  ice 

.-.  F0  =  ton-'O  =  0,    ^,0  =  1,    /"jO  =  0,    Ffi  =-1.2, 

Ffi  =  f),    .PjO  =  1.2.3.4,    Ffi  =  0, 

/■,0=- 1.2.3.4.5.6,    /;0=O,&o. 
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\^ 
Therefore,  ^  lubstitutiwi  in  Mftolsurin's  formula, 

^  1111 

Ft  =i  tan-^  =  *  —  -I'  +  -*•  —  ^a:'*  +  ^i»  —  &c 

I^  ill  tliis  furmula,  we  make    u  =  -^^  >=  ftro  of  45°, 
then  ^  x=  tan 45°  =  1. 

a  formula  for  determining  the  ratio  of  the  diameter  to  the  cir- 
cumference of  a  circle. 

This  series  oonvergea  so  very  slowly,  that  even  a  tolerably 
accurate  approximation  to  the  value  of  *  cannot  be  deduced  from 
it,  without  employing  a  great  number  of  terms. 

44.  Prop.  To  deduce  Euler's  more  convergent  series  for  the 
ratio  of  the  diameter  to  the  circumference. 

]f  in  the  trigonojnetrical  furmula 

,     ,    ,,         tano  +-  t«n6 

tan  (a  +  6)  = ! ,, 

^  '       1  —  tan  o  .  tan  & 

we  put        o  +  6  =  -  ■■,         then         tan  (a  +  6)  =a  1, 

.*.    I— tana.tanfi  =  tana4-tan&-, 

,  whence  we  deduce  tan  6  ■= ■ 

'  1  +  tana 

And,  therefore,  if  any  value  be  assigned  to  tan  a,  that  of  tan  6 

can  be  determined. 

'-5     . 

Let  tana  =  -,       then         tan  6  = r  =  s* 


^ 
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■*4     ~3       8.2»^a.2»      7.2'^ 

"*"  3       3 .  33  ■•"  5 . 3»       7.3'"'" 
B; -taking  six  terms  in  the  first  Bet,  and  four  In  the  sectmd,  and  mul- 
tiplfiog  hy  4,  ve  gel  tbe  common  approximation, 

Cor.  W«  might  extend  this  method,  obtaining  series  still  more 
convet^ent.      For  if  we  take  four  arcs  c,,  c^  e^,  and  e^,  such  that 

e, -f  (T,  =  tan-' -  and  Cj  +  c^  =  tan-' -.    Then  e,  +  ej+ej+ c,=  j*, 

and  if  wa  assume  the  values  of  tan  Cj  and  tan  Cj,  those  of  tan  e^  and 
tan  e^  can  be  determined.  Moreover,  the  values  of  tan  e,,  tan  c^ 
tan  C],  and  tnn  e,,  can  all  be  rendered  less  than  j^,  and  therefore  the 
Keries  for  determining  J  r  will  be  more  convergent. 

46.  Prop.  To  obtain  more  convergent  series  for  the  value  of  *. 
2  tan  a 
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Now  thin  result  is  very  little  greater  Uuui  uoity,  and  therefore  4a 
must  be  slightly  greater  than  45°. 

Put  4a--*  =  « 

where  a  ia  a  very  email  arc 

tan  4a  —  tan  J  « 
Then  tan  z  =  tan  (4a  —  -  c-)  =  - 


1  +  Uti4a.tanj*' 


~  (239  ~  3.231(3  +  5.239'  ~  ^V 
By  taking  three  terms  in  the  first  line  and  one  in  the  second,  wb  get 
the   common   approximation     *  =3.1416;     and  by  taking  eight 
terms  of  the  first  line  and  three  of  the  second,  we  get 
r  =  3. 141592653589793. 
46.  1.  To  expand  w  =  ain-'i. 

fx    =  sin-i  X. 

-i 


1.2.2»     ■^I.2.3.a3'' 
1.2       1.2.2'     ^1.2.3.2^ 
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1.2.3.2* 


l.a.3.1 

F,=  0,  Ffi  =  1,  F^O  =  0,  F^O  =  1»,  .*;0  =  0,  F^Q  = 
Ffi  =  0,  ^",0=1*- 3*. 5*,  Ac 


1.2.3       1.2.3.4.5 

1.2.3.4.5.6.7''" 
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CHAPTER    VI. 


47.  Taylor's  Hieorem  is  a  general  formula  for  the  development 
of  a  function  of  the  algebrnic  sum  of  two  variables. 

Prop.  \(  y  ~  Fr,  and  if  «  be  supposed  to  receive  an  increment 
ft,  converting  y  into  y^  =  F{x  +  A) ;  then  will 


^di'l  "^  rfz'    La"*"  rfj^' 1.2.3  ^  di*'\.-Z.ZA 


+  4 


.  d?Fx        A»       ,  d*Fx         k*  ,    , 

+ -Sir  ■  17273  +  "S^  •  ITaTITi  +  *^ 

To  prove  the  truth  of  this  formula,  we  first  eGtabliah  the  following 
principle : 

If  in  the  expression  y,  ■=  F{x  4-  A)  we  suppose  first  that  x  is 
variable  and  A  conslaut,  and  then  suppose  A  variable  and  x  constant, 
the  first  differential  coelBcient  will  be  the  same  in  both  cases; 

'^"•'  s  =  s- 

Hiis  is  almost  self-evident,  for  when  a  givei^  increment  ia  assigned 
to  X,  or  to  A  the  same  increment  must  be  imparted  to  z  +  A,  and 
therefore  F[x  +  A)  =  y|  will  undergo  the  same  change  in  the  ona 
caae  ns  in  the  other.  Hence  the  ratio  of  the  corresponding  change^ 
of  X  and  yi  is  equal  to  the  ratio  of  the  changes  in  A  and  y^.  This 
is  true  whatever  may  be  the  magnitudes  of  the  increments  im- 
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parted  to  x  or  k,  provided  that  mngnitude  be  the  same  in  both  - 
cases.  But  vrheit  we  suppose  these  increments  indefinitely  small,  it 
is  no  longer  neceitari/  to  consider  them  equal.     For  since  the  ratio' 

~  does  not  contun  dx,  it  will  have  the  same  value  whether  dx 
ax 

and  dh  be  supposed  equal  or  unequal. 

'''^~~dK' 

**©)       ''(^')       '^^Ih)  d^y,      dty, 

S.m.larly,        _^_  = -_^  =  _  _      or     ^  =  ^■ 

And  generally.  S  =  S?" 

Nott-  assume 

y^  =  F{x  ■¥  h)  =  Fx  +  Ah  +  Bh* -\-  Cifl  +  M*  +  &a       (I), 

that  being  the  general  form  in  which  F{x  +  A)  can  be  developed, 
as  shown  in  Art.  4.  The  coefficients  A,  B,  C,  D,  ice.,  are  fune- 
tiona  of  X,  but  are  indepeitdent  of  A. 

Jf  we  differentiate  (1)  lirst  with  respect  to  A  and  then  with 
respect  to  »,  and  place  the  resulting  differential  coefficients  equal, 
we  shall  obttua 

^  +  25A  +  3  CA'  +  42)A3  +  &c. 

dFxdA  ,^dB,.^dC,,^. 

which  equation  being  true  for  all  values  of  A,  it  follows,  by  the 
principle  of  indelerminate  cotfficitnU,  that  the  coefficients  of  the  like 
powers  of  A,  in  the  two  members  of  the  equation,  miist  be  sepa- 
rately equal. 

,      dFx     „„      dA     „„      dB      ,„      dC  . 
.-.    J=-r-.    SB=-;->    30=    ,-'    4i)=-p,&a 
dx  dx  dx  dx 
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rf/i      n  _  J  ^  _  _L  ^^ 
■ ' '             "^               2  rf«  ~  1 .  2  ■  rfj:^  ' 
„  _  1    dB  _       1        (Pfj  1    dC 1__  ^^  g^ 

Hence,  by  aubatitulion  in     {]), 

^(x+A)  =  f^  +  _. -  +  _._+_. j-^ 

y.  =  y  +  ^-X  +  ^-0  +  rfJ  ■1:2:3 

+  5^-1:2:874 +*°- 
If  we  denote  the  euceessive  difTerential  coefficients  by  /",*,  F^, 
F^,  F^x,  &c.,  the  aeriea  may  be  written 

^(.+*)=/i+ji.j+fi«j^+/>j-^ 

Cor.  The  formula  of  Moclaurin  may  be  readily  deduced  from 
that  of  Taylor;  for,  if  we  malte  x  =  0  in  (2),  there  will  result 

/■A  = /-o  +  f.o  *  + /io  j^  + /;o  — 2^ 
+  ^*^t:^  +  ^' 

which  ia  Maclaurin's  theoreni. 


48.  1-  To  expand    »n  (x  +  A),   in  terms  of  the  powers  of  the 

sroA. 

F{x  +  h)  =Bin(x  +  A), 
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Ft  =  sin 

:r,       F,:c  -. 

=  coaa;, 

j>  = 

inT, 

-^3*  = 

-C08^, 

F,x  =  ^ 

in  X,  &c. 

,-.  By  substitution  i 

in  Tayior'a 

formuU 

(,+  A) 

=  ain*  + 

A 
cosar-j-      f 

A' 

-cos:.^^ 

A3 

7a^ 

:3  + 

=  Bini(l 

-i^.- 

A* 
1.3. it. 4 

-i^.) 

+  COSI 

(-r^ 

ra  +  n 

:- 

&c,) 

=  siax.co3A  + cosx.ainA,  a  well  known  formul 
3.  To    expand     cos  (x  +  A),   in   terms    of  the    powers   of 
uc  A. 

F{x  +  K)  =coa{x  +  A), 

.  • .    Fx=waz,     F^x  =  —  ain  «,     F^  =  —  cos  ar, 

F^  =  sin  *,     F^x  =  cos  *,  &o. 

.-.  By  substitutioQ  in  Taylor's  Tbeorero  we  have 

.A  A»     .     .  A3 

008  (*  +  A)  =  cos  *  —  sin  *  y  —  cos  *  r— ^  +  sin  x  |— s~3 

+  cosa 


1.2.3.4 
^         1.2^  1.2.3.4  '^ 


''"'*^"      1.2.3  '   1.2.3.4.5      '""■'^ 

=  cos  * .  cos  A  —  sin  « .  sin  A, . . .  a  well  known  fom 

3.  To   . 

expand     log  {x  +  A),    where  M  is  the  modulus  of 

■yrtem. 

Fx  =  ]osz,    /■,«  =  -,    /i*=-l^, 

^^-■•j*  ^.._   '•»/^^, 
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4.  To  expand  «,  =  taii—'(jr  +  A), 

rfu 
F.^  =  —  2sin  w .  cos  u  -T-  =  —  ein  2tf  .  cos'u. 

F^=  (— 2ooaJ!u.cos=u  +  29iii2u.  cyau-sinw)  -^ 

=  -  2cos  u  .  cos  3u -^  =  ~2coB3tt.cos'w. 

da 
F^x  =  2.2 (sin 3m  .  cos^m  +  cos 3w . cos'u . sin  u)  — 

'      du 
=  2 .  Soos'u .  sin  4m  —  =  2 . 8 .  sin  4» .  cos^u, 

&a,  dec 

h  h* 

.•.  taii-'(r -H  A)  =Ui  =  «  +  eos%Y  ~^'i2m,c08*»  — 

A'  A*  A' 

—  cos  Sh  .  cos'u  —  +  sin  4u .  cos^ti  —  +  cos  6u .  cos^  —  —  && 

5.  To  expand  u  =  tan(z  +  A). 

Fx  =  tan  ar,      /",«  =  sec^*,      F^  =  2  seo'x .  tan  x,. 
F^  =  2  seo**  (1  +  3  tm'x).     &c^     &c 

.  • ,  tan  (ij^  +  A)  =  tan  z  +  sec'*  v  +  2  sec'a: .  tan  x  — ^ 

A' 
+  2  sec"*  (1+3  taii'i)         -s  +  ^■ 

TVop,  Having  given     u  =  /"yi     ^n^     y  =  9^i     W  form  the 
dtlTerential  coefficient  —  of  m  with  respect  to  ;r,  without  eliminating 

y  between  the  equations,  in  which  the  chtiractera  F  and  9,  denote 
any  functions  wiiatever. 
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Let  X  take  an  increment  h  converting  y  into  j/j  =;  p  (a  +  X). 

Hen  if  k  dunoie  the  increment  received  by  y,  we  shall  have,  by 

Tijlor'a  theorem, 

,  dy    h       d^y      K'        Sy        k^ 

i=y.-y  =  ^.-+^^.  — +_.^-^  +  &C      (1). 

AUo  when  y  takes  the  increment  it,  it  imparts  to  u  :=  Fy,  an 


^  '  e/ii    1       dy^    1 . 3      ofy^    1 . 2 .  U 

or  bj-  substituting  Tor  j;  its  value,     (1). 

duVdy  k      <Py     K>         d^y       h?  .     T 

1  .  a   rfy^  Lrfj;    1       ai*    1  .  a  J 

Dividing  both  members  by  A,  and  then  passing  to  the  limit  by 
nukiog  A  =  0,  in  which  case     -~ —  —  j~     ^^  S'^'' 
^  _  ^  ^  /oi 

Thus  it  appears  vhat  ihe  differential  coefficient  of  u  with  respect 
Vi  J',  is  found  b\  diffiTcii  dating  u  na  tliough  y  were  the  inde- 
jiriiJeiit  variable,  then  differentiating  y  as  though' ic  were  the 
:nilepen;]cnl  variable,  and  finally,  multiplying  the  first  of  the  co- 
flii<-i«it9  so  found  by  the  sicond. 

49.  It  might  perhaps  seem  at  first  view  that  the  equation  (2)  is 
n.'etssarily  and  identically  true,  and  Ihercfiiro  that  the  preceding 
investi^r-jtion  is  unnecessary.  But  it  must  be  bumc  in  mind  that  th« 
iy  which  appears  in  the  coefficient  -f-    and  which   represents  the 

ivrfnient  givvn  to  y  by  assigning  an  arbitrary  small  increment  dz 
ti:  thf  vsriab[e  x,  is  not  nccisiardy  (ho  sami.'  as  dy  which  appears  in 
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_.,  ^-  -=-  - 
small). 

1.  a  =  a»,  y  =  b*,     to  find      -j- 

_  ..  — -  /t«     Irtrt  #f        _fL  —  Ac  ■ 

du       du    ily  ,      ,  .       ,  .«    ,      ,  ,       , 

.  ■ .  -3-  =  ^  •  -7^  =  qv  .  ii .  log  a ,  log  6 .  =  a*   .  i' .  log  a  .  log  6. 

3.  u  =  log  y,     y  =  log  I. 

eft*  _  1     rfy_l^  ^_i   1  _      1 

iy      y'     dx.      i'      '    '  dx      y    x      x  log  j 

60.  Taylor's  Theorem  may  be  employed  in  approxi mating  to  the 
roots  of  numerical  equations. 

Let  i^j;  =  0  be  the  given  equation,  aiid  a  an  approximate  value 
or  one  of  its  roots  found  by  trial ;  then  we  may  put  *  =  n  +  A,  in 
which  A  is  a  small  fractloii  whose  hi^-hcr  powers  will  be  sniiiU  in 
comparison  with  fi,  and  may  therefore  be  nepleeted  without  great 
error.     But 

Fx  =  F{a  +  h)  =  Fa  +  F,a.^  +  F^^  +  r,aJ^  +  &^c.  =0. 
.  *.  By  neglecting  the  terms  involving  Aj,  A',  &c.,  we  got 
Fa+  Fflj  =  0      and.     .■.h  =  -~ 

Addmg  this  approximate  value  of  A  to  a,  we  have 

Fa 

X  =  a  —f-r-    nearly. 

Call  this  value  o,    and  put    a  =  n,  +  A,. 

Hen  by  similar  reasoning  we  shall  find 

and  the  same  process  may  be  repeated  if 
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51.  Find  the  positive  root  of  the  equation 

X*  ~  \2x^  +  12j!  ~  3  =  0, 
to  three  places  of  decimals  inclusive. 
Here  we  find  by  trial  that 

a  >  5 . 6        and        a;  <  3. 
Put  o  =  2 . 8. 

.-.  fii  =  a*-  I2a'+  12a  -3 

=  (2 . 8)«  -  12  {2 .  Sy  +  12(2 . 8)  - 


(i  +  h  = 


32 .  008 

To  test  the  accuracy  of  this  approximation,  put 

o,  :^  2 . 8(i2        and         x  r=  a,  +  A,. 

Foj  =(2  .8«2)'-  12(2.  862)'+  12(2.  8G2)-3^0. 1 

i?\a.  =4(2. 802)3-24(2. 8G2)  +  12  =  37.083072 

0. 144074 

■■'■  =  -57:o«7.i  =  -»-<«'™»'  '" 

,-.*  =  a,  +  A,  =  2.802  -0.003901  =2.858001 
to  three  places  of  dcc-imals. 

If  the  process  were  repeated  it  would  be  found  t1 
x  =  Z.  85808 ; 
so  that  the  second  approximation  is  true  to  four  place) 
and  the  fifth  placo  is  slightly  erroneous, 

2.  Given  x'  =  100 

to  find  the  value  of  x  to  the  place  of  hundredths. 
Passing  to  the  curnmnn  logarithms,  we  have 

«log«  =  log  100  =  2.      .'.ilogr- 2  = 
Alw  X  >  3,       and       x<4. 
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Put  0  =  3.5,      and      x  =  a  +  k. 

dFa 
.-.  Fa  =  a\oga  —  %       F^a  =  —r-  =  log  a  +  M, 

where  M  =  modulus  of  the  common  system  =  .  434304-18 

Fa   =3.5!(^(3'.5)  -2=  .544008  x3.5-2=  -0.0fl5762 

Ffi  =  .  544008  +  .  434294  =  0 .  978362. 

.  0957(12 
.■.h.  = =  .  098. 

.978302 

.■.«  =  3.5  +  .098  =  3.598      or      x  =  3.C0  nearly. 

We  shall  now  apply  Taylor's  Theorem  in  deducing  rules  for  the 
expansion  and  differentiation  of  functions  of  more  complicated 
forms. 

52.  Prop,  To  establish  a  general  rule  for  differentiating  any 
function  of  two  quantities  p  and  q,  uhich  quantities  are  themselves 
functions  of  the  sin^^lf  independent  variable  x. 

Let  u  =  F^p,  q),  where  p  =fx,  and  q  =/i^  tho  characters 
F,f,  and/],  deudting  any  function  whatever,  and  let  z  take  the 
ineruinent  A.  timvei ting  p  m  p  ■\-  k  =  p-^,  q  into  g  +  /  =  y„  and 

n..n  u,  =  F{p  +  k,q  +  l)=  F(p  +  i,  ?,), 

■  whicli  may  be  devolnped  by  Taylor's  Theorem  na  a  function  of 
p  +  k,  oliserviiig  that  qi,  whieh  docs  not  contain  k,  will  appear  in 
the  development  as  would  a  constant : 

.■..,  =  >'(.  +  *.  j.)  =  ^U?.)+^^-f 

But  i'(;>,  q,)  =  F{p,  g  +  I),  which  developed  as  a  function  of 
,  +  I,  give. 
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And  similarly  the  coefficient  of  it  in  the  second  term  of      (1), 

'iF(p,q,)  ^  dF(p,g  +  l)^ 

'dp  dp 

may  also  be  developed  as  a  function  of  j  +  i,  and  will  give  - 

'•^(.p.i  +  i)  ^  •iF(.p,  ,)  _!_  ±U_FirJf\l  +  j,^ 

dp  dp  dq\.       dp      jl 

And  in  like  manner 

■Pfj.p.  ?,)     tnryt  +  1)     <PF(p,fi  .d  r<p;i-(,,, ,)-i    . 

— w —  =  — *■ —  "  ~~i/^~ + T,  \r-d,^i + *"' 

.-.By  aubstilution  in     (1). 

+  terms  involving  it',  kl,  P,  k^,  d;c 
dp    h       d^p     k' 

Now  dividing  by    A,  and  then  passing  to  the  limit,  by  making 

A  =  0,  in  which  case  -^ —  =  -j-i  we  obtain 
A  di 

du       dii    dq       du    dp  .  . 

dx~d^"dx'^dj^"dx  ^  '' 


But 
And 
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Thus  it  ajipi'ars  tlmt  we  must  difilTentiate  u  with  respect  to 
each  function,  us  though  the  other  functions  were  eonstnnt,  and 
odd  the  rcf^ulta. 

53.  It  is  very  important  that  the  precise  signification  of  the 
notation  here  employed  should  be  distinctly  understood.  B_v  an 
attentive  consideration  of  the  monner  in  which  the  several  cxpres- 
si<ins  employed  in  the  formulae  (2)  and   (3)  arise,  it  will  appear 

that  the  expression  t— in  (2),  represents  the  ratio  of  the  change 
iu  X  to  the  entire  change  in  «,  which  latter  is  produced  piirtli  by 
the   change   imparted   to  p,  and   partly  by  that   imparted    to   q: 

to  that  part  of  the  change  in  u  which   is  conininnicated  thrm 

that  part  of  the  change  in  u,  which  is  communicated  through  p. 

We  must  be  careful,  therefore,  rot  to  confound  -r— ■  — -,  with  -r-, 
dq    ilx  ax. 

or  to  supp<rae  that  the  first  of  these  expressions  can  be  bninght 

to  the  form  of  the  secniid  by  the  ordinary  process  of  algebraic 

reduction.      This  will  appear  evident,  when  it  is  recollected  that 


the  du 

which 

•ppem 

"'r. 

refe 

s  to  the  lolal 

change 

n  u,  while 

the  i«  which 

occnr. 

du 
"  do 

dg 

dx' 

refers    only    to   so   much 

of  th« 

change 

in  », 

as   is  communicated  through  q. 

Simll. 

ir, 

t-% 

must  not  be  confounded  with  — ,  fpr  a  like  reason, 

54.  To  difTerentinte  u  =  F{p,  g,  r,  s,  &c)  when  p,  j,  r,  *,  &c. 
are  functions  of  the  same  vari.'ible  x. 

By  attributing  to  x  an  increment  h,  and  reasoning  as  in  the  last 
proposition,  we  readily  pros'e  that 
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rdu   do     da  dq      da    i3r  ,  du    da       ,    Ifc 

+  terms  in  A^,  A^,  &c. 

TVarsposing  u,  dividing  by  A,  and  then  passing  to  the  limit,  we  have 


da  _du   dp       du   dg       dit    dr 
dx      dp    dx       dq    dx        dr   dx 


■  dx  + 


du  dq  du    dr 


dq  dx  dr  dx 

that  is,  we  must  difTi'rcnliaic  u.wi'h  respect  to  each  of  the  functions, 
an  if  the  other  functions  were  constant,  and  add  the  results, 

55.  Prop.  To  differentiate  «  =  F{p,  x),  where  p  =fx. 

Here  u  is  directly  a  function  of  z,  and  also  indirectly  a  function  ol 
X  through  p. 

Now  if  in  the  equation      u  7=  F{p,  q),  which  gives 


du       du 

di-dp 

dp 

-1 

d, 

dx 

put  s 

=  X,  there 

will  resul 

« 

=  np^ 

.)  „a 

dx 

du 

-dp 

%- 

du 

dx 

dx 

dx 

or 

da      da    dp      da 

dx~  do'  dx'^  dx 

0). 

ainee 

dx 
dx~ 

The  formula  (1)   is  that  required,  but  we  must  distinguish  care- 
fully between  the  differential  coefficient  -;-  in  the  first  member,  and 
dx 

the  similar  expression  in  the  second.  The  latter,  called  the  partial 
differential  coefficient  of  w  with  respect  to  x,  refers  only  to  that  part 
of  the  change  In  a  which  results  directly  from  a  change  in  x,  while  p 
is  supposed  to  remaiu  constant ;  and  the  former,  called  the  total  dif- 
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fereiitial  coeffieient  of  a  with  respect  to  x,  refors  to  the  entire  ohnnge 
in  «,  which  is  partly  the  direct  result  of  a  change  in  x,  and  partly 
an  iaclirect  effect  produced  through  p. 

To  distingnish  the  total  from  the  partial  differential  coefficient,  it 
has  been  agreed  to  enclose  the  former  in  a  parenthesis;  thus  we 

Lie  J      dp    dx      dx  '    '  lAxA  dp  dx  dx     ' 

Here  again  there  is  a  necessity  for  caution,  sii  as  not  to  confound 

■T-  ■  dx  with  du  ;  the  former  being  only  a  part  of  the  change  im- 


partec 
entire 

to  Ti  by  a  change  i 
change. 

X,  while  the  latter  is  the  symbol  of  the 

Coi 

If  there  were  give 

n     «  =  /•(?,  J,  ^)      . 

where 

p  and  q  are  fund 

ons  of  X,  theu 

m~- 

dn    dp      du    dq      du 

lip    dx       liq   dx       ilx 

ands 

milar  expressions  w 

juld  apply  if  there  were  a  greater  number 

of  functions. 

XXAUPLSB. 

S6. 

1.     «  =  sin-'(p- 

-  q),     where    p  =  Ax    and    5  ^ -tr*. 

du 

1                ia 

'             ,  f       3,    ?       i^. 

dp- 

/!-(;>-  qf    dq 

/^-{p-qf  '''         ■'^ 

du       du 
'''  dx~  dp' 

p      d,i    dq            3  -  \-Zx-* 

X        dq    dx~  -j/r^(7-"i)!' 

3  -  121^                            3 

"7r 

-  9.c=  +  -iA^  ~  10j8       ^i  -x^ 

2.  «  =pg,  where  p  = 

<•,  and  g  =  a^  -  ix3+  12i»  -  24j;  +  S4. 

dtt 
5; 

du             dp 

^  e*,    ^  =  4z'  -  ISa:'  +  24a:  -  24  ; 
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'''  dx 

~  dp    dx^ 

du    dq 
dq    dx 

7=f 

.X*. 

4 

when 

P- 

=  ]og«. 

x*p 
•i 

a:*       dp       1 

8'     dx~  X 

da  _ 

'     dx  ~ 

XY 

a 

dp- 

ixJ-dp  Jx^dx-'^Xi     arx^'  V      2 


+  1'  flv 


(/p  _  <^y  __ 


~dp"dx'^'d^"di'*'d 


Differentiation  of  Implidi  .Functions. 

57.  In  the  various  eases  hitherto  considered,  wo  have  suppcscd 
Jie  function  to  be  given  erplklHi/  in  tcnns  of  the  variable.  It  is 
now  proposed  to  establish  rules  for  diffurcnt luting  implieit  ritnetions. 

J'r-p.  Having  given  F{x,  y)  =  0,  to  form  the  differential  cuefli- 

cieiit  -J-  without  solving  ',he  equation. 

Put  V  =  F(x,y)\  then  u  will  oa  e.  function  of  x  directly,  and 
sJbo  indirectly  through  y. 


m- 
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s  eonstaiitly  equal  to  zero,  the  total  difTeren- 
tial  coefGcicnt  of  u  with  respect  to  x  must  be  equal  to  zcto  also. 


Thus  it  appears  tliat  we  must  form  the  pnrtial  dilTurential  co- 
efficients    -7-   r" 

lU 
pri'fix  the  nef,'ativ(!  sign   lo  the  quotient. 

^r.  1.  y'  —  2ii.rij  +  x"  —  b'  ^  0,  to  form  the  differential  coeffi- 
cient of  y  with  respect  to  w,  ' 

«  =  y*  —  2ary  +  j;'  —  0%    t~=  —  2ay  +  2t,     t— =  2y  —  Hax. 

dy  —  2n,'/  +  2a:      ay  —  3: 

'    '   dx  ^y  —  ~''-f         y  —  ax 

Z.  Given  i'  +  3(w:y  +  y^  =  0,  to  r.irm  the  1st  and  2d  differed, 
tial  coeffitientM  of  y  with  respect  to  x. 

.-.    u  =  x^  +  Saxij  +  y\     - 

.   '^=  _ '"  +  °y 

Put    ■r~=  Pi ',    then  pj  will  be  a  function  of  x  directly,  and  also 
indirectly  through  y. 

tPtf 
But 


Ct*  J  ~  rfy  ■  <&  "^  rfj: 


tfy  (uar  +  y-)*  '   dx  (uj:  +  y-^)» 
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Hence  by  substitution  nnd  reduction 

tPy      2i/x^  -t-  oy*  —  o'l       /      x'  +  a>/\       n*tf  —  ax''  —  Sjy* 

W  +  /)'  "■  ("-^  +  !/¥ 

58.  Since  it  is  possible  to  form  the  successive  difTiTcntiiil  coeffi- 
cients of  y  with  resjicct  to  x,  without  solving  tlic  given  equation,  it 
will  be  })ossiblo  to  expand  y  in  terms  of  x  by  Maclaiirin's  Tlieorem. 

1.  Given  f-3y  +  x  =  0, 

lo  expand  y  in  terms  of  the  ascending  powers  of  x. 


=j,.-3!,+,=0,     ^  =  1,    ;^  =  3(»'-l).    .■.:f  =  :^ 


Expanding  the  last  expression  by  actual  division,  we  have 

rfy  _  1  , 


dt~Z 


(1  +^^  +  y*  +  &c.\ 


.  S  -  5  {2y+  4y^+  %'+  ice.)  ^  =  p  {2y  +  Oy»+  12y=+  &c) 


But  when  x  =  0,  [y]  =  0, 

■••[S]4Kl-.E(14.Ea=».(B]=|.- 

,*,  By  substitution  in  Maclnurin's  formula. 
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*•■<  = 

y'f 

then 

„,..- 

y-<.  =  0. 

.,>, 

I-- 

"-'.    S  = 

^y' 

v—y—a 

"  1 

-  ;l.,'. 

3.y=(l 

-3oy' 

+  (o.,4 

+  3oj').j> 

ic 

to. 
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2.  To  expand  y  in   terms  of  ihe  degeending  powers  c 
the  relatiou 

ay3  _  x*y  —  03?  =  0. 


~  (1  -  -i-nj-hy 

But  when     e  =  0,  [y]=-a,     f^;]  = -a^      [^^]  =  -«"'■  **=• 

...y=_„_____&<, 

or  by  replacing  v  by  -j-. 


The  use  of  this  method  is  much  restricted  by  the  great  labor 
usually  required  in  forming  the  successive  dinijrenlial  coefficients. 
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IBTIMATION   OF   TUB   VALCKS  OP 

INDETERMlNiTHl    FORM. 

69.  It  frequenllj  occurs  that  tho  substitution  of  a  particular  value 
for  a  variable  z  in  a  fractional  expression  will  cause  that  txpfession 

to  assume  the  indeterminate  form  -r-      Such  expressions  are  often 

callpii  Vanishing  Fractions,  and  they  iiiaj'  he  regarded  as  limits  to 
ihc  values  of  the  ratjos  expressed  by  these  fractions,  when  the 
variable  value  of  x  is  caused  to  approach  indefinitely  near  to  some 
paillcular  value. 

X*  —  1 
Tlius  in  the  example  u  ^  — — — — ,  the  value  of  which  can  usually 

ije  ilciermined  when  that  of  x  is  given,  by  a  simple  substitution,  we 
find  that  it  assumes  the  form  -  when  i  =  1.  But  the  value  of  u 
19  even  then  determinate ;  for  if  we  divide  the  nunicrntor  and  de- 
nominator of  the  fraction  by  x  —  \,  before  making  ;i  ^  1,  we  get 

''-       x^  +  x-\-l 
as  a  general  value  of  ti,  and  this  becomes 
1+1+1+14 

l  +  l+I       =3       "''^"       ^  =  ^- 

Here  we  see  plainly  that  it  is  the  presence  of  the  common  fiictor 

I  —  1  in  the  numerator  and  denominator  which  causes  tho  fraction 

to  assume  the  iiideterminalc  form.     In  this,  and  In  all  similar  cases, 


,9  t,zec:,y  Google 


7S  DIPPEREKTIAL  CAI.CUI.rS. 

the  removal  of  the  common  factor  serves  to  detinnine  the  value 
of  II.  Bwt  it  usually  occuis  that  the  discovery  of  this  factor  is 
atli'iiiled  with  considerable  diffieuliy,  and  hence  the  nocessiti  of 
Bipjin!  more  general  method  by  which  to  estimate  the  values  of  frac- 
tions which  assume  the  indeterminate  furm  -,  when  the  variable  x 
takes  a  particular  value.  Such  a  method  is  readilv  supplied  by  the 
DiBerential  ChIcuIus. 

It  should  be  observed,  however,  that  there  are  other  iMdeterminato 

forms  besides  -,  such  as  the  following : 

^     00  X  0,     <»  —  OD  ,     0",     00 ".     1^  , 
each  of  which  will  be  considered  in  succession, 

60.  Prop.  To  determiiie  the  value  of  a  function  which  takes  the 
fcrm  -  for  a  ]}articular  value  of  the  variable. 

Let  u  =  —  = be  a  function  which  takes  the  form    -    wbcn 

y         ipx  0 

x  =  a  ;  that  is,  let  Fa  =  0,  and  ^a  =  0  :  let  it  be  proposed  to  find 

the  particular  value  [«]  assumed  by  m  when  x  ~  a. 

Suppose  X  to  take  an   increment   h,   cnnverting  «,   P.  and    Q 

into  Ml,    /'i,   and    §,.   ri'speetively,   and    let   P^  =  F{x-\-l,)    rmA 

§,  =  ip  (i  +  A)  be  expanded  by  Taylor's  Theorem  :  then  denoting 

the  suceessive  differential  coefTicionts  Fx  by  F^x,  F^,  &c.,  aud  those 

of  ifx  by  flii*,  ?!,*,  &c.,  we  have 

_/.,_;.(.  til  _ ''  ■"  ^1'  il!"  ^^1"^  13^3 +^ 

or  when  «  =  o 

Fa  +  F^a  -^  +  F^o  ~  +  F^  p^  +  &o. 
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But  by  hypothesis,  >'a  =  0,  find  ipa  =  0.  .■.  Omittiiiij  the  first 
term  in  the  numerator  and  dunoniiiiator,  and  thi'n  diviiJiDg  each  by 
A.  we  get 

M,  = ~ -^^- ...    (11 

Now  making  A  =  0,  we  convert  u,  into  [u],  and  thus  obtain 

Hence  it  appears   that,  in  order   to  determine  the  value  of  a 

fiinetii.)u  —  which  takes  the  form  -  when  a  =  a,  we  must  replace 

Fz  and  ^x  by  the  values  of  (heir  first  differential  coeffieients,  and 
then  make  i  =  a  in  each. 

It  will  sometimes  occur  that  this  substitution  will  reduce  to  zero 
both  Fyo-  and  ?,o,  in  ease 

Pa     0 

fwl  =  —  =  s  remains  still  undetermined. 
■-  ■■       ip,a      0 

we  then  omit  F-^a.  and  pjOj  in  equation,  (1)  and  divide  the  numerator 


/>  +  />-  + &c 
(Jjd  +  Paa  5  +  &C. 


which  becomes  [ul  ^  — ^ 

when  A  =  0. 

.  -.  when  the  first  differentia!  coefficients  both  reduce  to  zero,  they 
must  bo  replaced  by  the  second  differentia!  coefficients.     If  /"jo  and 
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(p^  bolh  become  zero  also,  we  omil  tlieni  in  (2),  then  divide  bj 

-,  and  finally  make  A  ^  0,  obcnining 

And  since  the  airae  reasoning  may  be  extended,  we  have  the  fol-' 
lowing  rule  fur  finding  the  value  of  [«]  =  ——  -,  viz. : 

SuhstUtiUfiir  Fx  ai,d  ^;x  thtir  first,  trcund,  third,  <f-f,.  differential 
coefficiindi,  and  mate  x  —  a  (rt  each  res'ill,  uutH  a  pair  if  i</e0cieiiti 
IS  oll.'ined,  bulh  "f  u-hicic  do  not  reduce  to  zero;  the  fmclion  t/ivi 
found  will  be  the  true  value  of  [u]. 

EIAMPLES. 
61.1.  «  =  ^^=^        when       ^  =  1. 

Fx  =  x^  —  1,     and     ^.r  =  x  —  I.     ,  ■,  F-^x  =  5a:*,     and     ^^x  =  1. 

J      r   T        ^i"        5        = 

.  ■ .  r-^a  =:  r>,     f^a  =  1,     and     L«J  —  — ^  =  -  =  5. 

This  r,>sult  is  c;i^ily  verified  by  division,  before  making  r  =  1 ;  thus 
by  acin:.l  division 

^^^^  =  z*  +  J^  +  i^  +  X  +  1  =  5     when     ar  =  1. 


lil  ^  1^^ ^^JJL.      .  ■ .  ii;  =  log  a  -  log  6  =  [«]. 

This  rcsiiU  is  easily  verified  by  e.^panding  a*  and  b'. 


I-  &C. — 1  —  log  i  ■  --  —  log'i  -  ■ 
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.  ■ .  «  =  log  o  -  log  J  +  j^  (log^a  -  log'i)  +  to. 
.  ■ ..  [u]  =  log  o  —  log  6      by  making      2  =  0. 


Here  the  first  difierential  coefBcients  prove  equal  to  zero,  and 
therefore  they  must  be  replaced  by  the  eecood  differential  coe& 


Fi, 

(..- 

■  J?)"*  +  x'(a'  -  z- 

.)-• 

f^ 

2 

.51  = 

2     -  2<i  -  ^  ' 

+  ac^  -Saex      0 

-  ibex  +  be'      0    "*  *" 

X  =  c 

202 

~2ae 

F^a      2ae  - 

Hae      0 

-26. 

-Ue 

■   ■  »,«      26t  - 

26<!~0 

2a 

u'    ■ 

Jia      2a       a 
'■  W.-24-4" 

:[»]■ 

0?- 

ax^-a 

>»  +  a>      0        ^ 

" 

J",!       Sx^-^x-  o« 

<p,^                  2a; 

os-a;» 

a*  ~  'ia^x  +  2ax^  ■ 

-X* 

a-Zi 

=  o  =  M. 


-  2a3  +  Ca'  —  4o' 


-  so  =  [u]. 
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—  » .P  ■  -  —  _      whon      *  ^  1 


F£_ 


»i» 

-la-^) 

4~ 

X 

^a__2(i_ 

ip-a 

1 

=  «  =  [.]. 

a 

f'-^e 

4  =  5     .^.n 

.= 

a,     (»  being  an  in 

Differentiating  » 

times,  we  get 

£> 

f^ 

n'e" 

.(.-!)(,- 

-2). 

....3.2.1' 

BV" 

«(«-l)(»- 

2).. 

...3.2.1        L«J- 

9. 

.= 

tan  jr  —  sId  z 

0 

~6 

when    «  =  0. 

J.i  _  neCi 

—  cos* 

/> 

sec^  — coaO 

"  3  8111^0  .  c- 


?»* 

"esinr.oos^a:  — Ssin^j;' 

.  J"^ 

2  sec'O  .  tnn  «+  sin  0 

0 

9^ 

"  OainO.eos^  — 3  8111^  ~ 

0 

^                 48< 

c^*  .  tan=z  +  2  aeo'a  +  eos'r 

fl       6  cos'i 

—  12  sin^r .  C03  a:  ~  a  sin^j; 

.coa* 

4  860=0 

tan=0  +  2  860^  +  iios  0 

3 

9^0       e  cos^O  —  12  sin^ .  cos  0  —  9  sin^^O .  cos  0      6      2      ■■  ■" 

62.  Tie  method  just  explmned  and  illustrated,  ceases  to  be 

applicable  vhca  we  obtain   a  difTcrential  cocfGcient  whose  value 

becomes  Infinite  by  making  x  =  a;  for  such  a  result  shows  Uie 


.y  Google 


FUNCTIONS  HAVING  THE  INDKTKBICINATK  FORM.         83 

impossibility  of  developing  the  corrcBponding  function  F  (x  +  h)  by 
Taylor's  Theorem,  for  that  particular  vuhie  of  x,  and  therefore  the 
process  founded  on  such  developjncnt  fuls. 

The  expedient  adopted  in  such  cases,  is  that  of  substituting 
a  +  A  for  X,  then  expanding  numerator  and  denominator  by  the 
common  algebraic  methods,  then  dividing  numerator  and  denomi- 
nator by  the  lowest  power  of  h  found  in  either,  and  finally  making 
A  =  0.     A  few  examples  will  illustrate  this  method. 

fa»  —  X-)'      0 
63.  1.  «  — ' ^j  =  ^  when  a:  =  a. 

Here  the  first  differentia!  cof  fficicnts  reduce  to  zero,  and  all  suc- 
ceeding coefficients  become  infinite  when  x  ■=  a.  We  therefore  put 
a-^h  for  X  and  expand. 


(a»_a'-ggA- 


K^ 


(a-a 

.-*)♦ 

(-'.)♦ 

(a.  +  »)•= 

=  (2«)*+ 

5(-)* 

i+&c. 

•■■  W= 

=  (2«)'. 

v^v^ 

+  V^ 

^      0 

a  +  A    for 
-a*+(a  +  i- 


l+i<."'A*te. 
(l!a)*+i(2<.)"*J&«. 
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Remark.  This  methoJ  may  be  used  even  in  those  caics  to  which 
the  niolhod  of  difleretitiation  b  applicable.  Wo  will  now  coosider 
the  other  indeteniiinatc  forms. 

64.  Prop.  To  find  the  value  of  the  function  u  =  — :-  =  — ,  which 

:B  the  form  ^  when  x=.a. 

P  =  —  and  Q  =—     Tbea  wft  have 


Thus  the  fnnction  being  reduced 
may  be  found  by  the  methods  already  explained. 
X,        ■  \         dp  \      dP  F,x 


And  similarly  -j-  = 


{fxf 


*''■-'       iK»  J'\a    "  (ipo)*        >'ia 

Fa       (p,a       .             Fa      F^a      -  , 
.*.  I  =  —  X  -^    whence    =  — =-  =  Ful. 

Hence  it  appears  that  the  ordinary  direct  process  of  substi&iting 
f(jr  numci-fllor  and  denominator,  their  first  differential  cocfBcicuts 
will  apply  when  the  function  takes  the  form  ^.  But  since  when 
P  =  !X>  and  §  =  «),  their  difTcrontial  eoefficients  will  also  be  in- 
finite, the  reduced  fraclion  will  still  lake  the  fonu  ^,  and  therefore 
will  not  serve  to  determine  the  true  value  of  a,  iiuless  we  can  dis- 
cover a  factor  common  to  the  numerator  and  dentiminator,  or  can 
.trace  some  relation  between  the  numerator  and  denoniitiat'T  of  the 
Dcw  fraction,  which  will  facilitate  the  determination  of  its  value. 
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65.  iVqp.  To  find  the  value  of  the  (nmtion  u  =  PxQ  =Fx  x  flw: 
which  takes  the  form  ao  X  0  when  x  =  a. 

Put  P  =  —     TTien  w  =  —  =  ^    when    i  =  a,  the  common  form. 


Now8incep  =  -^,    wehave    -J^  =  -  Ji-^  =  -  J^^ 

But  since  when  P  =  Fx  =  a:>,it3  differeiuial  coefficients  wil]  also 
be  infinite,  the  value  uf  u  will  take  the  form  ffi-,  unless  the  infinite 
foctor  should  disappear  by  division. 

66.  Prop.  To  find  the  value  of  the  function  v  =:  P  —  Q  =  Fx  —  ipx, 

which  takes  the  form  oc  -cd  when  x  =  a. 

Put  P  =  -  and  Q  =  -    Then 

P  ? 

1        1       q-p       0         . 

M  = = =  -     'When    X  =  a, 

P      q        pq         Q 

and  the  value  is  to  be  found  by  the  ordinary  method. 

67.  P»V5>.  To  find  the  valueof  the  function  «  =  P^  {/'ar)'"  which 
takes  either  of  the  forms  0°,  co  <*,  or  1       ,     when      x  ^  a. 

lat  Let  the  form  be  u  =  0°.    Passing  to  logarithms  we  have 
log  «  =  e.  lt«  P  =  <ez.  1<^  {Fx) 
■ .  [log  m]  =  ^.  log  (Fa)  =  —  0  X  00 . 
which  is  one  of  the  forms  already  provided  for. 
Thus,  having  found  !i^  «,  we  have  m  =  e''«  ", 
2d.  Let  the  form  be «= 00  ".  Then  log«=  $.  log /*=<?«.  log  (^j;). 
.  ■ .  [log  «]  =  ipo.  log  {Fa)  =  0X0). 
a  jbrm  already  considered. 


.yGODglf 


86  DIFFERESTIAL   CALCDLUS. 

3d.  Let  the  form  be   1- 

ITieo  logw=  Q\ogP  =  ^x.]og{Fx). 

.-.  pogu]  =  ,H..log(/'a)  =  ±(BXO, 
and  the  form  is  still  the  same. 


68.  1.     M  =  (1  -  a;),  tan  Iz-  ^j=  0  X  oo      when     z  =  1. 
Here  /"a;  =  tan(*-l         and         ipjt  =  1  —  r, 

.•.H  =  -W|g=.»-(i-xi),--^- 


sec'-*  —  1 


.    *      ,1 

2,    w  =  «•'.  sin  a  =  ai  X  0     when  x  =  0. 

Fx  =^,     fa:  =  sin  X,     .  ■ .  f ,k  =  —  —  e^,     ipi i  =:  cos  «. 

.-.    [„]  =  -(ft).|g  =  ,«.^=,»XO.. 

Here  the  function  still  takes  the  furm  od  X  0 ;  but  the  true  value 
is  easily  found  by  expanding  ^. 

For        ,-...  =  (,+ l+j_i_^  +  _i^  + te.).- 
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8,     «  =  —  =  —     when    x  =  eo. 
Differentiating  n  times,  we  get 


=  0. 


4.  M  =  — S— =  —     when    !=<». 

X*  00 

F^x  =  -1  (|),a:  =  nx'~\ 

...   M  =  ^°  =  -!^=o- 

-  =  oD  —00     when    a;  =  1. 


"  I  -«       1  -a:' 

''Fx~  *  ~  "'    ""  ~<fx~     : 


-  =  7    when  X  =  1. 


5(1  +  ')- 
1 

r  ,        2  1. 


^ T =00  —  CD     when    x  ^  !• 

- 1      log* 

1        x-l 


=  llLP  =  ^|2£fJZl±l  =  5    when    «  = 
j>5  (x  — l)ioga!        0 
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■■■   M 


]ogl  +  1  -  1_0 
"logl  +  1  — 1~0' 


Difl*erentiatiDg  numerator  and  denominator  of  the  value  of  t 
second  time,  and  making  ic  =  1,  we  get 

'-  ^       1  +  1       2 
7.    u  =  x*=W    when    x  =  0. 

log  u  =  a; .  log  a:  =  —  0  X  oo  i     "hen     z  =  0. 


1 


Fx  =  logs,        and 


1 


,   ^  =  _5^-_:i.      ...    [Iog«]=:^  =  0,   and    r«l  =  I. 


8.  «  =  «•!■«  =  <y,    when    *  =  0. 

Since  =  1  when  «  =  0,   .  •.  **'■*  =x^  =1  when  a 

a: 

And  similarly    sin  «•'"  '  =  ar*  =  1  when  «  =  0. 

Again,  since       sin  x .  log  ai  =  sin  x .  log  x .  log  e. 

,-.   a'i.._,(iiB..i.i._  1    when    x  =  0. 

.  ■ .   sin  z .  tog  «  =  0,  when  1  =  0, 

And  similarly     sinar.  Ii^sinz  =  0  when  «  =  0, 

9,  «  =  cot  «•'■  ■  =  00  *  when  a;  =  0, 

logu  =  sin  X.  log-: —  =  sinx  (1(^003  2  — If^sinz). 
=  0-0  =  0    when    a;  =  0,        .-.  [w]  =  l. 
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10.  w  =  (1  +  Ma:)-  =  1"    when    ^  =  0. 

,       ■        log  (1  +  nar)       0        .  ^ 

log  u  =  — ^-^ '  =  ^    when    «  =  0. 

.  • .  By  diflerentUtion,    [lug  w]  =  -  =  n,     and     [«]  =  <". 

ITiis  result  is  easily  verified ;    for  by  expanding  {1  +  hx)'     by 
the  binomial  theorem,  we  obtain 

which  aeries  is  the  expansion  of  e". 

11.  M  =  (coa  ox)  ™"        =  1",    when    x  =  0. 

,  loffcoaaa!      0       , 

\oB  u  =  i»8ec*c« .  log  cos  07  =  — ^t =  -    when     *  =  0. 

^'  °  sin^  0 

Put  log  cos  ox  =  JiT      and      sin'e*  =  i^x. 

.'.  J",*  =  —  a,  tanar,     9,*  =  2c.  sin  ex.  cos  ex  =  c.sinSca; 

*   ■  9iO~0 
DificrentiatJng  agun  we  get 

F^  =  —  a* .  Be(Au!,    f^  =  2e* .  OM  3c«. 

.•.55  =  _i  .•.[.]=,-£ 


<P«a 


20" 
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)  MINIUA   FDNCTIONS  OF  A 


'  69.  If  u  be  a  function  whose  value  depends  on  that  of  a  variable 
JF,  SO  that  w  =  Fx,  and  if,  when  x  takes  a  certain  value  a,  the  cor- 
responding value  ti-i  of  u  be  greater  than  the  values  which  immedi- 
ately precede  and  follow  it,  then  the  value  Uj  is  called  a  maximum; 
but  if  the  intermediate  value  be  less  than  those  which  precede  and 
follow  it  immediately,  the  value  u,  is  said  to  be  a  minimum. 

Suppose  for  example  that  when  x  =  a,  the  general  value  u  =  JV 
becomes  Uj  =  Fa,  that  when  *  =  a  ±  A  a  becomes  Uj  =  F{a  +  h\ 
or  Uj  =  F{a  —  A),  and  suppose  that  for  some  small  but  finite  value 
of  k,  and  fur  all  values  between  that  and  zero,  the  corresponding 
values  of  both  i/,  and  Kj  shall  be  less  than  w„  then  will  u,  be  a 
maximum ;  but  if  u,  and  u,  be  both  greater  than  u„  then  the  latter 
will  be  a  minimum. 

70.  In  order  to  discover  the  conditions  necessary  to  render  & 
function  (u  ^  Fx)  either  a  maximum  or  minimum,  the  following 
principle  will  be  established. 

Prop.  In  any  series  Ah*  +  Sh*  +  Ch'  +  &c.,  arranged  according 
to  the  positive  ascending  powers  of  k,  a  value  may  be  assigned  to  h 
so  small  as  to  render  the  first  term  Ak',  (which  contains  the  lowest 
power  of  h),  greater  than  the  sum  of  all  the  succeeding  terms. 

Proof.  Assume  A  >  5A*~*  -(-  Ck'—'  +  &o.,  a  condition  always 
possible,  since  by  diminishing  k  the  second  member  may  be  ren- 


.y  Google 


MAXIMA  AND  MIKIMA.  91 

dered  les^  than  tmy  assignable  quantity.  Multiply  each  member  hj 
A-  ;  and  there  will  re^^uh  Jh'  >  £A'  +  Ck'  +  &c,  as  stated  in  the 
eDunciation  of  the  proposition. 

Cor.  The  value  of  k  may  be  taken  so  small  that  the  sign  of  the 
first  term  shall  control  that  of  the  entire  series. 

71.  Prop.  To  determine  the  conditions  necessary  to  render  a 
fiinciion  u  of  a  single  variable  x.  cither  a  maximum  or  minimum. 

Let  «  =  /i,  and  suppose  x  to  receive  successively  an  iiicrfinent 
ftnd  a  decrement  A.     Then  developing  by  Taylor's  Theorem,  we  get 


u^=F(x-k)=Fx- 


dx     I  ^ 


tPFx 

A= 
1.2 

"*"  dx^ 

i.2.a 

+  &C 

(1) 

tPFx 

I. a 

d'Fx 

A3 

iTsTs 

+  &;e. 

(2)- 

Now  in  order  that  Fx  may  exceed  both  F{x  +  A)  and  F{x  —  A), 
it  is  obviously  necessary  that  the  algebraic  sum  of  the  terms  suc- 
ceeding the  lii-st  term  in  each  of  the  series  (1)  and  (2)  shall  be 
n^ative ;  th^t  is,  we  must  liave  by  employing  the  usual  notation, 

■^■'■f  +  •^-'i^  +  "^TJTa  +  to:  <  0 . . . .  (3), 

Now  the  sign  of  the  first  term  in  each  of  the  series  (3)  and  (4) 
will  control  that  of  the  entire  series  whcii  A  is  taken  sufficiently 
small,  and  since  the  first  terms  of  (3)  and  (4)  have  contrary  signs, 
it  is  impossible  that  both  of  these  scries  shall  be  negative,  so  long  as 

the  term  F^x .  ~  has  a  finite  value.     Hence  the  first  condition  neces- 
Bary  to  render  Fx  a  maximum  is  that  FiX .  -  =  0,  or  since  A  is  finite 


,Google 


92  DIFFERENTIAL  CALCULUS. 

Now  omitting  the  first  terras  of  (S)  and  (4),  we  have 

F^^+F^j^  +  &^-<0....  (6), 

and  ^^^_/'3x.j-^+&c.<0 (7). 

The  signs  of  the  scries  (6)  and  (7)  will  be  controlled  by  those  of 
their  first  terms,  which  terms  have  the  pusitive  sign  in  both  series ; 

A' 
and  therefore  each  series  will  be  negative  when  F^  t— ^  is  an  essen- 
tially negative  quantity,  or  when  F^  is  essentially  negative,  (since 

A»    .      ,  ... 

- — ^  IS  always  positive). 

Thus  the  two  conditions  which  usually  characterize  a  maximum 

value  of  F^  are 

dFx       „  ,       d^Fx       ^ 

^  =  0,      and      ^<0. 

On  the  contrary,  when  Fx  is  a  minimum,  we  must  have  Fx  less 
than  Fix  +  k)  and  F{x  —  A),  and  therefore  by  a  similar  couose 
of  reasoning,  the  necessary  conditions  are 


-7—  ==  0,       and 


dx^  ■ 


The  conditions  here  obtained  are  those  usually  applicable :  the 
exceptions  will  now  be  considered. 

72.  The  results  obtained  in  the  last  proposition  indicate  the 
following  as  the  ordinary  rule  by  which  to  discover  those  values  of 
tbc  independent  variable  x,  which  will  render  any  proposed  function  u 
ft  maximum  or  n 


1st.  Form  the  first  differential  coefficient  -j— ,  place  ita  value  equal 
to  zero,  and  then  solve  the  equation  thus  formed,  obtaining  the 
eeveral  values  of  x. 
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2d.  Form  the  second  diflerentJal  coetTicient  -;— ,  and  substitute  for 
X,  in  ihe  viilue  of  that  coefficient,  each  of  the  values  found  above 
Then  a!l  those  values  of  k  which  render  -^-^  negative,  will  corres- 
pond to  TOBiimum  values  of  u  ;  but  those  values  of  x  which  render 
—J-  positive,  will  correspond  to  minimum  values  of  i*.  And  when 
the  proper  volues  of  x  have  been  ascertained,'  the  maximum  or 
minimum  values  of  «  are  found  by  simple  substitution  in  the 
equation   u  =  Fz. 

73.  1.  In  the  applicatiuD  of  the  preceding  method,  it  may  occur  that  s 

value  of  X.  obtained  by  making  —-  =  0,  will,  when  substitued  in  -r-^, 
ax  at'  ■ 

cause  that  coefficient  to  reduce  to  zero  also.     In  that  case,  the  signs 

of  the  series,  (6)  and  (7),  in  the  last  proposition,  will  depend  on  the 

terms  which   contain   the  third  dllTereutial    coefficients ;   and   since 

these  terms  have  contrary  signs  in  the  two  series,  the  vahio  of  % 

vhich  renders  —  =  0,  and  -r-j-  =  0,  cannot  render  k  either  a  maxi- 

muui  or  minimum,  unless  it  should  happen  to  render  -r^  =  0  also. 

When  this  occurs,  we  must  examine  the  sign  of  the  f<iurth  differential 
coefficient,  which  now  conlrols  the  sign  of  each  scries,  and  if  this  be 
nesalive,  the  value  of  ?<  will   be  a  maximum;    but  if  positive,  a 


And  since  the  same  reasoning  could  be  extended  when  other  difler 
ential  coefficients  reduce  to  zero,  we  have  the  following  more  general 
rule  for  the  discovery  of  maximum  and  minimum  values  of  a  func- 
tion of  a  single  viiriuble. 

1st.  Form  the  first  ditTercntial  coefficient,  place  its  value  equal  to 
zero,  and  deduce  the  corresponding  values  of  a;. 

2d.  Substitute  each  of  these  values  in  the  succeeding  dilTerentiol 
coefficients,  stopping  at  the  first  coefficient  which  dues  not  reduce  to 
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zero.  If  this  coefficient  be  of  «n  odd  degree,  the  correapoiiding  value 
of  1*  will  be  neither  a  maximum  nor  a  minimum  ;  but  if  It  be  of  an 
even  degree,  the  value  of  «  will  be  a  maximum  or  mininum,  accord- 
ing as  the  sign  of  that  coefficient  is  negative  or  positive. 

The  annexed  dingran 
illustrate  the  fact  th;i 
same  funclion  may  havi 


t  may  exeecd  another  maximum.  Thus,  if  the  curve 
CDEFGH  be  the  locus  of  the  eijuation  y^Fi,  then  will  DQ  aiid 
FS  represent  ma.^inmm  values  of  the  ordiiiates  y,  while  CP,  ER, 


_and  GX  will  b 
tf-ST  exceeds  thi 

74.  The  substituiii 
dv 


\  values  of  the  *i 


Also  tl 


E  =  a,  derived  from  the  equation 

itial  coefficients,  will  sometimes 
cause  the  first  of  these  coefficients  which  does  not  reduce  to  zero,  to 
become  infinite. 

This  happens  only  when  the  development  of  F  {x -\-  K)  in  the 
ordinary  form  (by  Taylor's  Theorem)  is  not  possible  for  that  parti- 
cular value  of  X,  We  must  then  find  by  other  methods  (such  as 
algebraic  development)  the  true  value  of  the  term  which  cannot  be 
obtained  by  Taylor's  Theorem.     If  it  be  found  to  contain  a  power 

IX        1 
of  A,  which  will  change  sign  with  h,  such  as  li      or  A  ,  the  value  of 

«  will  be  neither  a  maximum  nor  a  minimum  ;  but  if  the  power  o 

h  be  such  as  will  not  change  with  A,  as  A.    or  A    ,  tbe  value  of 
will  be  a  maximum  when  that  term  is  essentially  negative,  and  i 
minimum  when  the  term  is  essentially  positive, 

75.  Finally,  it  may  occur  that  when  «  has  a  particular  value  a, 

the  first  differential  coefficient  -r-  will  become  infinite,  and,  therefore, 
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in  order  t>  complete  the  search  for  maximum  i 
of  u,  we  ought  to  solve  the  equation  -7-  =  oo  ,  and  if  a  be  a  rout  of 

that  equation,  we  must  substitute  a  +  h,  and  a  —  hior  xiit  u  =  Fx. 
Then  if  the  term  containing  the  lowest  power  of  A  be  found  to 
change  sign  with  A,  there  will  be  neither  maximum  nor  minimum  ; 
but  if  not,  there  will  be  a  maximum  when  that  term  is  negative,  and 
a  minimum  when  it  is  positive. 

76-  Prop,  To  determine  the  maximum  and  minimum  values  of 
an  implicit  function  of  a  single  variable  x. 

Let  F{x,y)  =:  0  be  the  relation  connecting  x  and  y, 

Put  u  =  F(x,y)  =  0;     then     ^=-^. 

^  "  '  dx  da 

i) 
But  when  y  is  a  maximum  or  minimum,  -;-  =  0;  .  •.  — -  =  0  also, 

and  we  have  the  two  following  conditions  bj-  which  to  determine  the 
values  of  x  and  y,  viz. : 
_dF{x.y)_ 


dx~       dx 


.(1),    and    «  =  /•{;=, y)  =  0....  (a). 


-  Having  found  the  values  of  x  and  y  which  correspond  to  either  a 
maximum  or  minimum,  we  distinguish  one  from  the  other  by  sub- 
stituting the  same  values  in  "the  successive  differential  coefficients, 
and  stopping  at  the  first  which  does  not  reduce  to  zero.  If  ihis  be 
negative,  y  will  be  a  maximum ;  if  positive,  a  minimum. 

The  successive  differential  coefficients  are  fonnod  without  difficulty 
from  the  value  of  —  already  found,  and  their  particular  values,  when 


=  0.  become  much  simplified. 

_,  rfu  du  (Pu 

Thu.,put3-=,,  ^  =  ?,-;- 


the  [  ]  to  represent  the  particular  values  of  the  quantities  enclose^ 
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when  ~  =  Pj  =:  0.     Then  observing  that  Pi  ^i  &&,  &re  usually  fumy 
tions  of  both  x  and  y,  we  have 

.(..-fi:)-..(.-t.fj 

And  in  a  similar  manner  tho  higher  dJfTerential  coeSicienta  can  be 
formed,  although  the  operation  is  more  laborious. 

77.  The  fullowing  considerations  will  facilitate  the  application  of 
the  preceding  principles  to  particular  examples  : 


1st.  If  a  quantity  whic 

1  is  a  maximum  or  minimum  contain  a 

constant  factor,  that  fecto 

may  be  omitted  and  the  result  will  still 

be  a  maximum  or  minim 

m. 

2d.  If  u  be  a  maximur 

Q  or  minimum,  then  «  ±  a  is  also  a  max- 

imum  or  minimum,  but 

a  —  u  will  be  a  minimum,  when  u  is  a 

maximum,  and  a  maximu 

m  when  t.  is  a  minimum. 

3d.  If  u  be  a  maximun 

1,  "  will  be  a  minimum;   and  if  w  be  a 

minimum,  -  will  be  a  maximum. 

4th.  If  u  be  a  maximum  or  minimum  and  positive,  then  u^,  v,\ 
and  in  general  u",  will  be  a  maximum  or  minimum  where  u  is  auy 
positive  integer :  but  if  u  be  negative,  u',  «*,  aud  in  general  w^, 
will  be  a  maximum  when  u  is  a  minimum ;  and  a  minimum  when  v 


IB  a  maximum. 
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5tli.  If  u  be  a  maximum  or  minimum  and  positive,  log  «  will  also 


6tli.  If  the  power  u"  be  a  maximum  or  minimum,  the  root  b  is 
not  necessarily  either  k  maximum  or  minimum ;  for  it  may  be 
imaginary ;  and  even  when  u^>  =  0  and  a  maximum,  the  cor- 
responding  root  u  =  0,  although  real,  is  not  admissible  as  a 
maximum,  because  the  adjacent  values  of  «  are  imaginary. 

7th.  The  value  x  =^  <d  cannot  corresjiond  to  a  maximum  or 
minimum  value  of  u,  because  x  cannot  have  a  preceding  and  a  suc- 
ceeding value;  but  u  :=  cc  may  be  a  maximum  provided  the  pre- 
ceding and  succeeding  values  of  u  have  like  signs. 

8th.  In  determining  whether  m  Is  -a  maximum  or  minimum  by 

the  sign  of  -;-r,  when  ■;-  has  the  form  of  a  product  v, .  tr, .  t>, v., 

and  X  =  a  causes  one  factor  «i,  to  become  equal  to  zero,  the  only 

.     fPu  '       ,  .■,.,.,.        '''■.     . 

term  m  -i-=  necessary  to  be  examined  is  that  involvinff  — -,  sinoa 

dx^  dx 

the  other  terms  disappear  with  r,. 

78.  1.  To  determine  the  values  of  the  variable  x  which  render 

the  function    w  =  6jr  +  3j^  —  4^^  a  maximum   or   minimum,  and 

the  corresponding  values  of  the  function  u. 

Here       v  =  Gi -\- Zx^  ~  4i?.     .  • .  ^  =  6  +  Ga^  -  12^*  =  0, 

IIcncB  if  a  have  maximum  or  minimum  values,  they  must  occur 
when  *  =  1  or  when  x=  —^ 

To  discover  whether  these  values  arc  maxima  or  minima,  we 
fbmk  the  second  dilfcrential  coeRicient :  thus 

^  =  fi-24ai  =  6-24  =  -18       when       x  =  \ 
=  6  + 12= +  19 
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.  ■ ,  when  x=l,    u  =  6  +  3— 4  =  5    a  maximum, 

when  *  =  — ; 


2,  u  =  x*-Bx^  +  22«»  —  24a;  +  12,  ft  maximum  o 

^  =  4afi  —  24^^  +  44a;— 24  =  0     or     afi  -  &x^  +  llx  ~  Q  =  0. 

The  value  a;  =  1  is  obviously  a  root  of  this  equation,  and  by 
dividing  the  first  member  by  x  —  1  we  have  for  the  depressed 
equation 

«=-5a  +  6  =  0.     .■•1  =  2,.  or     at  =  3. 

Hence  the  values  requiring  examination  are 

x  =  l,     X  =  2,     and     x  =  3. 

tPu 
But         .—  =  I2x'  -  4&E  +  44  =  +  8     when     z  =  1, 

=  —  4    when    x  =  2, 

=  +  8    when    a:  =  3. 

.  when  X  =  I,     u  =  3     a  minimum, 

when  z  =z  2,     u  =  4     a  maximum, 

■when  z  =  3,     u  =  3     a  minimum. 

3.  u  =  x^  —  5i*  4-  5*^  +  1     a  maximum  or  minimum 

^  =  5^*  -  20*3  +  I5;r2  =:  0     or     ar'  -  4j^  +  3*^  =  0  .  .  ,   (I ), 

.  ■ .  a;^  =  0,     or     3:=  —  4j;  +  3  =  0, 
and  the  four  roote  of  (1)  are  0,  0,  1,  and  3. 

^  =  20j^-60x*+30z=  0     when  x=0 ;  (.  ■ .  let  us  examine  ^V 
=  —  10  "     1=1;  then,  u  =  2,  a  max. 
=  +  90  "    «=  3 ;  then,  «  =  —  20,  a  min. 
^  =  flOar*  -  120a!  +  30  =  30     when     x  =  0. 

.  * ,  «  =  1  is  neither  a  maximum  nor  a  minimum. 
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79.  In  each  of  the  preceding  examples,  the  condition  —  ^  a> , 

renders    «  ^  so ,  and  therefore  not  applicable  to  a  ina;f imuin  or 
rnminaum. 

Stmark.  In  forming  the  second  differential  coefficient,  it  will  save 
labor  to  omit  any  positive  numerical  factor  common  to  every  term 
of  the  first  difierential  coefficient,  and  the  sign  of  the  second  liitTer- 
enlial  coefficient  will  not  be  affected  by  such  omission. 

■'■■       3  (^  +  3)'(^  +  2)  -  2  (.r  +  3)^  _  ^      ^^    du  ^  ^ 
'  '    dx 


iz 

(■ 

.  +  2)» 

But,  when 

'  dx~ 

=  0 

we  have 

K- 

+  3)'(» 

.  1  +  3  = 

:0,    Ol 

r,  3( 

>  +  2)  = 

=  2(, 

'  +  3), 

rf^  _  C  (a:  +  3)  (j  +  g)'-  12  (.e  +  3)^(3;  +  g)  +  6  (j;  +  3)3 
<ir'  ~  (a:  +  2)* 

=  5   when   *  =  0,  and  . " .  u  =  —  a  minimum. 

=  0      «       X  =  -  3. 

Now,  VFithout  actually  forming  the  3d  dlflereotial  coefficient,  it 

is  easily  seen  that  it  will  contain  one  term  (and  only  one)  which 

will  not  reduce  to  zero  when  x  =  —  3 ;  and,  therefore,  the  ojrres- 

ponding  value  of  w  is  neither  a  maximum  r 

27 
The  value   x  =  0,    gives    «  =  —  a  —  — 

„  ,.       ,.  .     dv.       3(i  +  3)3(3r  +  2)-2(x+3)3 

Now  taking  the  equation  —  =  — ^---  -^  ' — -■'■     ^^^—L-  =  oo , 
"  ^  t/i  (j  +  2)'  ' 

we  get  a  +  2  =  0,     or,     as  =  —  2, 

and  by  putting  successively  x-=.  —  2  +  A      and      x  =  —  2  —  A, 

in  the  value  of  the  original  function  u,  there  results 
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"^  -  -^  ^^  +  *'  -  ( -  a  +  A  +  a)  ^  -  — 7.^ 


=  ^(a-A) 


(-2-A  +  3)^  _(1-A)' 
-  (_  2  -  A  +  2)»  A* 


and  since   both  of  these   are   positive  values,  and   less  than  that 
corresponding  to  «  =  —  2,  we  have  a  =  oo    a  niaxiriium. 

2,  «  =  ~ — XTia'  *  mftiimum  or  minimum. 

dn  __  2{z  -l){x+  ly  -  3(:.  +  1)^^-  ^Y _  »    „r     ^  _  „ 
di  "  («+  1)*  ~     '       '    rfz~       ' 

.■     J  -1=0,    or,     2(i+ l)-3(ar-l)  =  0,    or,    a;  +  1  =  0. 

. '.  a;  =  1,     or,     a:  =  5,     or,     x  =  ~  \. 

^  _  2(a^  +  1)°  -12(j  +  l)(.r  -  I)  +  12(r  ~  If 
dx'^-  (*+l)* 

.        ■^"  1     ...u ._^    ..  « 


=  —  ^^  when  X  =  5,  and    u  =  —  a  maximum 
r  =  —  1,    «  ^  oE ,    which  is  neither  i 


ic"  .  il)r 


3.    »  =  6  +  (i  -  o)',  I  mos 

imum  or  minimum. 

^-?(--a)*-0 

,  • .  x  =  a,     and     m  : 

""'     S  =!('-)"*=«' 

,    when    X  =  0. 
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Henoe  we  cannot  develop  by  Taylor's  Theorem.      Put    a  ±:  k, 
for  X  in  the  value  of  t». 

.  • .  «a  =  6  +  (a  +  A  -  a)*=  b  +  (+  A)*>  6, 

and  t<,=  6  +  ((i-A-  a)*=  6  +  (-  A)*. 

This  last  value  is  imaginary,  and  therefore,  u  =:  6  is  neither  a 
maximum  nor  a  minimum. 


=  i  +  {^ 

-.)'.m. 

.imnm 

or  minimum. 

'£-> 

-.)♦=«, 

a,    and    t.  =  4. 

tu     4, 

-.)-'=.. 

when. 

=  a.    Tlien  put  i 

=  . 

.-.   »,= 

i  +  (.  +  i 

-.)*= 

»  +  (+«)*>«, 

"»  = 

6  +  (,  -  4 

-.)♦= 

5  +  (_4)*>J, 

alio 

»  =  4  -  (o  -  i)», 


I,  a  maximum. 


r  mmimum. 
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and  u  =  b,  or,  i  =  a  —  „  ~.  „  and  w  =  i 

^  =  ^(a-o)"*+2c  =  (»,      when  x^ 

=  |c>0  when  *  = 


3125 
4ti65t)c*' 


2lt>c3 


Hence  when     a:  = 


=  fi-- 


3125 
aiCc^'      ""  4tH}Stk*' 

a  minimum. 

In   order  to  examine  the  vnlue  of  x  =  a,  put  a  ±  A  fur  x   i 
the  original  value  of  u. 


. '.  w  =  i  is  neither  a  maximur 

7.  To  inscribe  tlie  greatest  rectangle  iu  a 
given  circle. 

Put  the  diameter  AC  =  a,  and  the  eide 
AB  =  x;  then 

AD=T/a^-x^   and    ABxAD 

''"    =  2a'3:  -  4*3  =  0.     .  ■ . 


'  dx~ 


dhi 


=  2u'  -  lir'  = 


and  the  rectangle  must  be  a  square.     Its  area  is  -a*. 

S.  To  inscribe  a  maximum  cylinder  in  a  given  right  cone  having 
ft  circular  base. 
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Put  AO  the  indius  of  the  cone's 
base  =  6,  CO  the  altitude  of  the 
cone  =  a,  I>F  the  altitude  of  the 
cylinder  =  x. 

Then  from  the  similar  triangles 
COA  and  CQD  we  have 

CQxOA 


CO-.Cq-.:  OA:QD= 


CO 


,  • .  Tolume  of  cylinder  =  ~ — 


.y. 


=  a^x  - 


du 


=  a«  —  4ax  +  3x'  =z  0, 

^  =  -a±~a  =  .     or     =-«. 

—  =  —  4a  +  6^  =:  2o      when     t 
da? 


-\-  3^  =.  maximum. 


Hence  the  altitude  of  the  cjlind 
•equently 

volume  of  cylinder  = 


27 


talfl  = 


I c- third  of  the  cone,  and  o 


-  volume  of  cone. 


9.  Find   the  greatest  and   least  ordinates  of  the  curve  whose 
equation  is  a'g  —  lu'  +  i^  ^  0. 
Put  u  =  ahj-<ix^  +  ii^  =  0  .  .  .  .  (1). 

Then  ^  =  -  2ax  +  3^'  =  0 (3). 

Combining  (l)and  (2),  we  get 

2  ,  4 

31  =  0     and     y  =  0.     oi     x  = -^a     and    y  =  ^a. 
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da         „       dH  ,  „         . 

^  =  o=,     _  =  _  -^  +  6*. 


. ' .  When  *  =  0,  y  =  0, »  rain.,  and  when  x  =  -a,t/  =  —a  =  A  max. 

10.  To  find  a  number  z  such  that  its  x'*  root  shall  be  a  nuixinium. 

u  =  X'  =  a  maximum.     -r-  =  «*~  (1  —  lojja;)  =0. 
dx  ^  °    ' 

i.  ■ 
.-.«•      =0     or     1— log*  =  0. 

The  first  of  these  equations  give  x  =  0;  the  seccmd  \og  x  ^  1 ; 
whence  i  =  e  and  a  =  e'  =  maxinium. 

In  this  and  in  many  similar  examples,  we  may  draw  the  fuial  in- 
ference without  forming  the  secMid  differential  coefficient,  it  being 
obvious  from  the  nature  of  the  ^ 

question  that  there  is  one,  and 
only  one  maximum,  and  it  be- 
ing easy  to  decide  which  of  the 
values  of  x  is  that  applicable 
to  the  maximum. 

11.  To  cut  the  greatest  para- 
bola from  a  given  right  cone 
having  a  circular  base. 

Put  AB  the  diameter  of  the  ' 
base  =:  a,  AC  the  slant  height 
=  6,  and  £G  =  «. 

Hien  AQ  =  a  —  X,  and  by  the  property  of  the  drcle, 


FE  =  'UFO  =  i^x{a  -  x). 
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Aiso  by  the  similar  triangles  BAC  and  B6D,  we  have 

JiA  a 

But  the  area  of  the  parabola 


=ax^ — ar*=:  max. ; 


=3ax*— 4^3=0,  and   *=0  or  x= 


di  ~ 
the  second  value  being  obviously  that  required, 
tbe  area  of  the  parabola  =  0. 
.  ■ .  area  of  maximum  parabola  =  -  aby/s. 

12.  To  form  the  greatest  quadrilateral  with 
four  given  lines  taken  in  a  given  order. 

Put  AB  =  a,  BC=h,  CD  =  e,  DA  =  e, 
angle  BAD  =  x,  and  BCD  =  x^,  tbe  latter  an- 
gle I,  being  obviously  a  function  of  x,  since  the 
two  are  connected  by  the  relation 

[BDy  =  a^  +  ^-  2<ucQax  =  J»  +  c»  —  26c. 
But  area       ABCD  =  AABD  +  ABCD  =  ~aesir\  x  +  ^besi\ 

''"  ■  .  '' 

=  o«cos;r+Mcosar,- 


,'.  u=aeamx+bc.anxi=&max.,  Ani 

Now  by  differentiating  (1),  we  have 

o< .  sin  *  =  6c . ! 


dx' 


dr. 


di. 


da 


=  ae. Qosx  -\-bc.t 


=  0. 


.  • .  sin  2  cos  X,  +  sin  «i  cos  x  =  0,     or     sin  [x  +  *,)  =  0. 
.•.ar+rj  =  0,     or     z  +  a,  =  180°. 
Hie  latter  is  plainly  the  required  solution,  and  consequently  the 
quadrilateral  must  be  such  as  can  be  inscribed  ii 
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13.  To  find  the  greatest  quadrilateral  that  can  be  contained  within 
a  given  perimeler. 

Suppose  ABCD  to  be  the  required 
figure,  and  suppose  two  of  the  sides  x  and  y 
to  vary,  while  ihe  other  two  sides  v  and  z 
and  the  diagonal  t  remain  unchanged. 
Then,  since  ABt'D  is  supposed  to  bo  the 
greatest  quadrilateral  which  can  be  formed 
with  the  given  perimeter,  the  triangle  ABO 
must  be  greater  than  any  other  triangle  having  the  same  base  (,  and 
the  sum  of  the  sides  =  x  +  y  =  &  a  constant. 

But  if  r  +  y  +  (  =  », 


1  of  the  £iABC 


^M^-^-^n-') 


Therefore,  by  squaring  and  omitting  the  constant  &ctOTs 
^  $     and     -  s  —  (,     we  have 

,'.    y  =  0  —  Xi=r=:-6, 

that  is,  the  sides  AS  and  BO  must  bo  equal.     Similarly  it  may  be 

shown  that  x^=v,  v  ■=z,  z  ■=y. 

Hence  the  tigui-e  must  bo  equiUiteral,  and,  consequently,  cither  a 
rhombns  or  square.  But,  since  the  lengths  of  tlie  sides  are  now 
given,  the  quadrilateral  must  admit  of  being  inscribed  in  a  circle. 

. ' .  The  ligiirc  must  be  a  square, 

14.  To  find  tlie  greatest  figure  of  »  sidos  contained  within  a  givt>n 
perimeter. 
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MAXIMA   AND  MINIMA. 

Bv  supposing  two  siJes  AD  and  JSC  to 
varv,  whili;  tlic  other  sides  r^iiiuin  fixed  in 
magnitude  and  po-sitlon,  we  prove,  as  in 
the  last  example,  ihut  AB  =  BC;  and 
einiiiarly  that  £0=  CD,  CD  =  DE,  &e. 
Therefijre  the  required  figure  must  be 
equilateral. 

Then,  supposing  the  three  equal  sides  HA,  AB,  and  BC,  to  vary  , 
in  position,  while  the  other  sides  remain  fixed,  we  show,  as  in  a  pre- 
ceding example,  that  the  cireuniference  of  a  eircle  can  be  desi-ribed 
through  H,  A,  B,  and  C;  and,  simiiarly,  that  a  dreiiniforenee  cnn 
be  drawn  through  A,  B,  C,  and  D.  But  only  one  eireumference  can 
be  drawn  through  the  same  three  points  A,  B,  and  C.  Therefore 
the  same  cireuniference  posses  throu-ili  H,  A,  D,  C,  and  D.  And, 
similarly,  it  may  be  shown  that  this  cireuniference  passes  tliroiigh 
E,  F,  G,  &^c.  .'.  The  polygon  must  be  equiangular,  and,  conse- 
qoently,  regular. 

15.  Tu  divide  a  line  a  into  n  parts,  x,  i,,  r^,  &c..  and  determine 
the  relations  between  those  parts  when  the  contiuucd  product  of 
their  numerical  values  shall  be  a  maximum. 

Let  two  of  these  paita  x  and  ;r,  vary,  while  r,,  x^,  &c.,  remain 

constant. 

Put     I,  +  a-j  +  &0.  =  b,  and  x^\  x^  k  r,  &e.  =  c 
Then  x  +  Xi^=  a  —h,  and  xxyx^-x^  iic.  =  a:  (a  —  6  —  r)  c, 
.',  t»  =  ar(a  —  b  —  x)  :=  a  maximum,  —  =  a  —  6  —  2j;  =  d 
.-.  x  =  ^{<i  —  b),  and  x^  =  a  —  b  —  x  =  -{a  —  b)  =  x. 
Similarly,  ij  ^  r,  x^^  x,  ie.,  and,  therefore,  the  parts   arc  all 

equal. 

16.  To  determine  the  number  of  equal  parts  into  which  a  given 
number  a  must  be  divided,  so  that  their  continued  product  may  be  a 
maximum. 
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Let  a:  =  ivqurrccl  number  of  parts ;  then -  =  value  of  one  port. 
X  -  X  -   &c.  to  X  factors  =  (-1  =:  a. 


l.  =  H.Q'  =  ;r(loga-log^)  = 


dn 


:loga  — loga:~l=0 


.  ■ .  log  -  =:  1,    -  =  e,     and      a;  =:  — 
This  is  a  solution  in  the  arithmetical  sense  only  when  a  is  a  mul- 
tiple of c,  fir  otherwise  n  would  not  be  an  integer. 

Thu  genera]  solution  belongs  to  the  following  problem.     To  find 

a  nuniber  x  such  that  the  x     power  of  -  shall  be  a  luaximuin. 

17.  To  determine  the  point  P,  in  the  line  joining  (he  centres 
C  and  Ci  of  two  unequal  spheres,  from  which  the  greatest  amount 
of  spherieal  surface  can  be  seen. 


Put  CO  =  r,   (7iO,  =  ri,  (7C,  =  a  CP  =  x,  C^P  = 

.-.   CD  =  —,  C^D^  =  ^,  DE=r- 


'{'-A 


.  S'jriace  of  zone  0£Q 


o„:(£--LiL 
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'   '  dx      3?      (a  —  xf 

J 

— i ;,  aiid  surfiiL-e  seou  - 


.,[,=+,.._<iA], 


vhich  is  always  less  than  the  entire  surfiiou  'if  the  two  sphiTrs. 

18.  A  riyht  prism,  whose  base  is  a  rt-pular  hesngiin,  is  truncated 
by  three  planes  ilrawn  through  iho  alteniiile  vcrtin-a  of  tlie  upper 
base,  and  intersecting  at  a  common. point  in  the  axis  proIi)nged. 
Rt>quired  thu  inclinations  of  the  planes  to  (he  axis,  when  the  trtmenta 
prism  shiiU  (with  a  given  volume)  be  contained  under  tde  least  surface. 

Li  t  ABCDEF  be  the  lower  base  of  the  prism,  and  abcdf,  the 
upper  base. 

Join  fh,  bd,  and  df,  and  through  these  lines  draw  planes  inter 
Kectiiig  the  axis  Rr  prolonged  at  some  point  v. 

The  plane  fvh  Intersects  the  edge  Aa  at  a^,  cutting  off  from  the 
prism,  the  triangular  pyramid  fbaa-^.  Fromr,  the  centre  of  the 
upjiiT  base,  draw  r/,  ra,  and  rb.  Then  fair  is  a  I'hombus,  whone 
diiigonala  bisect  each  other  nt  o  perpendicularly.  Join  I'Oj ;  it  will 
bo  perpendicular  to  fb,  and  will  pass  through  o.  Then  uo  =  or, 
and     .  ■ .  aa^  =  rv. 

.  ■ .  Pyramid  /baoi,  is  equal  to  the  pyramid  fbrv, 

.  ■ .  The  volume  of  the  prism,  when  terminated  by  the  three  planes 
which  intersect  at  v,  ia  equal  to  the  volume  of  the  original  prism, 
for  all  inclinations  of  the  planes. 

Put  Jib  =  0,     AB  =  b,     the  angle  rvo  =  x. 

Then    ro  :=  oo  =:  -  i,   on;  ^  ^  6  cot  x,    oa^  ■=  ov  =.  ~b  eosec  x, 
qf  =  oi)  =  gfty'^i     -^"i  =  «  —  ^icotj;. 
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.  •.  Surface  v4B&ai=i*  (2n  —  ;^ft.cot:r). 
Surfftce  a^lef=fb  x  vn  = -V^  -y/S  coseci, 
Hence  by  the  nature  of  the  question,  we  shall  have 
6,4B6aj  +  3ai6i/=36{2u-iicoti)  +~i=  v'acoset 

.  - .  «  =  2u  -  i  i  cut  a:  +  ^  fc  -v/S 


1 


V'3 


.  ■ .  2  =  54°  44'  OS". 
J  the  celebrated  problem  I'elatiiig  to  the  form  of  the  celli 
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CHAPTER    IX. 


OP  TWO   INDBPBSDBNT  VARIABLES, 

81,  Milbcrtoit  has  facpn  sufpoaeil  that  tlie  fundioii  w  dcj'onilod, 
eitht-r  directly  or  indirectly,  on  n  single  variable  x.  But  the  valuii 
of  H  may  depend  on  the  values  of  two  or  more  variables,  entirely 
independent  of  each  other.     Thus,  if  there  were  given 

•  =  «?  +  »',■■■■  (!)■ 
we  might  suppose  x  to  vary  and  y  to  be  constant ;  or  y  to  be 
variable  and    x  constant;    or,  lastly,  x  and    y  may  vary  simiiltn- 
oeously.     These  three  suppositions  lead  to  three  cssentinlly  diflerciit 
changes  in  the  functioii  u. 
Thus  when   x   becomes    x  +  k,  and   y   is   constant,  u   becomes 

u,  =  a:y  +  Ay  +  f. 
When  y  becomes    y  +  i,  and   x  is   constant,  a  becomes 

Kj  =  xff  4-  «*  +  y=  +  2yi  +  k\ 
And  finally,  when  x  and  y  become  respectively  x  +  h  and  y  +  i, 
V  becomes     Mj  =  xy  +  hy  +  kx  +  y^  +  2ky  +  t^  +  hk. 
The  general  case  is  presented  in  the  following  proposition. 

82.  Prop.  Having  given  w  =  Fi_x,  y)  .  .  .  .  (1).,  to  develop 
u^  =:  F  (^x  +  h  y  +  it),  the  variables  x  and  y  being  independent 
of  each  other. 

Since  *  and  y  are  supposed  to  have  no  mutual  dependence,  they 
may  be  supposed  to  vary  successively. 

Let  X  take  an  increment  A;  then  u  becnies  «,  =  F[x  -^-  A,  y) 
which,  developed  as  a  function  of  a;  +  A  by  Taylor's  Theorem,  gives 
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"'  =  "  +  ^-T+^^T3+^vr2:3+*<^  (2)- 

in  which  «,      t-,     -r-z,     &c,  are  Tunctians  of  both  x  and  y. 

Now,  if  in  every  term  of  (2),  we  replace  y  by  y  +  *,  wc  shall 
convert  w,  =  F{x  +  A,  y)  into  1/3  =  /"(ar  +  A,  y  +  A),  and,  since 
each  term  in  the  second  member  of  (2)  will  then  be  a  function 
of   y  +  ^,  we  must  rejilace 

,  d'l    k      iPti      jP 


« b, 

S'^ 

£"^- 

S'^ 

we  put  fur 

that  two  diffortntiationa  of  u  tiuve  been  performed,  the  first  wilh 
resjioct  to  i,  nnd  tlie  scc-oiid  witli  respect  to  y.     Similarlj-  we  put 

„  on  ,  <n,i 

tP  —  d  — 

d.c        <Pii  ,         </j2         (Pm         .      , 

— ,  „■  =   ,    ,  , .  nnd     —, —  =  -:-;; — ;    the  first    expression    indi. 

</y*        axdi/-  di/         dx-flij 

eating  one  dlfTcrcn  tint  ion  with  respect  to  x,  followed  by  two  with 
respect  to  y;  and  ihe  second  inipljing  two  diflercntiations  with 
regard  to  x,  follo"cd  by  one  with  rcgiird  to  y.  And  generally,  we 
denote  the  result  of  h  diffi^rentiationa  witii  rcHpeet  to  x,  fiillowcd  by 
m  differentiations  with  respect  to  y,  by  the  symbol. 

di'dtf^ 
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Now  let  the  necessary  substitutti,)ii3   be  Kiade  in   (3),  and  ve 
shall  get 

"^  ~  "■*■<&■!  "*"(/?■  1  ■*■  dc^'  i.-Z'^  drdi/  ■   1    "'■rfy*  '1.2 

■*"  T^ '  i .  2 . 3  "*"  ^-Vy "  Ha  "*"  SJ^  Ta    ^  "1.2.3 

which  is  the  proposed  (expansion. 

If  we  had  supposed  the  variable  y  to  receive  its  increment  first, 
we  should  have  obtained  the  following  series  fur  u^. 

._        du    t      da    h       diu_    ^^a^    *^  ,  ^    J!l_ 

■"rfys  ■  i.i.s'^  di/-'dx'  1.2'^  d^dx^'  i.2'^  dx^'  l.)i.S'^     "• 
The  two  scries  must  obviously  give  equal  results,  and  being  true 
fur  all  values  of  A  and  k,  the  coefGeicnts  of  the  like  powers  and  pro- 
ducts of  h  and  it  must  be  equal. 

d^a  _  d^a         d>u    _    d^u  d^u    _    d^u 

'  dxdy  ~  dydx      dx'dy   ~  dijdx^       dxJy^   ~  dy'^dc 
Hence  the  result  of  n  differentiations  with  respect  to  :r,  followed 
by  ni  differentiations  with  respect  to  y,  will  be  the  same  as  that  pro- 
duced by  performing  the  diffcrenliatiDns  in  a  contrary  order. 

COBFPICIGNTS. 


83.1.                            «  =  .',  +  "?'. 

£=3..,.    ^  =  ..  +  ^,.    ^  =  0.,, 

^-2a 

dy' 

d^'t                             d^H 
~=Sx^    and     x-r  =  3i'  also. 
uj-drj                          dydx 

•P'l        „       dht        ^         d?u          „             d^il 
dJi-^^'     df^  =  ^>      'd^y  =  '^'  =  diU^ 

d^u 

d*n                   d*u                     rf'tt            rf*M 
dj^           '        dxHy                dydx''     dx-dy^  " 

^  -  dy^dx^' 
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du 

dy~ 

.«  +  / 

(Pu 

X^-y^ 

'  ~  dgdx 

&C.,  &C. 

dzd,  - 

(l^+y^l 

du 

=  CO.X.C 

du 

:  -sina:.. 

COS*. stay  I 

sin  *  cos  y 

114 
2. 


tPu  .        .  d^u  dhi      , 

-7-:;^  =  am  a;  sin  y  =  -y^-  =  &o. 

In  general  the  order  of  the  djflcrentiations  is  immaterial,  provided 
we  always  diflerentiate  the  same  number  of  times  witb  respect  tA 
the  same  variable. 

The    expressions    -r-  and  —   are  called  partial  dtfferenlial  co- 

d'u. 

du  ■=. -r- dx  -\-  -;- dy  is  the  total  differential  of  m. 
dx  dy 

84.  Similarly,  if  w  =  F(x,  y,  c),  where  x,  y,  and  z,  are  inde. 
pendent  variables,  then 

du  ,        du  ,        du  , 

du  = -J- dx  + -J- dy  + -y- dz, 
dx  dy  di 

And  generally,  to  differentiate  a  function  of  several  independent 

variables,  we  must  differentiate  successively  with  respect  to  each, 

and  add  the  results. 

85.  If  it  were  proposed  to  develop  u,  =  F{x  +  h,y  +  i,z  +  t), 
where  «  =  Fix,  y,  z),  we  should  obtain,  by  supposing  x,  y,  and  a 
to  vary,  and  reasoning  as  in  the  expansion  of  F{x  +  A,  y  +  k), 

'^  didz  ■  1         rfz^  ■  1  .2"*"  dydz'   1    "*"rfj:='  1  ,2.3 

k^k   ,     rf^B      Ai^    ,  d^tt       i»  fPu      A=/ 
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« 

Bemark.    The  formula    du  =  -^  dx  +  -;- du  + -7- dz  +  Stc,  for 
dx  ay  dz 

difTereDtiating  a  function  of  several  variables,  may  be  deJuced  im- 
mediately fVom  the  preceding  development. 

For  put  k  =  rh,  I  ■=  r-Jt,  &c.  where  r,  r-^  &c.  are  arbitrary,  since 
j;,  y,  z,  &C.,  are  independent  of  each  other.  Then  by  substitution 
and  reduction, 

Uj  —  w  _  liM         du 

and  by  passing  to  the  limit,  making  h  =  0,  neglecting  tern 

taining  k,  k',  &c.,  and  finally  making 

M,  —  tt  =  rfw,     k  =  dx,     rh  =  k  =  dy,     r^k  =  I  =  dz,  &c, 

,        du  ,        du  ,        da 
du  = -;- dx  ■\-  -r  dy  4- -^  dz  +  aic. 

dx  dy    "        dz 

86.  Prop.  To  diflerentiate  successively  u  =  F{x.y). 
We  have  already  found  the  first  differential 


Differentiating  this  and  observing  that  -3-,  and  -r-   are  uauallj 
functions  of  both  x  and  y,  but  that  dx  and  dy  are  constant,  we  get 


or        dhi  =  -r-Td)?  +  %-r-r-dxda  +  —--dy^: 
dx^  dzdy  dy^ 

and  by  differentiating  again,  we  have 
ihi  = 
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and  similarly  may  ^u,  ePit,  fzc,  be  found,  the  numerical  coefHcieDto  of 
the  aeveral  lerniB  proving  the  same  as  in  the  powers  of  the  biDomiaL 

Implicit  Functions  of  two  Indej>endcnt   Variablea. 

87.  Prop.  Let-P(«,y,  2)=  0,  so  that*  shall  be  an  implicit  function 
of  the  two  independent  varinblea  x  and  y,  and  let  it  be  proposed  to 
form  expressions  dz,  <Pg,  &c.,  without  solving  the  equation  with 
respect  to  t. 

Put  u  —  F{x,y,!)  =  0;  th«n,  observing  that  u  is  directly  a  func- 
tion of  the  independent  Tariables  x  and  y,  and  also  indirectly  a  func- 
tion of  *  and  y  through  2,  we  shall   have  for  the  total  diflerential 

<«,>ffioien.  1^     ""     [|] 

r<I'i\      da   dz       du      „      ,,,         ,  rdii\      du  dz     du     „      ,„, 


■■■■'"'T.'^  +  r,-'''^ 

-T."^- 

-I/' 

S 

z 

Next  to  foriTi  iPz,  we  have 

But  by  differentiating  (1)  with  respect  to  x,  (2)  with  respect  to  y, 
aiid  (1)  or  (2)  with  regard  to  y  or  a:,  respectively,  and  observing  tliat 

— ,  -— ,  — .  are  functions  of  i,  y,  and  a,  we  get 
;    ''^  *4.^ 
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djfdz    dy      <h^    dy^       dz    dy^       dy^ 

dhi    dz  ,   (f  u  dz   dz       du     d^i 


d^z    d^z  d^z 

whence  -7-^,  — — ,  and     ,    ,     may  be  found  in  terms  of  the  partial 
dx'    dy^  dxdy        ' 

difftrential   cui'flicieDts  of  the  first  and  second  orders  of  u,  with 

respect  to  x,  y,  and  z,  all  of  which  are  easily  formed, 

88.  Prop.  Having  given  «  ^  (jz,  and  s  =  ^(a;,y),  to  differentiate 
«  without  previously  elimiuating  z. 

If  we  suppose  x  alone  to  increase,  it  will  impart  a  change  to  u 
through  z;  and  a  similar  change  will  be  transmitted  to  u,  when  y 
alone  varies  ;  thus  we  shall  have 

da       du    dz  du      du    dz 


Elimination,  hy  Differentiation. 

89.  When  a  constant  is  connected  with  a  function  by  the  sign 
-(-  or  — ,  it  disappears  by  diflcrentiution  ;  but  when  it  is  a  coefficient 
of  the  function,  it  will  appear  in  the  differential  also. 

Thus,  if  u=.F{x,  y)  =  0  , ,  ,  (1)  be  a  relation  connecting  x  and  y, 
into  which  the  constant  0  enters  as  a  factor,  then  a  will  also  be  found 
in  the  equation. 


ti/iH      da      du    dy       „  /         dy\       „ 


.(2). 


Now  o  may  be  eliminated  between  (1)  and  (2),  and  the  resulting 
equation,  called  a  diferealial  equation,  will  contain  x,  y,  and  t— 
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If  it  were  required  to  eliminate  two  corfatants,  wo  might  difToren- 
tiato  twice,  thus  obtAining  three  equations,  incliiiiiiig  the  primitive, 
(1),  with  which  the  elimination  could  be  effected,  and  the  resulting 

equation  would  contain  x,  y,  — ,  and  -r-^-     Surds  and  transcendental 

quantities  may  also  be  eliminated  bj  a  similar  process. 

90-  1.  Given  y^  =  So*,  or  a  =  y'  —  aix  =  0,  to  eliminate  2a. 


2i?  =  0, 


itD    equation  in  which  3a  does  not  appear,  but  which  implie: 
uime  relation  between  x  and  y. 
2.  Eliminate  the  surd  from  the  equation  y'-=  (a^  +  ^^)   ■  ■  ■  - 

tui  J.  ^2\»    o,  _  "^  V'  -^  ■''^ 

<ix 


3.  Eliminate  a  and  6  from  the  equation  y  =  ax^  +  bx... .  (1). 

|  =  a„H.6...CT^=2. (3), 

.*.  By  combining  (1),  (2),  and  (3). 

Ux       '  dry 


'2  dx^^ 


ePy      2  ilif      2» 

4.  Eliminate  the  exponential  froiA  the  equation  y  =  fta^', 

d'f 
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5.   Eliminate  a  and  6  from  the  equation  y  =  a  cos  2a;  +  i  sin  Sis. 
-^=— 2«ainaF+2iTOaae,  tI  =  —  4a cos ar  —  46 sin 2*  =  — 4y. 

.■.§  +  4,=«. 

91.  Prop.  Let  u  =  Ft,  and  a  =  ip(a:,  y),  where  x  and  y  are  in- 
dependent variables,  and  let  it  be  proposed  to  eliminate  the  func- 
tion F. 

Differentiate  w  first  with  respect  to  x,  and  then  with  respect  to  y, 
da  _du    tU  _  dFx  dji  {x,  y) 


~  dz     dc 


;....(!). 


„a  *    J  *  =  '^'.*i'L!()....(2,. 

ay       an    a^        dz         di/ 

dFa 
Now  divide  (1)  by  (2),  observing  that  the  common  factor  -r— 

will  disappear; 

**      ^{x,y) 

dt  dx  du    d^{x,  y)      du    dt^x,  y) 

du      d^{x,  y)  '      dx         dy         dy        dx 

in  which  equation  F  docs  not  appear. 

1.  Eliminate  the  function  F  from  the  equation  w  =  F{ax'  +  iy*). 

Put    01^  +  iy*  =  2.     .  ■ ,  -T-  =  Soa^*,     and       -i-=  26y. 
dx  dy 

dx        ^      dy 

2.  Eliminate  the  function  J"  from  the  equation  «  =  -/'|-|' 

(ir  x^      \y)      X     '\y/  y  dy  x    ^\y/y^ 
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a  Prove 

that  if 

y  =  ..i 

x  +  bai 

na^t,  theo 

g  +  5g  +  4,  =  0. 

y  =  os 

ni+» 

sin  2a!.  . 

.(1). 

s*+2i 

cos  2*. 

rf 

■»=-«.! 

ni-« 

sin  2*... 

(2).  and 

3:+164s 

in2j;. 

(3) 

Multiply  (1)  by  4,  and  (2)  by  5,  and  add  the  results  to  (3); 
thus 


r.+5^S  +  4y  =  o- 


92.  Prop,  To  determine  whether  any  proposed  combination  of 
X  and  y,  as  F[x,y),  is  a  function  of  some  other  combination,  as 

?(«.  y)- 

Put     M  =  F{x,  y),     and     z  —  if[x,  y);  then  if  u  be  a  function 
of  z,  we  must  have 

du      du    dz  ^u       du    di 

dx      dz    dx  dy       di    dy 

,    ,  da    dz  _du    di 

'  dx    dy  ~  dy    dx 
which  is  the  required  test. 

1.  I9«=:x3— flz^y+liiy'— 8y3_afunctionof  z  =  2y +  a— «1 
du 


dz 

=  Sx^~l2xy+l2y\ 

dy 

-  6z'  +  24a;y  - 

24y' 

1— 

•nd 

1- 

. 

■■■£-S=- 

24«y  +  24s> 

w  ij  a  function  of  s 

Is 

w  =  log(a!»)-2logy, 

a  function  of  2 

=  .in(.  +  |)i 

2 

<&            2     dz 
dy-       7     dz- 

»<-!>^ 

Ty='' 

(- 

x/x 
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•  d,'d,     1'"° 

<-9= 

Hence 

ft  ia 

a  function  of  z. 

3.  I>i> 

=  x 

*  +  ^,  a  function 

of  »  =  tar 

('  +  »)! 

in 

2«, 

='(«  +  y), 

& 
* 

=  eec- 

du 

& 
'* 

=  2isec*(j  +  y), 

=  2y 

Hence 

<.  i> 

not  a  function  ol 

z. 

eec»(a  +  y). 


Development  of  Functions  of  Two  Independent  Variables. 

93.  Prop.  To  extend  Maclaurin's  Theorem  to  futictiona  of  two 
independent  varinbles. 

If,  in  the  general  development  of  F{x  +  h,y  +k),  we  make 
a:  =  0,  and  y  =  0,  and  denote  the  particular  resulting  values  bj-  the 
nae  of  the  [  ],  changing  ft  and  k  into  x  and  y  respectively,  we  shall 
obtain 

^{.dxdiji      l^Uy^i     I.a^U:cU     1.2. 3 

+  \m^\  172+  Lssyij  ■r-2+  M  tI^  +  "»• 


ExampU.  Expand    m  =  e'sin  y. 

■'°'''   E^  =  '"> 

5^.  =  -'""»!■.  ^=-' 

cosy,    &c,    &c 
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©]=»•  [S]=».  G^]--  L^]=». 

-j-j  I  =  —  1,  &C.,  the  law  being  quite  apparent 
y     y-r  y-Tjg     1.2.3^1.2.3     1-2-3 


^  i-2-a-4  ^ 

94.  In  a  similar  manner  we  might  apply  the  genera)  fi)rinulK 
de<iuced  in  the  last  proposition  to  the  expansion  of  any  function 
of  two  variables,  x  and  y,  but  among  these  functions  there  is  one 
of  peculiar  interest,  in  consequence  of  its  frequent  occurrence  in  the 
appHeation  of  the  Calculus  to  Physical  Astronomy.  The  formula 
for  the  expansion  referred  to,  is  known  as  Lagrange's  Theorem. 
It  will  be  deduced  In  the  next  proposition. 

Prop.  Having  given  u  =  Fz,  and  z  =  y  +  »pz,  where  F  and 
f  denote  any  function,  and  y  is  independent  of  x,  to  expand  u  in 
terms  of  the  ascending  powers  of  the  variable  x. 

We  observe  first  tiiat  u  is  a  function  of  x,  and  therefore  if  we 

denote,  as  usual,  by  [«],     jr-    .     j-j     ^'^1  '^"^  particular  values  as- 
hen I  =;  0  we  shall  have,  by  Maclaurin's 


Now  sinee  z  =  y  -\-  x:pz, (1 ). 

,  • .  when        X  —  0,    [2]  =  y,    and    .-.[«]  =  Fy. 
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du      dn    dz  du      du    di 

dx       dz    dx  dy      dz    dy 


But  by  difTerentiutlng  (1)  with  respect  to  x  we  get 

dz                      dxiz    dz         ,              dx                az 
-  =  VZ  +  r--.-     -^ 


'  dz     dx  dx  dfs 

■rfT 

And  by  difTerentiftting  (1)  with  respeet  to  y  we  have 


di/  dz     dy  dy       ,  d^z 


1 

Dividing  (2)  by  (3)  and  reducing,  we  obtain 


(•■>). 


^    du       du    dz       du         dz  du 

'    '  dx~  dz    dx~  dz  di/  ~        dy 

Hence  when      i  =  0,     and     z  =  y,  I  —    =  ipy  -~- 

Now  assume  a,  such  that     aa  ■  -t-  =  -—■ 
^      dy        dy 

du  _  du-,  rf=«  _  rf=u,  _  (Pa,  _     \dx  , 

'  dx        dy  dx^      dydx       dxdy  dy 

„  du,       du,    dz       du,  dz 


■  dz    dx 


.<fz.—  =<?z.- 


dx'  dy  Lax^  J  dy 

And  similarly  it  may  be  shown  that 


mi 


/M'f]   r..,    4'^»-f] 


,«» 
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But  to  show  that  this  law  of  formation  of  the  differential  coeffi- 
cients is  gtu.Tal,  suppoae  that  it  has  been  proved  that 


dx'-i 

=- 

*J 

....  (4). 

:?-)"-' 

du 

-  d, 

-^~ 

JUd,-' 

1 

du,_, 
dz 

dz 

di 
"•*  = 

(i>^)- 

*.    -^ 

-[(f)- 

.(5) 

■(,-1 

Thus  the  form  (4),  if  true  for  any  value  of  n,  is  also  true  for  the 
next  higher  value.  Now  it  has  been  shown  true  for  n  =  1  and 
n  =  2 ;  and  hence  it  is  true  when  «  =  3,  «  =;  4,  ic,  or  it  is  uni- 
vereally  true. 

Now  making  a:  :^  0  and  z  =  y  and  the  expression  (5)  becomes 

Ul'  J  ~  rfy— > 

Making  the  substitutions  for  [m],    I -j-    '      yy  I, &c.,  in  the  expan- 
sion (^),  we  get 

*^^*^     dy     1^  dy  1.2 

This  formula  iu  called  Lagrange's  Theorem. 
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dF-j  _ 


a  formula  for  the  exponsioD  of  z  when  we  have  given  z  =  y  +  x^z. 


)5,  ].  Given  z*  —  az+S  =  0  to  express  z  in  terms  of  a  and  6. 

when  we  make  * 

-  =  y,    -  =  X,     and    z^  =  pz. 

(3 

Hence  by  substitution        ^y  =  y'  ^  -^r' 

rfy  rfy  '  a*        d>/  dv^  a' 

Introducing  these  values  into  the  formula  (ilT),  it  becomes 
A     6'  1        6'      1  4'        1  i»  1 

6  6»  i*  i*  U» 

=-[l  +  -5+3'7  +  12-9+55-j-j&c.] 

If  6  be  very  small  in  comparison  witb  a  this  series  will  converge 
very  rapidly. 

2.  Given  y  =  z  +  z*  +  z^  +  ««  +  &c., 

to  revert  the  series,  that  is  to  express  z  in  terms  of  y. 
By  transposition,      a  =  y  —  {z^  +  z^  +  z'  +  &o.) 

Put  *=—  1.       ^Z  =  Z^-|-z3+Z*+   &0. 
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Then  py  =  y*  +  y'  +  y*  +  &c. 

rf[(yy)^l  ^.f[(y'+y3+y*+&c)*] 
du  dy 

=%*+y^+y*+&c-)(2y+V+4y*+&c-) 
=2{2yH5y*+9y'+14y»+  &a) 

(ipy)'  z=  (y'  +  y3  +  y«  +  &c.)^  =  y«  +  3y'  +  6y«  +  &C 
.■,^i^^|^  =  5.6y'  +  3.6.7y<'  +  6.7.8y«  +  &c. 

(9y)'  =  (y*  +  y=  +  y«  +  &c)'  =  y^  +  4y»  +  &c 

. -.5^1^  =  6.7.  8y»  + 4.7.8.  V  +  &C- 
tiy= 

(<py)*  =  (y'  +  y'  +  y*  +  &c.)'  =  y">  +  &c 

. . ,  tiip)!^  =  7 . 8 . 9  .  10y«  +  &c        &c..  <Sio. 
</y* 

,  * .  By  substitution  in  formula  (if). 

'=y~^\y'^  +  y^  +  y*  +  y*  +  y*  +  &c] 

+  ^  [2 .  2y'  +  2 .  5y*  +  2 .  9y=  +  2 .  14y«  +  &c] 

-:j-J-^[5.6y'  +  3.6.7y*+6.7.8y«  +  &c.] 


+  1    g3^[g-T-8y'  + 4.7.8.  9y«  +  &c] 
1 


.  9 .  lOyS  +  Aa] 


1.2.3.4.5'^ 

■(-  &c.  =y  —  y'+y'  —  y*  +  y*  —  ?*  +  ^*c. 
3.  Given  1  —  s  -f  «'  =:  0  to  expand  z". 
Here     *  =  1  +  e'.     Piil  a  =  1,  y  =  l,p3  =:  e«,  ^*  =  «-, 

,  • .  (ly  =  f *.  /y  =  y",  ? y  ■  --—-  =  e)'  ■  -^  --'■  =  »y"-'  e»  =  n 
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^[(w)  -^J- — rf; — 

=  axels'. y—»  +  »(/.-!)  e'J'.y— ==  n(n  +  l)e». 

=  O^e-'f  .  y— '  +  C/.  (»  -  1) e^v . y«~s  +  n  {n  —  I)  {n —  Z)e^'> . y»-» 
=  n  („^  +  3n  +  5)  r".     4:c.  &o. 
Hoiii-i',  by  substitution  in  formuW  (£),  we  have 


:■  =  1  + . 

«  +  — 

172' 

''+          1.2. 

3 

«3  +  ta!. 

4.  Given  .  = 

y+e. 

sine, 

to  expand  a  and 

sin*. 

Put 

*  =  ( 

r,  (.a: 

=  sin2,  />  =  Bir 

12. 

•  ■•  <PV 

=  •'"!' 

.W 

'=sioV,(fy)»  = 

=  ain^ 

&0. 

Ssiuy.cosy.  = 

sin2y. 

«  = 

J  (3  .11 

<"J 

^^^  =  68iny.i 

«>3^- 

-3sii 

nV 

=  3  sin  y  (1  +  cos  2y  —  -  +  -  eoa  2y) 


3  .       _l9/1    . 


=  -  Bin  3ff  -  -  sin  y.     Ac 
Hence  by  substitution  in  {M). 
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dt/U"'■<l,^       i,  d, 

rfl-cosy  — -coa3yl       ^ 


di'V"-"     d,ji  df  df 


Ay  —  sin  2y.     &o,  &c. 


di- 
Hence  by  substitution  in  rormulu  {L). 

™.  =  sta,  +  lsi„2,.i+(i.mS!,-l™,)j^ 

+  Psin4y-»n2s)-'' 

6.  Givci 


'1.2. a 


^    I       rf.r3    1.2      n^    1.2. 

A  in  tfims  of  u  and  its  diiTerential  cocfiificnta. 

du  d^it  (Pm 

f^"'  3;=J'i.;,-;r  =  P..-,-3  =  A 


;Jl        i'l  \  1  . 2         1  . 2 .  a  / 


1  j^j 


■^1.2.; 


+  25^;^T^^  +  to. 


■) 


\Pi      Pi'   1-2  /'i' 

Now  if  a  be  a  rirot  of  ihe  Rqiiation  w  =  0,  nnd  ^  an  approxtmRte 

valuo  of  a,  so  that  x  -\-  h  =  a,  vc  may  use  this  sencs  in  finding  a 

more  exact  value  of «.     Thus,  if  *  =  ^  =  1 .  6  be  an  approximate 
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root  of  the  equation     v  =  x*  —  2x^  +  4x  ~6  =  0, 
then  1  .  5  +  A  =  a    and 

\i\x^-x+\y  'i.\x^-x+ 1)» ■  1 . 2 

■*"      a»(*3-^+])      "1.2.3"''^ 

Here  u  =  - 1|       .  ■ .  A  =  .  1 1   and  a  =  1 . 5  +  .  11  =  1 .  61 

nearly.     And  if  we  repeat  the  optration  by  putting  «  =  1  .  61,  » 
nearer  approximation  will  be  obtained. 


CHAPTER  X. 


L   FCKCTIONS  I 


!  TWO  IKDBPBHDEMT  TARIABLBS. 


96,  A  function  «  of  two  independent  vnriubles  x  nnd  y,  is  said  to 
be  a  maximum  when  ita  value  exceeds  all  those  other  values 
obtained  by  replacing  x  by  ar  ±  A  and  y  by  y  ±  i,  when  k  and  k 
may  take  any  values  between  zero  and  certain  small  but  finite 
quantities;  and  w  is  said  to  be  a  miriiKium  when  ita  value  is  less 
tlian  all  other  values  dcterjiiined  by  the  conditions  above  described. 

97.  Prvp.  Hiiving  given  u  =  F{x,if),  when  x  and  y  are  inde- 
pendent variables,  to  determine  the  values  of  x  and  y  which  shall 

Suppose  X  to  receive  an  increment  ±  A,  and  y  an  increment  ±  i, 
the  value  h  nnd  ;!;  being  email  but  fnilte  and  entirely  independent  of 
each  other  ;  and  denote  by  u^  the  value  assumed  by  u,  so  that 


,F{, 


y±t). 
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Then,  by  Taylor's  Theorem,  as  applied  to  functions  of  two  inde- 
pendent variables,  we  hare 

"*  ~  "  ■'"  lia:  ■      1       "^  dy'      1       "^  dz»'     1.2 
^    (±A)    (±^    ,  ^    (^*)'   I    ,., 
"^  rfirfy         1  1        "^  rfy=        1.2 

Now  in  order  that  u  may  exceed  Uj  for  all  small  values  of 
k  and  it,  whether  positive  or  negative,  it  is  obviously  necessary 
to  have 

da: '      1      "^  rfy "      1  (£e*  '     1 . 2         rfirfy '      1      '      1 


""  rfy^       1.2 


+  &c.<0 (1); 


in  which  series  we  must  be  at  liberty  to  make  k  and  k  both  positive, 
or  both  negative,  or  one  positive  and  the  other  negative ;  or,  finally, 
either  may  be  taken  equal  to  zero,  the  other  remaining  finite. 
Now  when  A  =  0  the  aeries  (1)  reduces  to 
du    {±.k)       iPu    (±  AP       d^u    (±:hy 


dx^     1.2.3 


+  &c.<0...(2); 


in  which  h  may  be  taken  so  small  that  the  sign  of  the  first  term 
-;-  ■  — -— i,  which  contains  the  lowest  power  of  h,  shall  control  the 

*E  1 

sign  of  the  series.  But  this  term  obviously  changes  sign  with  k, 
since  -^  does  not  contain  A;  and  as  we  are  at  liberty  to  make  A 
alternately  positive  and  negative,  it  is  impossible  that  the  series  (2) 
8h<mld  remain  negative  so  long  as  —  -  -i— — -  has  any  value  other 
than  zero. 

We   have   then,  as   a  first  condition   necessary  to  reader  u  a 
maximum, 

rf»    (±A)       „  .      ,       du 

_.L_J  =  o    «r„mpl,    5=0...,  (4. 
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Omitting  the  first  term  in  (2)  we  have 

sf-rT+d:r'-rw:s  +  '^<''  ■•■•(»)• 

Here  again  the  sign  of  the  series  will  depend  on  that  of  the  firai 
term  when  A  is  small,  and  bince  that  term  does  not  change  sign 
when  we  substitnt«  —  A  for  +  A,  the  series  (3)  will  remain  negatiTe 
fur  small  values  of  k,  when 

d=M    (dzA)"       „  .      ,       ,.  <P»        ^ 

Hence  g  <  0  .  .  .  .  (B) 

is  B  second  condition  neci^ssary  for  a  maximum. 

98.  Retm-ning  to  the  series  (1)  and  supposing  A  =:  0  while  k  re- 
mains finite,  we  prove,  by  a  course  of  reasoning  entirely  similar, 
that  the  following  conditions  are  also  necessary,  viz. : 

1  =  0.  ...(C)      .nd      5<«....W 

Now  omitting  the  terms  in  (1)  which  contain  the  first  powers  of 
b  and  k,  and  which  it  has  l^'en  seen  must  reduce  to  zero,  we  obtain 

rf^  (±A)'  (Pu  (±A)  (±_*)  ,  ^  (±t)'  d^tt  {±ky 
dx^'     1.2         dxdy'      1     '      I  rfys'     1 .2         dx^'  1.2.3 

"^  djVy  1.2  "*"  dxdi/^  1 . 2 


1.2.3 


+  &c  <  0, 


or,  by  making  t  =  *■>  where  r  is  entirely  arbitrary,  since  A  and  k 

have  no  necessary  depcn^ncc  upon  each  other. 

_A^rrf^         .^4.  s^l 
l.-iUx'  dzdy'^''   d;/^] 

^        A"        Kw^„      iPv.     _  ,     d^U  d'u'] 

=^r:2:8-li5±3.-^y+3r^5^±r3_J  +  &c.<0....C4), 
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ID  which,  when  h  is  small,  the  sign  of  the  geriea  will  depend 
on  that  of 

^iSr-^  +  r.-^!, 

dx'  dxdy  dy"^ 

Mid  this  must  be  negative  for  all  values  of  r,  whether  positive  or 
negative,  when  u  is  a  maifimum. 

We  must  now  search  for  the  condition  necessary  to  rendei 

Put  for  brevity     --^  =  A,      -j-^  =  £,     and     -3-^  =  C. 
''     d3?  dijdx  dy' 

Then  A,  B,  iind  C,  must,  if  possible,  be  so  related  to  each  other 
that  A  ±  2Br  +  <7r'  shall  be  negative  for  every  nal  value  of  r. 

Now  it  is  known,  from  the  theory  of  equations,  that  if  we  sclve 
the  equation  A  ±  2Br  +  C^'  =  0  with  respect  to  r,  and  obtain  the 
values 

^zB+JjP  -  AC         ^              r^B-~Jl^~AV 
r,  = -V  — '     -'3     ^*  = c • 

and  then  substitute  in  the  polvniiiniiil  A  ±  %Bt  +  Ci'*,  for  r  values 
alternately  11  little  gn-ater  and  somewhat  loss  than  t^  or  Vj.  the  sign 
of  the  polyiiiHiiiiil  will  iiiidergo  n  change.  If  therefore  the  proposed 
substitution  be  possible,  the  condition  A  ±  2i?r  +  C;-^  <  0  for  all 
values  of  r  wiil  be  impossible. 

And  so  lung  as  the  values  of  r,  and  rj  are  real  and  unequal,  thia 
substitution  can  be  made;  but  if  those  values  of  r  prove  imaginary, 
it  will  no  longer  be  possible  to  substitute  for  r,  real  quantities  alter- 
naiely  greater  and  {ws  than  such  values,  and  therefore  the  polyno- 
mial cannot  change  its  sign. 

Now  by  exaniinitig  the  values  of  r,  and  r,  it  will  be  seen  that  the 
«mdili"n  necessary  to  render  r,  and  r^  imaginary  is5'<j4C7. 
Hence  \vc  li.ive  a  fifth  condition  necessary  for  a  maximum,  viz.; 

lit'    if       \Jidfl   ^"  ■  ■  •  ■  »"'■ 
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when  this  condition  is  satisfied,  the  condition  (5)  will  also  be  sati»- 
litd,  since  (5)  is  true  when  r  =  0. 

It  ought  to  be  remarked,  however,  that  when  B^  =  AC,  the  two 
roiils  r,  and  r,  become  real  and  equal,  and  therefore  in  fiassing 
over  one  of  these  roots,  we  necessarily  pass  over  both.  Thus  the 
sign  of  polynomial  will  not  change,  so  that  the  fiflh  condition  would 
be  more  correctly  stated  as  follows  : 

dx''  dy^        \dxdy)  >"■■■■  ^^  J- 
By  a  course  of  reasoning  entirely  similar,  we  can  prove  that  the 
five  conditions  necessary  to  render  u  a  minimum  are  the  following: 

—  -a   —  —  a    —--,0    —-.ft    ^   d^u  ^1  d^uy= 
dx~     '  dy~    '   fiii^  ^    '   dy-»''    '    dx-i'd^        \^Ud^}  > 

d*>i  du 

99.  If  -TY  =  0,  when  --  =  0,  there  can  be  neither  maximum  nor 

(Po  d^u 

minimum,  unless  -  -  =  0  also :   and  similarly,  if  -r-:  =  0,     when 
dx^  ''         dy^ 

J-  =  0,  there  can  he  neither  maximum  nor  minimum  unless  -7-7^  0, 


There  are  other  conditions  likewise  necessary  to  render  «  a 
maximum  or  minimum  in  such  cases,  but  they  are  usually  of  so 
complicated  a  character  aa  to  be  unfit  for  use. 


100.  1. 

To   determine 

the  V.I1 

ues 

of   I 

md   y 

which 

render 

=  js  -j-  y3  —  Saxy  a  m 

•ximnm 

or 

minlm.m. 

-  =  31= 

-  Say  =  0, .  .  . 

.(>). 

dt, 

=  3,' 

-3oi  = 

=  0,.. 

■  •  («)• 

From     (I),    y= — ,  and  this  substituted  in  (2),  gives 

X*  —  a'x  =  0;       .-.  x  =  0,      or,      x  =--a, 
the  two  other  roots  being  imaginary. 
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■  But  when  i  =  0,     y  =  — =0, 

wid-      when  i  =  o,     y  ^=a. 

Now  formin;^  the  second  differential  coefficients,  we  get 

-T^  =  6a;  =  0     wheD  x  =  0,        — --  =  6y  =  0     when  y  =  0, 

^  6a  when  x  =  a,  =  6a  when  y  =  a, 

— --  =-3a,  -r^---nr-  l-r-rl  =-9a«whena!  =  0  and  y  =  0. 

=  27a*  when  i  =  a  and  y  =  a. 

.  ■ .  The  five  conditions  necessary  for  a 

when     X  =:  a     and     y  =.  a,  viz. 


--%■■ 

=».s 

>o. 

if 

>o, 

•nd 

1    </^» 
-^- 

\Jrd,l 

i'>o, 

»  =  • 

>'  + 

«■- 

3a» 

=  - 

.-. 

lut  when 

x=:0  a 

ndy. 

=  0, 

dht 

and 

reduce  to  zero, 

rtilo 

,  dhi 

do  not 

iml.c 

e  to 

zero 

.     H 

the  val 

:ue  «  = 

:0,  is 

■"'•^ 

2.  To  find  the  lengths  of  the  three  edges  of  a  rectangular  par- 
ftllelopipcdon  which  shall  contain  a  given  volume,  o',  under  the 
least  surface. 

Let     X,  y,  and  ?,  be  thu  required  edges,     .  ■ .  xt/z  =  o'.  . ,  .  (1). 

And     w  ^  9(*y  -i-  xz  +  yz)  =  surface  =  a  minimum. 


But  from  (1),     XX  =  — ,  and  yn  =  — > 


lUy  +  - 


.^)....(2). 


Ix         ^  x^  '         ^   '  dy  y* 

.  xh/  =  o'  =  zy\    .  ■ .  X  =  y,    and  consequently  j 
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,  X  =  a,     y  =  o,     wid     z  = 


d^  ■  ^^       \<te?yj  -  12  >  0, 


.  • .     M  =r  2(0^  +  a^  +  a')  =;  flu*  =  a  minimum,  and  the  parallelo 
piped  on  must  be  a  cube. 

3.  Giveu  I  +  y  +  2  =  *,  to  find  the  values  of  x,  y,  and  e,  when 


Regarding  x  and  y  as  independent  variables,  and  z    a  function 
of  X  and  y,  we  obtain  by  diderentiatlng 

a;  +  y  +  e  ^  *,  ■with  respect  to  x  and  y  succesaively. 


log  It  =  logcosii!  +  logcoay  +  log  cos*  :=  maximum, 

/''lop  .A  (h      „ 

.-.  ^^^j=-tan^-tan.^  =  0. 

or,  by  replacing  —  and  -r-  by  their  values  derived  from  e^uv 

tions    (1). 

—  tan  X  +  tan  e  ^  0,     —  tan  y  +  tan  «  ^  0, 

1 

■ .   tan  I  =  tan z  =  twi y,    and     x  =  y  =  i  ^-v. 

„  =  cos=g,=y=g. 

4.  To  find  the  greatest  rectangular  parallclopipedon  which  can  b« 
inscribed  in  a  given  ellipsoid. 

Let  a,  b,  and  c,  be  the  semi-axes  of  the  ellipsoid,  x,  y,  and  t, 
tbf  co-ordinates  of  une  of  the  vertices  of  the  parallel opipedon. 
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Then  2x,  2y,  and  2z,  are  the  three  edges  of  the  parallelopipedon, 
and,  thereforCj  2x.2t/.2z  =  niasiinum,  or 

w  =  aryz  =  maximum (1). 

But,  since  each  vertex  is  in  the  surface  of  the  ellipsoid,  the  co- 
ordinates X,  y,  z,  must  satisfy  the  equation  of  the  surface. 

••■5+1+1  =  ' P)- 

Differentiating  (2)  with  respect  to  x  and  y  successively,  regarding 
c  as  a  function  of  the  independent  variables  x  and  y,  we  get 

2*      2r   di  _         2y      2z    dz 
^+-?-^-^'     ■6^  +  ^-^-** ^^>' 

But,  from  (1)  we  have 

ldu\  ,         dz       ,        /a«\  ,         (fe      ^ 

or,  by  introducing  the  values  of  —  and  -j-  from  equations  (3). 
gs  —  irtf—  =  0,      and      xz  ~  xy  —  =0. 

.-.  aV  =  c=;r^     and     6^^^  =  c V     ■•--J  =  J  =  ^ 

Hence  from  (2),  — ^  H — 5  -t — j  =  1     and     «  =  -=  :    in    like 
"        "        "  1/3 

manner  it  may  be  shown  that,  y  =  - — ,  and  e  =  - — • 

Thus  the  edges  of  the  parallelopipedon  must  be  proportional  to 
the  axes  to  which  they  are  parallel.  In  each  of  the  last  two 
examples,  the  formation  of  the  second  differential  coefficient  has 
been  omitted  as  unnecessary,  it  being  easily  seen  that  the  proposed 
question  admitted  of  the  maximum  or  minimum  sought,  and  also 
that  the  values  found  were  the  only  suitable  values. 
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181,    Hitherto   we   have   emploj'ed    the  differential   coefficients 

-r-,  -— ,  &c.  or  -r,  -r-r,  &C.  exclusively  upon  the  hypothesis  that  x 
ax    dx^  dz  dx^  "^ 

was  the  independent  variable.  Uut  there  are  many  cases  in  which  it 
is  moro  convenient  to  adopt  some  other  quantity  (  upon  which  Ijoih 
X  and  y,  or  x  and  u  depend  as  the  independent  variable,  and  pci'haps 
to  pass  from  one  supposition  to  the  other  within  the  limits  of  the 
same  Inv.stigation. 

,     ,       ,  dy    d^y    ,  du  d^u  , 

It  then  becomes  necessary  to  express  -—,  —r^,  &c.  or  -r-,  -t-i;,&c. 
■^  '^         dx    dx^  dz    di^ 

in  terms  ol'  tlie  differential  coefficients  of  *  and  y,  or  those  of  x  and  t* 
token  with  lespect  to  the  new  variable  I. 

102.  Pr<^-  Given  y  =  qut,  and  ^  _  ^  ►,  ™  ^y.^^=  -j-,  »..«  -^ 
.  dx  .P/  dy  d^y   , 
^^'°^dF^-d?^-dt^lfi^^'' 

Since  y  is  a  I'unction  of  x,  and  x  a  function  of  (,  we  have 

dy      dy    dx 
di~dx"di 

dt 

Now  differentiating  (1),  and  observing  that  ^   is  a  function  of  t 
through  X,  we  get 

(Py     d^y    dx^      dy    d^x 
'di^''di^"d^'^dx"dF' 


.''y  . 


■0)  -•*  ■■-I  =  ii (^) 
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d^'j _d>i    ^      ^    dx        iPx    dy 
iPy  _'dfi      'dx'  dfi  _  dfl'  dt      'dfi  '  dt 

'  d^~        dS      ~  dj?  ^  ' 


The  two  formulte  (^)  and  (£)  resolve  the  problem. 
Cor,  In  a  similar  manner  we  might  form  expressions  for 
upon  the  same  hypothesis,  but  they  are  seldom  required. 
Gor.  If  y  be  taken  as  the  independent  variable,  then 


11  ,    (fy  rfy* 

dx      dx  ax*  ax' 

dt       dy  ^ 


Cor.  If  j;  be  the  independent  variable,  then 

i  =  x,  — =  —  =1     and    —  =  0,  and  {A)  and  {B)  reduoa 
o  -f-=  -J-,  and  -r^  =  '-T-r,  the  ordinary  forms. 


103.  1-  Transform  the  differential  equatioi 

£l ^_    tjl  ,        V       _ 

dx^       l-;^'  dx 
independent  variable,  having  given  t  =  cos~^z. 

Here    x  =  Qose.    .-.  -r-=  —  sini,  -j-r=— cosi  =  - 

rfy         (/d  1      dy 

'    dx"   dx~  Kill  fl      (/d 
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(Py    dx       iPx   dy 


^ 

di        d6^'da          1       d^y       cosi    dy 

djfi                 Biny    di^       sin  3d  rfj 

Jfl* 

subsl 

:ttut)<>n  in  tho  given  equation, 

c<,«d     d.j        .0^6    dy          y     _ 
aiii  3J     rfJ  ^  sin  ^fl    i/*  ^  sin  "d  ~ 

Hence  by 


This  example  illustrates  the  important  fact,  that  a  change  of  the 
indepi'ndent  variable  will  somctimps  simplify  tlie  form  of  the  difliir 
ential  equation. 

3.  Transform  -r-r-  +  -r-:  ^  0,  so  as  to  render  r  the  independcat 

dx^       rfy' 

variable,  where  r^  =  a*  +  y^- 

iPx 


id  similarly     -r-  =  — ,       -j^  = 

y»' 

1^    dx       fPx    du 

.    ,  rf*u       «^    (Pu       X*    du 

And  J-;  =  -^  ■  ^Ti  +  "15  ■  -:^' 

dy'        r^    dr^       H     or 

d^H        d^i 
.  ■ .    By  substitution  in  the  inven  relation  — =-:  -] — t-t  ■=  0,  and 

dx*        dy^ 
,      .  (Pv       1    du 

reduction,  -j:^  + ?-■  =  **• 

dr>        r    dr 

104.  Prop.  Having  given  u  =  F  {x,  y)  when  «  =:  ip  (r,  i)  and 
y  =/  (r,  a),  to  express  -^  and    -^  in  terms  of  r  and  t. 
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Since  u  is  a  function  of  x  and  y,  each  of  which  is  a  function  of  r 
we  have 

du       da    etx      du   dy 

dr        dx    di-       dy    dr 
And  Bimil^irly,  z  and  y  bein^i;  functions  ol 

du       du    dx      du   dy 

1i~di"Ti'^  Ty'lS' 


■(1) 


.(2) 

Multiply  (1)  by  -^,  and  (2)  by  ^  and  subtract;  then  multiply  (1) 
by  -~  and  (2)  by  -i-  and  subtract.     We  shall  then  obtain 


du 
dr 

dx 
dA 

du 
~  dd 

dx 
dr 

d'l  Idx     dy       dy    dx\ 
~  ~d^\di^"^~'^'di' 

du 

dr 

di 

du 

di 

dy 
dr 

dii/dx    dy       dy     dx\ 
~  dx\(ir  'di       dr'  dA) 

du   dy 

dr'  di 

du 

di 

dy 
dr 

dx    dy 

J± 

dx 

du    dx 

du    dx 

d„ 

dr'dl  ' 

'  di'd. 

Ji 

dx    d, 

dy   dx 

-■RS 

'  '  dl 

dr'  di       dr'  dA 
106,    These   formulce   become   much  simplified   when    we  have 
X  T=  r  cos  i,  y  t=  r  sin  8,  the  common  formula  for  passing  from  rec- 
tangular to  polar  co-ordinates.     For  we  then  have 
dx  ,     do        .    ,      dx  .    ,      ay 

dr  dr  '     di  'id 

dx 


nt    du        ,    rf«        .    .  du      cos  i    du 

-TT-    and    -=-  =  sin  fl  ^-  H ^p 

r      di  dy  dr  r      di 

a,  to  transform  the  equation  to 

,  where  x  :=  r  cos  i,  y  =:r  sin  i. 

IS*   dv\ 


I  .      du       cost   dv\  .    J 


cosS^- 
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TA1LURB   OF  TATLOR  B   THBORXM. 

106.  It  has  been  sliown  that  the  gtneral  development  of  F[x  +  A), 
■o  lyng  as  the  value  of  A  remains  unassigaed,  is  of  the  form 

F{x  +  h)  =  Fx -\- Ah  +  Bh^  +  CA^  +  &c (I). 

ooiuaining  none  but  the  positive  integral  powers  of  7(. 

But  although  thia  be  true  for  the  general  valu^e  of  x,  it  is  possible 
in  some  crises,  to  assign  certain  particular  values  to  x,  which  shall 
cauBB  fractional  powers  of  A  to  appear  in  the  development ;  and  to 
such  cases  Taylor's  Theorem  does  not  apply,  because  its  proof  de- 
pends upon  the  assumption  that  the  series  (1)  holds  true.  If,  for 
exiimple,  we  assign  to  x  such  a  value  as  shall  cause  fra(^lional  powers 
of  A  to  appear  in  the  undeveloped  function,  we  may  expect  to  find 
similar  powers  in  the  development,  and  we  therefore  c;mnot  expect 
Taylor's  Theorem  to  give  the  correct  expansion.  Now  when  the 
particular  value    x  =  a  introduced  into  the  undeveloped  function 

the  fractional  power  A',  there  must  have  been  in  the  general  ex- 
presaion  for  Fx  (before  a  was  substituted  for  x)  a  term  of  the  form 

{x  —  b)"  which  becomes  (x  —  a  +  A)«  in  F{x  +  A),  and  reduces  to 

When  this  occurs  some  of  the  diflerential  eoefficienla  will  cer- 
tainli  become  infinite,  if  we  make  x  =  a. 
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To  illustrate  this  foot,  take  the  example 

u^Fx  =  b+{x-ay+{x-  a)- 
and  !iiipp<iNe  X  to  receive  the  increment  h,  converting  u  into 
«,  =  J>\x  +  h)=b+{x-a  +  kf  +  {x-a  +  h)\ 

Now,  for  the  particular  value  «  =  a,  u,  becomes  6  +  A^  +  k\ 
But  by  forming  the  successive  differential  coefficients  of  m  with  re- 
spect to  X,  we  get 

^  =  2. 3(.  -  a) +i(=i -!)(,-.)?-■, 

-^  =  v(v-')("-^)(v-^)(— )--'^--- 

and  since  the  exponent  of  x  —  a  is  diminished  by  unity  at  each  dif- 
ferentiation, it  must  eventually  become  itefjitno,  ronderinf;  the  co- 
efficient infinite  when  x  =  a.  Moreover  nil  the  succeeding  dift'i-'ri.-n- 
liftl  wefficiciits  will  likewise  become  mliniti. 

It  may  be  observed  also  that  if  tht  low  eat  (and  therefore  the  first) 
fraclional  exponent  which  appears  m  the  devLl  pmcnt.  be  inlercne- 
diate  in  value  between  the  inic^ers  r  and  r  +  I ;  then  the  first  dif- 
ferential coefficient  which  Ijccomes  infinite  will  be  the  (r  +  1}(A. 

It  appears  then  that  this  peculiarity  will  arise  whenever  the  value 

assigned  to  x  causes  a  sued  (such  as  (r  —  a)'  )  to  disappear  in  Fx, 

while  the  corresponding  s^iird  [(^  —  a +/<)"]  continues  to  appear 
in  /'(x  +  A)  in  the  form  of  a  fractional  power  of  h.  This  inappli- 
cability of  Taylor's  Theorem,  improperly  called  a  failure  of  the 
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theorem,  ocnirs  prceisel>-  when  the  deviilopment  is  impossible  in  the 
general  form,  and  theri'fure  docs  not  result  from  any  defect  in  the 
theorem  itself. 

Again,  it  has  been  shown  that  the  general  development  does  not 
contain  negative  powers  of  k,  because  we  would  have,  (if  there  were 
such  )i  term  CA-=)  F{x  -\- h)  =  Fx  =  <x,  when  A  =  0,  an  obvious 
absurilitv.  But  when  wc  a-^^iign  to  x  suoh  a  value  a  as  shall  reader 
Fx  =z  -I. ,  the  above  argument  ceases  to  be  conclusive.  In  this  case 
F£  —  f- ,  and  the  ditferenlial  coefficients  will  be  infinite  also.  Thus 
Tfcjlur's  Theorem  will  be  inapplicable. 

Hen-  also  we  see  that  the  presence  of  a  negative  power  of  A  in 

the  de\  elopnient  must  result  from  a  term  of  the  form     -  — —  in  Fx, 

which  becomes —77  in  F(x  +  K)  and  redneea  to  t^  ^  Bh~* 

when  ;c  =  d. 

We  conclude,  therefore,  that  there  are  two  cases  in  which 
Taylor's  Theorem  is  not  applicable,  viz,  t 

1st.  \Vhen  I  —  11  causes  a  surd  to  disappear  in  Fx,  thereby  in- 
troducing a  fractional  power  of  A  into  F(x  ■^  K), 

2d.   When  x  ■=  a  renders  Fx  =^  «o . 


=  ^(i  +  J)  =  4  +  (i -■- ,  +  i)'+ (:>  -  »  +  *)'. 


.  • .  By  substitution  in  Taylor's  Tlieorem, 
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.,  =  »  +  («  +  ,)=+(.-.)♦+ [%  +  .)+|('-«)*]r 

Now  this  development  is  entirely  true  for  all  values  of  x,  except 
X  =  a,  which  renders  the  term  1 ,2+  -•-(*— o)  Ir-i^i  and  all 
suececding  terms,  infinite  ;  tlie  true  development  in  this  case  being 
«,  =  S +(.  +  «  +  *)'  +  «*■=  I +(a  +  c)>  +  2(« +  a);.  +  J*+i', 
which  agrees  with  the  series  (1),  <m]y  so  far  as  to  include  the  term 

[.M  .).?(.-.)»]?. 

2d.  C-i>f.  G 


(X-<Z+  hY 

1  .  2c         iPu  1.2. 3c 

1  .  2  .  3  .  (c  ^  ^ 


.  Dv  subsiitution  in  Tavlur's  T^^■ol 


This  development  is  corrcet  except  when  x  =.  a,  the  true  devel 
opnicnt  then  being  (Art.  48) 

«,  =  6  +  Bin(a  +  h)+  ~  =  i+sina+cA-*+cosa.A-sinapg  && 
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Here  the  very  lirst   term  given  by  Taylor's  Ibrmula,  viz.: 
/i  =  6  +  sin  a  +  r r-^i    is  incorrect, 

108.  Prop.  If  the  true  development  of  F{x  +  A)  coQtiun  posi- 
tive integral  powers  of  A  to  the  (n  —  1)(A  power  incluHive,  followed 
by  a  term  containing  k'  where  j  is  a  fraction  intermediate  in  value 
between  n  —  1  and  n,  the  first  n  terms  of  the  expansion  will  be 
given  correctly  by  Taylor's  Theorem,  but  the  (»  +  1)(A  term  will 
not  be  given  correctly. 

Proof.  Let  the  true  development  of  F{x  +  A),  when  z  =  a,  be 

F(x  +  h)=  A  +  Sk  +Ch^  +  ^k^ +  JV^— '  +  Pk'  +  &c., 

where  *  denotes  a  fraction  greater  than  n  —  1  and  less  than  n. 

Then,  since  the  differential  coefficients  of  F(!e  +  A),  taken  first 
with  respect  to  x,  and  afterwards  with  respect  to  A,  are  equal,  we 

^-^±^  =  ^±i)=  l«  +  2«  +  3i)4..... 

dx  dh 

+(n  -  IjJVA— »+  »PA'-'+  &c. 

£:^:fe+i)=f£^+A)=,,.,e+,.3« 

+(»-2)(..-l)J^->+(.-l>PJ-'+&!. 

^^^'=1.2.3i) +  (»-3K.-2)(„-l)m« 

+  (!-2)(. -1  )./■«•-■ +  &C. 


-3)(»-2)(»-l)3r 


+(.-»+2)(.-»+3) ....  (i-2)(.-l).i>4— "+te 
^:^:g±i>  =  (.-»  +  lK.-«  +  2)(,-»  +  3).... 

Now  when  A  =  0,  the  preceding  expressions  reduce  to 


dFx  d^F 


dx"  '     dx^ 
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-^;^  =  l-2-3 („-3K«~2)(«-l)JK 

^  =(.-n-fjl)(.-«+2){.-«+3) (.-3)(.-l).  4  =  "  • 

.-.  A  =  Fx,    5  =  --7-.     Cf=T-7,--rr'    *°- 

Thus  each  of  the  terms  A,  Bh,  Ck^,  &c.,  of  the  true  development 
will  be  given  correctly  by  Taylor's  Theorem  aa  &r  as  the  term 
JVX"-'  inclusiTe  (that  is  to  n  terms),  but  the  (n  +  l)*/!  term  of  the 
true  expansion  is  Ph;  while  by  Taylor's  series  it  would  appear  to 
be  infinite. 

The  results  established  in  this  proposition  are  important,  because 
it  frequently  occurs  that  the  first  or  leading  terms  of  an  expansion, 
are  those  only  which  we  have  occasion  to  consider. 
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PART  11. 

APPLICATION  OF  THE  DIFFERENTIAL  CALCULUS  TO 
THE  THEORY  OF  PLANE  CURVES. 


CHAPTER    I. 

TAKOBHTS    TO    PLANZ    CURVES. NORMALB. A9Y1IPTOTBS. 

109.  In  the  application  of  the  Differential  Calculus  to  the  investi- 
gation of  the  properties  of  plane  curves,  ne  regard  the  two  variable 
co-ordinates  x  and  y  or  *  and  r,  which  serve  to  fix  the  position  of  a 
point  on  the  curve,  as  the  independent  variable  and  the  dependent 
function  respectively. . 

These  two  quantities  are  connected  by  a  general  relation  called 
the  equation  of  the  curve. 

Such  as     y=-Fx    or    r  =  ?«,    /"(j,  y)  =  0,    or    (p(r,  «)  =  0. 

When  the  form  of  this  equation  ia  given,  we  can  readily  deter- 


dr    (^r 


\  the  values  of  the  differential   coetficicbus    -r--  tt' 
ax   ax* 


a  t«rms  of  the  co-ordinates,  and  these  values  will  be 


found  extremely  serviceable  in  the  discussion  of  the  properties  of 
the  curves. 

110.  The  first  application  of  the  Calculus  to  Geometry  which  it 
is  proposed  to  make,  is  the  determination  of  the  tangents  to  plane 
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Prop.  To  find  the  general  difierential  equation  of  a  line  whidi  ia 
tangent  to  a  plane  curve  at  a  given  point  Xi  j/i. 


The  equation  of  the  secant  line  JtS,  passing  through  the  points 
»,  y,  and  i^  y»  •» 


-  =  5^('- 


..)....  (1). 


But  if  the  secant  RS  be  caused  to  revolve  about  the  point  P,,  ap- 
proaching to  coincidence  with  the  tangent  TV,  the  point  P^  will 
approach  P,,  and  the  differences  y,  —  y,  and  x^  —  if,  will  also  di- 

minisb,  so  that  at  the  limit,  when  RS  and   TV  coincide,  ~ ' 

Xj  —  x, 

will  reduce  to  -j^,  and  the  equation  (I)  will  take  the  fbrm 

which  is  the  required  equation  of  the  tangent  line  at  the  point  x^  y,. 
111.  To   apply  (2)    to   any  particular  curve    we  substitute  for 


dr, 


its  value  deduced  from  the  equation  of  the  curve  and  expressed 
inns  of  the  co-ordinates  of  tlie  point  of  tangency. 
Cor.  The  differential  coefficient  ~- represents  the  trigonometrical 

tangent  of  the  angle  P^TX  formed  by  the  tangent  line  with  the 
axis  of  X. 

Cor.  To  find  the  value  of  the  subtangent  D^T,  we  make  y  =  0 
in  (2).     The  corresponding  value  of  x  will  be  the  distance  OT,  and 
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therefore  x  —  ar,  will  represent  the  subtangent  D-^T,  this  latter  being 
reckoned  ./^wn  D-^  the  foot  of  the  ordinate.     Thus 

Bubtan  D.T  =x--x,  =  ~-^ (3). 

rfy,  ^  ' 

In  the  formula  (3),  x  represents  the  independent  variable,  but  if 
we  take  y  as  the  independent  variable,  this  fortnuta  may  be  simpli- 
fied.   For  it  has  been  shown  that  -;-  =  -;—    or   -;-  =  -—     Hence 
dx        dx  dy      dy 

dy  dx 

(3)  may  be  written 

subtan  D,T=  -y,-r^ {4). 

\\%.  Prvp.  To  determine  the  general  differential  equation  of  a 
line  which  is  normal  to  a  plane  curve  at  a  given  point  2,  y^. 

The  equation  of  the  normal 
P2f,  which  passes  through  the 
point  2,  y■^,  will  be  of  the  form 

y  -  y,  =  'i  (*  -  *i)  ■ .  -  (5). 

where  /|  denotes  the  unknown 

tangent  of  the  angle  PXX  formed  by  PN  wilh  the  axis  of  x. 

But  dnce  the  normal  Py  is  perpendicular  to  the  tangent  PT,  we 
must  have,  by  the  condition  of  perpendicularity  of  lines  in  a  plane, 

-^     whsFo     t ^  —  tan.  angU  PTD. 

Repladng  (,  by  its  value  in  (5)  there  results 


eqiwtion  of  the  given  carve. 
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Car.  To  find  the  value  of  the  subnormal  DN,  we  make  y  ^  0 
in  (6)  and  thus  obtain  OiV  as  the  corresponding  value  of  x. 

.■.2)jr=,-.,=y,|!.....(7), 

when  either  the  subtangent  or  subnormal  has  been  determined,  the 
tangent  and  normal  can  be  readily  constructed. 


113.   1.  Let  the  curve  be  the  common  parabola,  whose  ei^uation  ia 
y*  =  2p*. 

.      ^9  ^P      '^V\  P  .„,       ■&!  Vl 

.  • .  -p  =  ->    T —  =  — 1    and    -: —  =  — ■ 
dx       y      (ic,        yj  rfy,         'p 

Hence  the  equation  of  the 
tangent  is 

y  -  yi  =  7"  (*  -  ',) 

or    VVi  ~  Vi   =  Pi^  ~  *i). 
whence 

yy,  =  p(x  -  ^i)  4-  2jM, 
And  that  of  the  normal  is 

y-y.  =  -^(^-«,). 

subtan  DT=  _  S!! .  y,  =  _  ?^  = 
P  P 

subnorm  J)N  =  y,  —  =p. 


Also, 
and 


yi 


Thus  it  appears  that  the  subtangent  of  the  parabola  is  negative  and 
equal  to  twice  the  abscissa ;  and  the  subnormal  is  positive  and  oon- 
stimt,  being  equal  to  the  semi-parameter. 
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2.  Ilie  Ellipse, 


.-.  ^'=-^',    an 


rfy," 


.  The  equation  of  the  tangent  is 
-  yi  =  -  rir-  (*  -  *i).        or. 


oVyi  +  **^i  =  o'b'. 


And  subnormal    =  y,  ~  =  - 


'     / 

equation  is    y  =  a*. 

|  =  .o...... 

-^Z 

kK. 

T  0 D — S " 

.*.    subtan=— , — ^^^-~ 
logo,  a' 

1 

where   m  is    the  modulus  of    the   system  of   logarithms   whose 

base  is  a. 

Also   subnorm  =  Ic^  o ,  a*'y,  =  — 

_<!='. 

In  this  curve,  the  values  of  the  abscissas  are  the  logarithms  of  the 
values  of  the  corresponding  ordinates  in  the  system  whose  base  is  a. 

114.  Prop.  To  determine  expressions  for  the  tangent,  the  normal, 
and  the  perpendicular  from  the 
origin  to  the  tangent  of  a  plane 


For  the  tangent  P7,  we  have 
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Fof  the  normal  Flf,  we  have 

PJV=  y/I^D^  +  DN'  =  y,  ^1+  ^ . 
For  the  perpendicular  OQ,  we  have 

OQ=OT.amOTQ=OT^—=  OT'  1—^ ^ 


'  1  +  cot^a 


{dx^  +  dy^y 

Ex.  The  general  equation  of  all  parabolaa. 

The  general  name  of  parabola  is  applied  to  all  curves  included  in 
the  equation  y"  =  o"~'j;,  in  which  m  may  represent  any  positive 
number  either  whole  or  fractional.  When  m  =  %  the  curve  be- 
comes the  common  parabola. 

dy        o"~'  ,     dx       mv'"-'       mx. 

Here    y"i=o"-'ir,      ,  ■ .  -t-  =  — — ■.»     and     -j-  =  ,    =  — !• 

dx      my*^^  dy        a"  '  y, 


[■.n^]*-,,.™.,,' 


116.  Prop.  To  obtain  expressiona  for  the  polar  subtangent,  sub- 
normal, tangent,  normal,  and  perpendicular  to  the  tangent  of  ft 
plane  curve,  when  it  is  referred  to  polar  co-ordinates. 
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Let  AB  be  the  curve,  Q  the  pole,  P  the 
point  to  be  referred,  QX  the  fixed  axis  , 
from  which  the  variable  angle  PQX  is 
reckoned,  QP  the  radius  vector,  TQN  a 
line  drawn  through  the  pole  Q,  perpen- 
dicular to  the  radius  vector  PQ,  and  limit- 
ed by  the  tangent  PT,  and  the  normal  PX", 
^S  a  perpendicular  on  the  tangent  from 
the  pole.  Then  QT  is  called  the  polar 
subtangeut,  and  QN  the  polar  subnornml. 

Put  QP=  r,     angle  PQX  =  i,     angle  QPT  =  u, 

angle  PTiX  =  i,     QD  =  x,     DP  =  y. 

Then     QT  =  ^P.  tan  QPT  =  rX«iiu  =  T .iBia{i  —  t) 
_      tan  t  —  tan  J 
~*''l  +  taniWn* 

Riif  tan  ."  ^  #an  jl    ?  '        tan  m,  _  . . 


Not  if  we  change  the  independent  variable  from  x   to  S,  we 

dy      di      ' 
must  employ  the  formula  -^  =  -r-. 


And  from  the  formula  for  passing  from  rectangular  to  polar  co-or- 
dinates, we  have  x  =  r  cos  t,  1/  ^  r  sin  I,  which  being  difTerentiated 
with  respect  to  t,  observing  that  r  is  a  function  of  ',  we  get 


-=--.COs(t- 


dy  _dr 


=  ji^"^  '  +  •■ 
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uid  these  substituted  in  (1)  give 

.«,s<!(^.a>8a-rBina)+rri„i(|..izii  +  rcos«) 


iubtangent  6r=  rtan  «  =  ^  =  H  ^ 
di 
QP^_dr 


Also  subnonnal  QN  = 


QT~  da 


Tangent  FT  =  ^/qP^  +  $?"  ^ 


.v^ 


Perpendicular  I 


KZAHPLBS. 


116.  1.  The  spiral 
of  Archimedes  whose 
equation  is  r  =  aJ. 


V-^+a* 


.yGOOglf 


TAKGKNTS  TO  POLAR  CDRYKS. 


2.  The  l(^rithmio  spiral  r  =:  a\ 

la  this  curve,  the  numerical  value  i  of  the  arc  which  r. 
the  variable  angle  ia  the  loffarithm  of  the  value  of  the  radius  vector  r 
in  the  system  whose  base  is  a. 


logo. 


Subtan  =  T =  mr,  where 


=  modulus.    Subnormal  = 


log  a'=  — ■ 


This  curve  cuts  every 
radius  vector  under  the 
same  angle  ;  that  is,  the 
tangent  at  any  point  is 
inclined  to  the  radius  vec- 
tor at  that  point  in  a 
ooRstaut  angle. 

^-.  ■* 

ror      tanu  =r-r 
dr 
_     r  \    _ 

~rlogo~loga"" 
If  a  =  e  the  Naperian  base,  then  log  a  =  1,  tan  u  =  1  and  u 
and  QT=QJf=r. 

8.  The  lemniacata  of  Bemouilli,  r*  =  o^  cos  2i. 


^=-a^3in2a. 


'46' 


,   subtan  = 


n2fl' 


perp  = 


This  curve  has  the  form  of  theflgure 
8,  is  perpendicular  to  the  a 
A  and  B,  and  forma  angles 
AB  at  the  pole  Q.     For  when  d=0, 

or  S  =  *,  r  =  o,  and  -r,  =  0.    And  when  6  =  45°, 
or  815",  then  r  =  0. 


I  of  the  figure 

B  axis  AB  at     /^     '"■"-v^.^  ,.<::i^^-^^^^^A 

s  of  45' with  'K^^^y^^Z^^y^ 
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Rectilinear  Asymptotes, 

117.  A  rectilinear  asymptote  to  a  curve  is  a  line  which  touches 
the  curve  at  a  point  infinitely  distant  from  the  origin,  aad  yet  passes 
within  a  finite  distance  of  the  origin. 

118.  If  in  the  differential  equation  of  a  tangent  line 

y  —  y,  =  -J-'  {x  —  jEj),  we  make  successively  i=0,  and  y=0. 
we  shall  obtain  for  the  distances  intercepted  on  the  axes, 

''='■- '■■!',•  ""'  ''='^-^'^; 

Now  if  when  either  a,  or  y^  becomes  infinite,  one  or  both  of  these 
values  should  prove  finite,  the  curve  will  have  an  asymptote  whose 
position  will  be  determined  by  the  values  of  .c'  and  y'. 

If  x'  =  a,  and  y'  =  b  when  a  and  b  are  both  finite,  the  asymptote 
will  cut  both  axes:  if  z'=:a  and  y'=i<D,  the  asymptote  will  be 
parallel  to  the  axis  of  y;  and,  finally,  if  x' ^  an  and  y'  ^b,  the 
asymptote  will  be  parallel  to  the  axis  of  x. 

119.  When  the  curve  is  referred  to  polar  co-ordinates,  there  will 
be  an  asymptote  whenever  the  subtangent  (which  is  then  equal  to 
the  pcrpiendicular  from  the  pole  upon  the  tangTint)  becomes  finite 
for  an  infinite  value  of  the  radius  vector.  Its  position  will  be  fixed 
also,  since  it  will  be  parallel  to  the  radius  vector ;  that  is,  it  will  form 
with  the  radius  vector  an  indefinitely  small -angle.  The  existence  of 
an  asymptote  may  be  ascertained  from  the  equation  of  the  curve  by 
finding  what  value  of  6  will  render  r  infinite.  If  the  same  value  of 
i  makes  r^  —  either  finite  or  zero,  there  will  be  an  asymptote  parallel 

to  the  radius  vector,  and  passing  through  the  extremity  of  the  sub- 
tangent. 

120.  1.  The  hyperbola  oV  —  ^***  ='— «*6*- 

.fyt_fc*Ji     y^  a      7i^+»/'i'_  h     I    ,    fc"  _  ^      ,  __ 
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Also     y,=— v';r,«-a'= — '\/l i=-^  when  «,  or  y,  =  co. 


.  ''y.. 


■i-yi 


dx^  _  bxj 


--^  =  0 


.  • .  The  hyperbola  has  &a  asymptote  passing  through  the  origin, 

b 
aud  forming  with  the  axis  of  x  an  angle  whose  tangent  =  =t  — 

2,  The  logarithmic  curve  y  :=  a'. 

-^=  loff  a .  a',  x'  =  x,  —  y,  -r-i  =  x,  —  -, =  ir,  —  m. 

dx  **  '  '       ^' ify,         '       loga.a»i         ' 

!^  =  »'-''ir;  =  '"--;;r- 

Now  when  «,=  +  !3o,yj  =  +  oo,  .■,«'  =  «> and  y'  =  oo  and 
the  corresponding  tmigent  is  not  an  asymptote. 

But  when  z,  =  —  oo ,  y,  =  0.  ,-.«'=;—  oo  and  y'  =  0,  and 
therefore  the  axis  of  x  is  an  asymptote. 

3.  The  cissoid  whose  equation  is  y^  =  t— — ■  or  '2iy'—y^x—x^=(t 
rf^i  __    yi'+^i'  .       i_  4'"yi— 2j^iyi  _  2X[— 4r 


4rfff—2xit/i      '    '  1     ^1    t/j^+'iXf^  3X|- 

.  ■ .  a'  =  2r,     when     x,  =  2r     and     y,  =  a>. 

y,«+3x,«  y,(6'— ar.) 

4'-.'/,-2Jiyi       '        4r-2r, 


r5+*i 


g'-yi    ^^ 


whenx,=2r. 


,'.  The  cissoid  has  an  asymptote  parallel  < 
from  the  origin. 
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4.  The  parabola  y^=2;)^. 

-^  =  -^    .-.x' =  Xj—y,—=x,—2x.  =  —it,=ai  when  a;,=ao. 

Also  y'=y,-ar,-^=y,-^y,=-y,=<»wheny,=ai  or  *,=<», 

.  * .  The  parabola  has  no  asymptote. 

5.  To  find  the  equation  of  the  asymptote  to  the  curve  i/^—ai'^-i-x'. 

y,  =  flo ,     when     ar,  =  oa . 


dy,  _  2ar,  +  33;,' 


'^'       3(„,.  +  V)»      3[i+.]» 


1     when 


:  -   'when     «,  =  00. 


,  ■,  y  ;=  a:  +  -a  the  equation  of  the  asymptote. 
Polar  Curves.  1.  The  hyperbolic  spiral  ri  =  a. 


dr~ 


.  subtan  =r'  —  =  a,     for  all  values  of  r. 


,*,  There  is  an  asymptote  which  passes  at  a  distance  a  from  the 
origin.     Also,  since  r  =  <»  when  <  =  0,  the  asymptote  is  parallel 
■to  the  fixed  axis  fVom  which  i  is  reckoned. 
2.  The  spiral  of  Archimedes  r  ^=  at, 

^^       Ik.'''  u 

-p  ^  -T     subtan  =  —  =  no     when     r  ^  <d  . 
dr       a  a 

.',  The  curve  has  no  asymptote. 
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3.  llie  logmrithmic  spiral       r  =  a  . 

3-  =  — >     snbUD  = =  mr  =  03     when 

dr         r  r 

,  * .  There  is  no  >»Tmptote.  • 

4.  The  Dtmu  ri' =  a. 
^  __        2a* 

Also  r  =  30    when  i  =  0.     .-.  The  fixed  «xis  is  an  a 


Circ'ihir  A^ijmjitof^a. 

121.  When  the  e<ju8lion  of  the  curve  has  such  a  form  as  will  ren- 
der r  =:  a  finite  ralue  when  t  ■=  3: .  the  curve  will  make  an  infinite 
number  of  rerolutirjus  about  the  p-i!e  before  becoming  tangent  to  » 
drcle  whose  radius  =:  a.  This  circle  is  therefore  called  a  cireidar 
aajTnptole.  If  r  >  a  for  everv  finite  value  of  *,  the  curve  will  lie 
whully  exterior  to  the  circle ;  but  if  r  <  a  fur  all  fiuit«  values  of  t, 
the  curve  will  lie  entirely  within  the  circle. 

].  L£t  the  eqnatjoa  be  (r*  —  ar)?^  =1     or    *  =  —  ■ 

Then  '  =  a:  when  r  ^  a.  And  i  is  real  when  r  '>  a,  but  iniagi- 
nwy  when  r  <  a. 

, ' .  The  circle  with  radius  =  a  b  an  asymptote,  and  lies  within 
the  qiiraL 

2.TheairTe  (ar  -  r")*' =  I. 

t  =     ,  =  <t>     when     r^a, 

A]so  t  is  real  whoi  r<,<L,  and  imaginary  when  r  ">  a. 

.  • .  The  circle  with  radius  =  a  is  an  asvmptote  and  encloses  tlw 
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CHAPTER   II. 

ecRVATOBE   AND   OSCULATION    OF  FLiNS  CURVB9. 

122.  As  introductory  to  the  discussion  of  the  subject  of  the  cur- 
vAture  of  plane  curves,  the  following  proposition  will  be  found 

Prop,  To  show  that  the  limit  to  the  ratio  of  the  chord  and  arc  of 
any  plane  curve,  when  that  arc  is 
diminished  indefinitely,  is  unity,  and 
to  deduce  an  expression  for  the 
differential  of  the  arc  of  a  plane 
curve,  in  terms  of  the  ditTercntials 
of  the  coordinates. 

Let  PP^  be  an  arc  of  a  plane 
curve  APB,  whose  equation  is  y  =  Fx. 
Put     OD=x,  DP-y,  DD^=h,  0,P^=y^,  AP=s,  AP^-^ 
Then    "  y^  =  F{x-\-h). 

The  arc  PP^  is  intermediate  ii 
and  the  broken  line  PTP^  ■. 

the  limit  to  the  ratio  -=-  is  i 


idn 


u  length  between  the  chord  PP,^  C, 
.     If,  therefore,  we  can  prove  that 

',  it  will  follow  that  the  limit  to  the 


ratio  of  the  chord  and  arc  is  unity,  and  therefore  at  that  limit  the 
expression  for  ihe  chord  PPj  will  be  a  suitable  expression  for  the 
arc  PP-y  which  will  then  become  the  differential  of  », 
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0~     PP,     ~    ^TWvWf 


V^^+ "%-(>.-» 


and  by  dividing  numerator  hrd  denominator  by  h 

5  +  i-^r^-7r3+*"^ 


.'.  8t  the  limit, 

rf»       chord      taniT        ^ 


=  l,vhen  A=0. 


=  1,    or 


Also 


rftf^ 


123,  In  thelirst  of  these  expressions  X  is  the  independent  variable; 
in  the  second,  y. 

Cor.  ]f  we  wish  to  employ  some  other  quantity  t  upon  which 
*.  X  and  y  depend,  as  the  indcficndcnt  variable,  we  must  use  the 
formulae  for  changing  the  independent  variable,  viz. : 


dt 


dif      dt 
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vhich,  substituted  in  the  value  of  -j 


dx"       rfy' 


dfl 


124>  We  proceed  now  to  consider  the  oacul&tion  of  plane  curres. 

Let  y  =  Ji  (1),  and  y  =  ifx  (2)  be  the  equations  of  two  plane 
curves,  the  first  of  which  is  given  in  species,  magnitude,  and  position, 
but  the  latter  in  species  only. 

Then  the  constants  or  ;>ara"i*?ers  which  enter  into  equation  (l)arc 
fixed  and  delenniniiti!,  but  those  which  appear  in  (2)  entirety  arbi- 
trary, and  may  therefore  be  so  assumed  aa  to  fulfil  aa  many  inde- 
pendent conditions  as  there  are  constants  to  be  determined. 

If,  when  the  b 
posed  the  si 
oonditioi 

curves  will  have  a  common  point 
P,  but  will  usually  intersect  at 
that  point. 

If  the  condition  -j-  =  — —  be  true  also,  the  curves  will    have  a 


the  alisoissa  x  is  sup-  yS 

ame  in  both  curves,  the  V  -jS^^^-^^^ 

y  =  r  is  satisfied,  the  5^        ~% 

'"^-     ^ 


common  tangent  such  as  SPT;  and  the  coiitaef.  is  then  said  to  be  of 
the  first  order :  if  the  second  diflcrential  coefticients  be  niso  equal, 

tPy  ^  (PY 


^  =  -^r-=.  the  contact  is  said   to  be  of  the  second  order ; 


dx>~ 


Jj^' 


■,  the  contact  is  of  tlie  third  order,  &e.  <kc 


125.  In  order  to  show  Ihat  the  contact  will  be  more  intimate  aa 
the  number  of  corresponding  equal  differential  coefficients  becomes 
greater,  let  x  take  the  arbitrary  increment  A,  converting  y  and  7 
into  y,  and  Y^  respectively. 


Then      r,=  F+ 


dY   h 


iPY    Aa 
.ft"  '  1 . 2 


'  (ii3  ■  1 . 2. 3 


+  & 
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dy   h       d^y      h^         <Py        h? 

Now  the  value  of  this  difference,  which  expresfies  the  distance  by 
which  the  one  curve  departs  from  the  other,  nieiiaurcd  on  the  line 
parallel  to  t/,  will  dupeiid,  when  A  is  small,  chiefly  upon  the  terms 
containing  the  lowest  powere  of /i. 

[f,  then,  the  first  dilTerentinl  eoetfidents  derived  from  the  equations 
of  three  curves  (A),  (li)  and  (C)  bo  equal,  at  a  common  point,  and 
if  the  second  ditTerential  coeflicicnts  derived  from  the  equations  of 
{A)  and  (B)  be  also  equal,  but  those  derived  from  [A)  and  (C) 
unequal,  the  curves  (A)  and  {B)  will  Bejiarato  inoru  aluwly  thaii 
(j4)  and  (C),  because  the  expression  for  the  difference  of  the  ordi- 
□atAs  of  {A)  and  (C)  corresponding  to  the  abscissa  *  +  A,  will  con- 
tain a  term  including  the  second  power  of  h,  but  the  difference  of 
the  ordinates  of  {A)  and  (D)  will  contain  no  power  of  h  lower  iboii 
the  third. 

126.  The  order  of  closest  possible  contact  between  one  curve 
entirety  given,  and  another  given  only  in  species,  will  depend  on  the 
number  of  arbitrary  parameters  contained  in  the  equation  of  tho 
second  curve. 

Thus  a  contact  of  the  first  order  requires  two  conditions,  viz. : 

,^  ^  dy  dY 
a  =  F  and  'r=~j-: 
'  dx        dx 

the  first  of  these  conditions  being  employed  in  giving  the  curves  a 
common  point,  and  the  second  in  giving  their  tangents  at  that  point 
a  common  direction.  Hence  there  must  be  at  least  two  arbitrary 
parameters. 
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A  contact  of  the  second  order  requires  throe  parameters  ;  one  of 
tbe  third  order,  four  ptirameters,  &c.  Hence  the  straight  line,  whose 
equation  1/  =  ax  +  b  haa  two  parameters,  a  and  6,  can  have  contArt 
of  the  first  order  only.  • 

The  circle  (^x  —  a^  +  (y  —  bf  =  r'  having  in  ita  equation  three 
parameters,  can  have  contact  of  the  second  order. 

The  parabola  car  have  contact  of  the  third  order ;  the  ellipse  or 
hyperbola  a  contact  of  the  fourth  order,  ice 

The  curve  of  a  given  species,  which  has  the  most  intimate  contact 
possible  with  a  given  curve  at  a  given  point,  is  called  the  osculatorj- 
curve  of  that  species. 

The  osculatory  circle  is  employed  to  measure  the  curvature  of 
plane  curves,  and  its  radius  is  called  the  radius  of  curvature  of  the 


127,  Prop.  To  determine  the  radius  of  curvature  of  a  givMi  curve 
at  a  given  point,  and  also  the  co-ordinates  of  the  centre  of  the  oscu* 
latory  circle. 

I^t  the  equation  of  the  given  curve  be  y=Fx  (1),  and  that  of  the 
required  circle  {x  —  a)^+  {1/  —  bf  =  r*  (2),  the  quantities  a,  b  and  r 
being  those  whi<'h  it  is  pruposi-d  to  determine. 

There  buing  three  disposable  parameters,  a,  b,  and  r,  in  equation 
(2),  we  enn  impose  ihe  three  conditions 

y=^^  ^  =  -T-    ""^    j4  =  rrr- 

dx        dx  dx^         dx^ 

with  which  determine  u,  6,  and  r,  and  the  contact  will  be  of  tbe 

Denote  the  first  and,  Rccond  differential  coefficients  derived  from 
the  equation  of  the  given  curve  by  p'  and  p",  that  is,  put 

dT      ,       ,     d^r 

-^=P      and     -^=P. 
Then,  since  the  corresponding  dllTerential  cocflidents  derived  from 
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the  equation  of  the  osculatory  elrele  must  bave  the  same  values,  we 
■hall  have 

^=p      and     ^,=p. 

Now  let  (2)  be  diflerentiated  twice  successively,  replacing 


.-.  («-a)+(y-6)p'=0...{3),and  l+p-»+{y~b)p"=fi...ii). 
The  equations  (3),  (3),  and  (4),  will  just  suffice  to  determine 


■  ■•(') 


■  ■.,  =  ,-'''"-^'"'■■■■(8). 
P 

Now  combining  (3),  (5),  and  (7),  we  get 

^  ^  (1  +  P")'  ,?'•('+  P")'  ^  (1  +  ?■■)■ 

y*  f"^  f"^ 

p"  "•  ' 

The  equations  (6),  (8),  and  (9),  resolve  the  problem.  To  apply 
them  to  a  particular  case,  we  form  the  differential  ooefficieuts  p'  and 
p"  from  the  equation  of  the  given  curve,  and  substitute  their  values 
in  (6),  (9),  and  (9). 

Cur.  Since  l+yj  or  1  +  ^  =^,  (Art  122)  the  value  of 
r  may  be  written  thus 

'=*g- ■■•■(«>)• 
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Remark.  Wc  niny  omit  tlie  double  sign  ±  in  {&)  and  (10)  and 
rogurd  the  rndiiis  of  curvature  as  an  csseiitiallj-  positive  quantity  in 
all  eases.  This  doiibtu  sign  is  sometimes  employed  to  indicate  tbe 
direction  of  the  curvature,  being  positive  wlien  the  curve  presents 
its  cimvexity  to  the  axis  of  x,  and  negative  in  the  contrary  cose. 
But  it  seems  more  simple  to  consider  r  essentially  positive,  and  to 

fix  the  direction  of  the  curvature  by  the  sign  of  -j^>  It  will  now 
bo  shown  that  the  sign  of  this  second  difTcEential  will  always  be  de- 
termined by  the  diroclion  of  the  curvature. 

towiirds  thf  axis  of  3^  as 
in  Fig.  1,  and  if  an  inere- 
mcnt  A  be  given  to  the 
abscissa  OP  =  x,  the  or- 
dinate y  will  take  au  in- 
crement 


7 


EP, 


rfy   ft       (Py      A»         (Py        fts 


-t-&c.. 


and  the  ordinate  of  the  tangent  will  take  a  corresponding  increment 
£T  —  ^-  •  7,  and  the  former  of  these  V 
gi'eatcr  since  the  tangunt  lies  between  the 


increments  will  be  the 
ve  and  the  axis  of  x. 


.-.EP,-  ET 


A3 


^y    J^      ipy 
'  ^"  i  .  3  "*"  its'  ■  172T; 


h  &c.  >  0. 


or  since  the  sign  of  this  series  depends,  when  A  is  small,  on  that  of 
the  first  term,  we  must  have  — ^  >  0. 

But  when  the  curve  is  concave  towards  tne  axis  of  *■,  as  in  Fig.  2, 
EP,~ET<:0,    and    .■.^<0. 

Again,  since  the  arc  a  and  the  abscissS  r  may  always  be  supposed 
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d»> 


167 


to,  increase  together,  -r-j  may  be  considered  as  essentially  positive, 
and  therefore  the  sign  of  r  in  (10)  would  be  controlled  by  that  of 
-T^-  It  is  in  this  way  that  the  sign  of  r  may  be  regarded  aa  indi- 
cating the  direction  of  the  curvature. 


128.  1.  To  find  the  radius  of  c 

urvatur 

eof 

y»  —  2px,  at  a  given  point. 

^          di^              y^    dx 

P"                       P" 

tl 

(»' 

rmal)' 

paraboU 


(sem  i-para  meter)* 
At  the  vertex,  y  =:  0,  and  . ' .    r  ^  p  the  semi-parametor ;   and 
^  =  00  ,  r  =  oD  also. 
2.  The  ellipse  .^V  +  -6^^^  =  ^^S^- 

_  5^        „ B^A^y  -  A^B^rp' 

P  —  ~  '^y     P    ~  5y 

m^A^y^  +  B^z^)  _  _    B* 

AY  ~       -^V 


r      B^xnj 


AY 

At  the  extremity  of  the  transverse  axis  x=A  and  y=0. 
and     "  "  "     conjugate      "    ar=Oandy=i(. 
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3.  The  logaritbmio  curve      y  =  a*. 
;i'  =  log  o .  a»  =  — 1    p"  =  — '  -T-  =— '     where  m  =  modulus. 


When        y  =  0,  r  =  co  ;   dnd  when  y  =  o 
4.  The  cubical  parabola  y^  r=  o^a;. 

,  _     a«         „  _       3n« .  2y     . 


[-$]• 


When 


=  0,  r  =  00 ,  and  when  y  = 


5.  The  cycloid,  or  curve  generated  by  the  motion  of  a  point  on 
the  circumference  of  a  circie,  while  tho  cirde  rolls  on  a  straight  line. 

Let  the  radius  of  the  generat- 
ing circle  =  a.  Place  the  origin 
at  V,  the  vertex  of  the  cycloid. 
Put  VD  =  X,  DP  =  y,  the 
point  P  being  that  which  de- 
scribes lie  curve  AP  VB,  while 
the  circle   rolls  on  the  line  ACB. 

Then    PD  =  DF+  FP  =  DF+  EC  since  EP  and    CF  are 
parallel.     Also,  since  each  point  of  the  semi-circumference  CFV  has 
been  in  contact  with  the  semi-base  CA  we  must  have  arc  CFV=  CA 
and  similarly  arc  ^Z*  =  jPvl  =  arc  CF. 
.  • .  By  subtraction 
CA-EA=CFV-CF  or  CE  =  FV;  mi.-.PD  =DF+FV. 
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But        BF  =  ■^'iax~x\      and      FV  =  a  verein-' 
Hence  the  equation  of  the  cj'cloid  ia 

y  =  -^'Zax—x^  +  *- ' 


[■-^]'   ,.,V^ 


Vi<a 


r  =  2  chord  P^. 


=  2  v'2a(2a  -  x). 


129.  Prop.  At  the  points  of  greatest  and  least  curvature  of  any 

curve,  the  osculatory  circle  has  contact  uf  the  third  order. 

The  condition  which  characterises  these  points,  is  that  the  dllTeri'ii- 

tial  coefficient  ^p  shall  reduce  to  zero,  since  r 


IS  greatest,  and  a  masimum  when  it  is  least. 
But  by  the  general  furmula  for  the  radius  of  curvature, 

r  =  ''  ~^  "  ^* 


This  is  the  value  of  the  third  differential  -~,  at  the  points  of 
greatest  and  l&st  curvature,  of  any  curve ;  and  If  it  can  be  shown 
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that  the  third  differential  coefficient  in  the  osculatory  circle  has  the 
same  value,  it  will  follow  thitt  the  contact  must  be  of  the  third 

But  in  the  circle  we  have  already  found  y  —  6  = rf— , 

.-.  ^^^.p'^  ^^'^"'  ~  ^"'^^  "*"  P'^\  .-  p'"=?^^...m 
'   '    dx  p"^  '  1+71'^ 

which  being  identical  with  (I),  the  contact  must  be  of  the  third 
order. 

130.  Prop.  If  two  curves  have  contact  of  an  even  .order,  they 
will  intersect  at  the  point  of  contact ;  but  if  the  order  of  their  con- 
tact be  odd,  they  will  not  intersect  at  that  point. 

If  1^  =  /i,  and  y  =  t^ix,  be  the  equations  of  the  two  curves,  the 
difference  of  their  ordinates  corresponding  to  the  abscissa  a:  +  A, 
will  be  expressed  by 

Now  when  the  order  of  contact  is  even,  the  first  term  of  this  dif- 
ference which  does  not  reduce  to  zero,  must  contain  an  odd  power 
of  ±  A,  and  must  therefore  change  sign  with  h,  thus  imparting  a 
change  of  sign  to  r"i  —  yj,  in  passing  through  the  point  x,y. 

Heiice*the  first  curve  will  lie  alternately  above  and  below  the 
second,  inlersectitig  it  at  the  point  x,y. 

But  if  the  order  of  contact  be  odd,  the  first  icvni  in  the  difference 
will  cuntaiii  an  even  power  of  ±  A,  wliieh  will  not  change  sign  with 
7(,  mid  thrreforu  there  will  be  no  intersection;  the  first  curve  lying 
entirely  above  or  entirely  below  the  second. 

Cor,  The  osculatory  circle  intersects  the  curve,  except  at  the 
points  of  greatest  and  least  curvature. 

Fur  nsuallt ,  the  circle  has  contact  of  the  second  A-der — but  at  the 
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points  of  greatest  and  least  curvature, 

the  contact  is  i 

of  the  third 

order. 

Cor.  At  those  points  of 

y 

a  curve  where  p"  =  0,  a  , 

1 

■^ 

stniight  line  may  have  eon-             ^^„^'-^ 

==- 

tact  of  the   second   order, 

and  it  will  intersect   tlie  curve.     If  p'" 

=  0,  Bls< 

>  there 

.  will   be  no 

intersection  unless  p""  =  0,  also. 

131.  Prop.  To  find  a  formula  for  the  radius 

of  curvature,  when 

any  quantity  1,  other  than  the  abscissa  x. 

is  taken 

as  the 

independent 

variable. 

To  effect  this  object,  we  must  substitute  in  the 

value  of  r,  already 

found,  the  values  of  p'  =  -J,  and  p"= 

'%^ 

en  by 

the  formuU 

for  changing  the  independent  variable,  vi 

a. : 

dy                         d^y 

dx      d^x  dy 

dy      dl           ,     d^      dt^ 

Tx=Tx'    ""*    di''=  — 

■  dt       dl^  '  dl 

dt 

dfi 

We  thus  obtain 

('+£:)'  (g+f)* 

d^y  dx 
dP'dt 

d'x 

dfi 

dt 

dx'' 

(5?  + a?) 

ds=> 
dO 

..(1) 

d^y    di        d'x    dy       d'y   dx 

d'x  ^ 

IF ' ' 

Cor.  If  X  bo  the  independent  variable,  -—■  =  -—=  1, 


TT  =  0,      .  ■ .    r  =  -;;-,  the  common  formula. 
d(^       '  d'-y 


dx* 
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dy       dy  ,   iPy      y. 

If  y  be  tlie  indepcndendent  variable,  37  =  j~  =  ^>  *"^  jS  ~ 


.... 

If 

t  be  the 

ndependent  variable,  -7:  =  ^ 

=  1, 

•  •  P)- 

d^x    dy'  ■   • 
A^  '  d» 

«"■£■+ 

if 

^  =  I,  which,  being  differentiated 

witb 

to  1, 

give. 

^x      dy 

'  d^  '^  d» 

■s^=«.- 

•  •  m- 

■•  =  - 

, 

(4) 

<ir 

•nd 

similarly 

•  •  •  (6). 

And,  finally,  by  squaring  the  equation   (2),  and  adding  to  the 
denominator  of  the  second  member,  the  square  of  (3),  which  is  equal 

to  zero,  there  results,  by  reduction, 

132.  PTo-p.  To  obtain  a  formula  for  the  radius  of  curvature  of 
curves  when  referred  to  polar  co^rdinatAs. 
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Adopting  the  variable  angle  S  as  the  independent  variable,  denoting 
the  radius  vector  by  r,  and  the  radius  of  curvature  by  S,  we  have, 
from  the  formulse  for  the  transformation  of  co-ordinates, 


1  = 

=  rcosi,  y 

=  rsinJ, 

''  (ti  ~       ' 

aind  +  cost 

'-Sfl' 

=  rco8a  + 

-4- 

cosS-2: 

..4.C0., 

'  (id"' 

sina  +  2( 

...^+.i„< 

d6'' 

-1 

=  p,  and 

<Pr 

and  substitute 

in  the  general  value 

of  the  radii 

IIS  of  curvature. 

.-.  Ji  = 

K- 

n* 

[.»+p,M«in'-t  +  co 

■^.^1* 

(Py    dx 
dli-^'  di 

d'x  dy  " 
di^'di 

(r^  +  2j,i^- 

»yj)(9iu'a-Hco3»fl) 

('■^+P, 

£__ 

JP3 

where  N  is  the  polar  normal. 


133.  1.  The  It^arithinic  Spiral  r  =  a'. 

;)i=l<^tt.a  =  — ,  ^,  =  log»<i-a=  — 

.-.  The  radius  of  curvature  of  the  logarithmie  spiral  is  always 
equal  lo  the  polar  normal. 
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2.  The  spiral  of  Archimedes 

Pi  =  a,    Pj  =  0  .  ^     ^   ^ 

Whenr  =  0,  i^  =  y",  and  when  r  =  oD,^ 

3.  The  hyperbolic  spiral  r6  =  a. 


2r3 


(-5)' 


when  r  =  0,  £  =  0,  and  when  r  =  (X>,  H  = 
4.  The  lituus  rH  =  a>. 


[-i^J 


;'2= 


Ji£«_       2<i't4o*  -  r*) 


When  i  =  G,r  =  <xi  ai 


r=n-v/5!orr*=4a',fl-a: 

and  wht-n  a  =  a.  r  =  0  iiii.l  B-—Q. 

134.  A  curve  may  hi'  iharactcrized  by  on  equation  expressing  % 
relation  bctneen  the  iii<liiia  vet'lur  r  and  the  perpendicular  p  from 
the  pole  upon  the  tangent. 

Thus  the  equation  of  (h.-  t-ircle  referred  to  the  eo-ordinatea  r  and  p 
IS  r  =  p,  the  pole  being  at  the  centre.  That  of  ihe  logarilhmio 
spiral  is  r  =  ep,  &o. 
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135.  Prop.  To  obtjiiii  a  tonmilii  for  the  raJius  of  curvature  of 
curves  referred  to  the  radius  vector  and  the  perpendicular  u[>on  the 
tniigent. 

Kroin  the  general  value  of  the  perijendicular  when  the  curve  is 
referred  to  the  ordinary  polar  co-ordinates  r  and  i,  viz. :   (Art.  115.) 

e  obtain     -7:5  =  — i —  r'  =  p,» 


vhieli,  differentiated  with  respect  to  i,  gives 
dr    d^r  _  4r5    dr         2r*    dp 


'''    di^"  p'        p^'  dr      ''■-^• 

Now  substituting  the  values  of -^  and  ~  in  that  of  S,  v 

re  get 

»-  <..,,.'  _     ""+^-:'>'  _ 

/2r^_r«   dp^  \ 
''^\p»     p^'dr     7 
_  £__    dr 

~dr 
Ex.  The  involute  of  the  circle  whose  equation  referred  to  p  and  r 
is  p'  =  r*  ~  a'. 
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136.  The  curve  which  is  the  iociis  of  the  centres  of  all  the  oscu- 
latory  circles  applicii  to  every  poiiil  of  a  given  curve,  is  ciillctl  the 
evolule  of  that  curve,  the  latter  being  termed  the  invulule  of  the 
former, 

137.  Pt'op-  To  delermine  the  evoliite  of  a  given  curve  y=  /i. 

If  in  (he  furmulie  for  the  co-ordinates  of  the  centre  uf  the  oscu- 
latory  circle,  viz. :    (Art.  127.) 

a=.-,''-±!^....^,)     „d     l  =  y+l±!l....(1), 

we  substitute  the  values  of  p'  and  p",  derived  from  the  equation  of 
the  curve  y  =  Fx  (3),  we  shall  hove  the  thre&  equations  (1),  (2), 
and  (1)  mvoUing  the  fiiur  %ariable  quantities  x,  y,  a,  and  J;  and  by 
(iiitiiii  itiii^  X  and  y  ihc  rt'-ult  will  be  a  genera!  relation  between 
a  jnd  b  ihe  loordinale'i  of  the  required  evolute.  This  equation 
h  iti;^  mdipendent  of  *  and  y  will  apply  to  every  point  in   th< 

138.  In  most  cases  the  necessary  elimina- 
tion is  quite  dilficult;  the  fui! owing  are  com 
piirativi-ly  simple  examples. 

I.  Th.'  ev<)lute  of  the  common  pankbnia. 
Here  we  have     y»  =  2^« (1). 

.■.y=^     and    ^'  =  -5 
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S'  +  F'   t- 


■Sz  +  p 


m 


From  (2)  and  (S)  we  get  x  =  °~^t    and    y'  =p  b  ; 

-wp^'-^y- 


■nd  these  values  substituted  in  ( 1 )  give 


the  equation  of  the  semi-cubical  parabola,  whose  axis  coincides  vitb 
that  of  the  given  curve;    the  distance  Aa  between  the  vertioea 
being  :=p  the  senii-porameter. 
2.  Tba  ellipse 


/*         /' 

which  values  substituted  in  (1)  give       ' 

^.^  +  Zi>f_£  =  ^,B., 
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the  equation  of  the  required  evolute. 
When     a  =  0,     6  =  ±  ^ ;     and  when 


=  0,  a  =  : 


The  curve  consists  of  four  branches  presenting  their  convexities 
towards  the  axis,  and  tangent  to  each  other  as  shown  in  the  diagram. 
The  equilateral  hyperbola  referred  to  its  asymptotes, 

«y  =  c^ (l). 

e*  +  X*     p'  X 


•  (1), 


139.  Pr(^.  Normals  to  the  involute  are  tangents  to  the  evolute. 

From  the  equation  of  the  osculatory  circle  {a— a)^+(ji~i)'=»^, 
■we  get  by  differentiation 

X  —  «  +  p'{y  —  6)  ^  0  .  . 
a  relation  alike   applicable  to  the 
I'ircle   and  the  ^ven  curve,  since 
X,  y  and  p'  are  the  same  in  both, 

.N'ow  when  we  pass  from  a  point 
x.y  to  another  point  on  the  circle, 
the  quantities  x^  y  and  p'  must  be 
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considered  rarlable,  hut  a  and  b  constant;  but  when  we  paaa  to  & 
point  on  the  curve,  :r,  y,  p',  a,  and  b  will  all  vary,  and  in  both  cases 
p"  will  be  the  same, 
lite  first  supposition  gives,  by  difTerentlating  (1)  with  respect  to  x, 

\+p'^-¥p"{y~b)  =  Q (2), 

and  the  seoond  gives 


l__+y._y„+y'(y_5)  = 
Whence  by  combining  (3)  and  (3) 


dx^ 


dz' 


.(3> 


Now  —  represents  the  tangent  of  the  angle  fonned  by  the  axis 
of  at,  with  the  tangent  to  the  evolute  AB  at  the  point  P^,  and 
■ — ;■  =  tangent  of  the  angle  formed  by  the  same  axis  with  the  normal 
PP,  to  the  involute  LM  at  the  point  «,y;  which  normal  passes 
through  the  point  P^  Hence  this  normal  not  only  passes  through 
tlie  point  a,h,  but  it  also  coincides  in  direction  with  the  tangent  to 
the  evolute  at  that  point. 

140.  Prop.  The  difference  of  any 
two  radii  of  curvature  is  equal  to  the 
arc  of  the  evolute  intercepted  between 
those  radii. 

Resuming  the  equation 

{x~aY  +  {y-bf  =  i=, 
and  differentiating  with  respect  to  a, 
as  an  independent  variable,  we  obtain 
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o,.,n«^=-^=^— -^.     .•.(^-a)(l  +  ^,)=-r-..( 
Also,     (»  -  .)>  +  (,  -  »)•  =  (.  -  .)'(l  +  !?)=  H. 

Dividing  (1)  by  (3),  there  results. 


But      ( 1  +  ~A  =  -J-,  where  t  is  the  src  of  the  evolute  which 


terraiDatcs  at  the  point  a,  b. 

Thus  it  appears  that  the  increment  of  t  is  always  numerically 
equal  to  the  increment  of  r. 

Hence  s  must  always  differ  from  r  hy  a  oonst«nt  quantity,  or  we 
must  have  t  =  e^r;  and  similarly  for  the  arc  »i,  which  terminates 
at  the  point  a,,*,,  «,  =r  e  ^  »■„  .•.•,—•  =  r  —  rj,  whi(^  result 
ngrccs  with  the  enunciation. 

141.  In  finding  the  evolutes  of  polar  curves,  it  is  nsunlly  most 
convenient  to  employ  the  relation  between  r  and  p,  the  riidiuH  vector 
ftnd  the  perpendicular  on  the  tangent ;  thus,  let  r  =  radius  vector  of 
the  given  curve,  p  =  the  perpendicular  on  the  tangent,  r,  =  radius 
vector  of  the  cvolute,  ^,  =  the  perpendicular  on  its  tangeut. 
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Hen  since  the  radius  of  curvature 
PPi  =  Ji,  at  ilio  pomt  P,  ia  tangent 
to  the  ev>>lute  utP^,  the  perpend  icu- 
ular  QTi,  is  parallel  to  the  tangent 
TP. 


Also  QT  is  parallel  to  PPi. 
.-.  PTi  =  QT  =  p, 
and  PT=QT^=p^. 

.-.   r,'  =  iP  +  r=  -  2Bp,  .  . 

r'  =  l^+Pi' (2). 

Also     iJ  =  r^-.-(3)  (Art.  135).     And     r  =  Fp, (4),  tie 

equation  of  the  given  curve. 

By  eliminating  r,  p,  and  R,  between  (1),  (2),  (3),  and  (4),  there 
will  result  a  relation  between  r,  and  ^,  which  will  be  the  equation 
of  the  required  e volute. 

Ex.  The  logarithmic  or  equiangular  spiral  r  ^  cp.  .  .  .  .  (4). 


* 


(4)  giv, 


=  c,     and     B  =  tr,  .  .  .  .  (3).     r^=^  +pi\  .  .  .  .  (2). 

r,'  =  S>  +  ,'-2Rp (1). 

{ I )  and  (3),  r,'  =  e^r'  +  r^  —  2erp,  which  combined  with 


r,<  =  ,V(1  +  .")  -  2cV  =  <V(«'  -  1). .  .  .  (5). 
Fr.„„  (2)  and  (4),  c>j^  =p'  +?,',    or,    f'(c>-l)  =y,'.  .  .  (6). 
Then   from  (5)  and  (6),    r,'  =  e^,',    or,    r,  =  «p„  the  equa- 
tion of  a  similar  and  eqnol  spiral. 
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142.  If  different  values  be  successively  assigned  to  the  constants 

or  parameters  which  enter  into  the  equation  of  any  curve,  the 
Bevern]  relations  thus  produced  will  represent  as  many  distinct 
curves,  differing  from  each  other  in  form,  or  in  position,  or  in  both 
these  particulars,  but  all  belonging  to  the  same  class  or  family  of 
curves.  When  the  parameters  arc  supposed  to  vary  by  indefinitely 
small  increments,  the  curves  are  said  to  be  coiisecuih-t. 

Thus  let  F{x,y,a)=  0, ....  (1),  be  the  equation  of  a  curve, 
and  let  the  parameter  a  take  an  increment  h,  converting  (V),  into 
F{x,'j,a  +  h)  =  a,  .,..(2),  then  if  A  be  supposed  indeiinitely 
small,  the  curves  (I)  and  (2)  will  be  consecutive.  Moreover,  the 
curves  (1)  and  (2)  will  usually  intersect,  and  the  positions  of  the 
points  of  intersection  will  vary  with  the  value  of  A,  becoming  fixed 
and  delerminate  when  the  curves  are  consecutive. 

143.  Prop.  To  determine  the  points  of  intersection  of  consecutive 
lines  or  curves. 

To  effect  this  object,  we  must  combine  the  equations 

F{x,y,a)  =  (i, (1).     and     F{x,y,a  +  h)  =  (i, (2). 

and  then  make  A  =  0,  in  the  result, 

Expanding  (2)  as  a  function  of  n  +  A  by  Taylor's  Theorem,  and 
observing  that  x,  and  y,  being  the  same  in  (1)  and  (2),  (since  they 
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refer  to  the  points  of  intersection,)  are  to  be  considered  constant  in 
this  development,  we  obtain 

aa*  1.2 

But  F{x,y,a)  =  0, 

.     dF{.,y,a)    h      <PF(.,y,a)     A' 


Aod  when  *=0  tiis  reduces  to         ^Jj'  '  =  0.  .  .  .  .  (3). 

The  two  conditions  (I)  and  (3),  serve  to  determine  the  co-ordi. 
nateii  x  and  y,  of  the  required  points  of  interscctioit. 

144.  £x.  To  determine  the  points  of  intersection  of  consecutive 
normais  to  any  plane  curve. 

The  general  equation  of  a  normal  is 

(y  -  y,K  +  a:  -  a:,  =  0, (1). 

in  which  x^,  y„  and  p',  are  parameters,  all  of  which  vary  togethcE 

Ditferentiatiug  (I)  with  respect  to  x,,  and  observing  that  y,  and 
p'  ore  functions  of  x-i,  and  thut  x  and  tf  are  to  be  considered  con- 
stant; we  get 

(y-y,K-p"-i  =  o,---(2)- 
«.   »  =  ».  +  4/^,..(3).  "d  .-.  .  =  .,_s:(L+£3...(4). 

The  values  (3)  and  (4)  being  identical  with  those  of  the  co-ordi- 
uates  of  the  centre  of  the  oscuJatory  circle,  it  follows  that  consecu- 
tive normals  intersect  at  the  centre  of  curvature.  This  principle  is 
sometimes  employed  in  determining  the  viilue  of  the  rndius  of 
curvature. 
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145.  Prop.  The  curve  which  is  the  locus  of  all  the  points  of  in- 
tersection of  a  scries  of  consecutive  curves  touches  each  curre  in 
the  series. 

If  ve  eliminate  the  parameter  a  between  the  two  equations 

/■(.,,,«)  =  0...  (1)    «.d     ^£(£^=0...(2), 

the  resulting  equation  wilt  be  a  relation  between  the  general  co-ordi- 
nates X  and  y  of  the  points  of  intersectii>n,  independent  of  the  par- 
ticular curve  whose  parameter  is  a,  or,  in  other  words,  the  equation 
of  the  locus. 

Besolving  (2)  with  respect  to  a  the  resnit  may  be  written 
a  =  ip(r,y), 
and  this  substituted  in  (1)  gives 

•  J'[i,y,,(»,y)]=0 (3), 

which  will  be  the  equation  of  the  locus. 

Now  if  the  differential  coefficient  ~f-  be   the  same  whether  de- 
dx 

rived  from  (1)  or  (3),  the  two  curves  will  have  a  common  tangent 

at  the  point  x,y,  and  therefore  will  be  tangent  to  each  other. 

Differentjating  with  respect  to  x,  we  obtain  from  (]) 

tf(.,».a)        tf(»,!,,.)    d, 

dx        ^        d)         di~     ■  ■  ■  ■  >*'' 

.„d  item  (3),  ^^25MM1  +  ^^fciiliMl .  * 
^  '  ax  dy  dx 

+        df{x,!f)         L     dx    J-"--l°'- 

But  the  first  and  second  terms  of  (4)  and  (5)  are  id^itical,  and  tba 
Uiird  term  of  (5)  is  equal  to  zero  by  (2). 

Bence  the  values  of  -^  given  by  (4)  and  (5),  and  by  (l)  and  (3), 
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are  the  same,  and  consequently  the  two  curves  (I)  nnd  (3)  are  tan- 
gent to  each  other. 

146.  The  cur\e  (3)  which  touches  each  curve  of  the  series,  ia 
called  the  envtlopt  of  the  series. 

147.  1.  To  determine  the  envelope  of  a  series  of  equal  circles 
whose  centres  lie  in  the  iwinc  straight  line. 

Assuming  the  line  of  centres  tts  the  axis  of  x,  the  equation  of  one 
of  these  circles  will  be  of  the  form 

(.-.)'  +  y"-r>  =  0....(l), 
in  which  a  is  the  only  variable 
parameter. 

Diflcrentiating  with  respect  to 
«,  wc  get 

-  21  +  2o  =  0  .  .  .  .  (a) 

From  (2)  a  =  x,  and  this  substituted    in  (1)  gives 
y=-rs  =  0-     .■.y  =  ±r. 

This  is  the  equation  of  two  slrsight  lines  parallel  to  and  equidis- 
tant from  the  axis  of  x,  a  result  c.isily  foreseen. 

2.  The  envelope  of  a  series  of  equal  circles  whose  centre-s  He  ia 
the  circumference  of  a  given  circle. 

Let  'i*  +  y,=  -  r,=  =  0 (1) 

l>e  the  equation  of  the  fixed  circle, 

{X  -■  x,y  +  (y  -  y,Y  -r^  =  Q  .  .  .  .  [2) 
that  of  one  of  the  moveable  circles. 

The  variable  parameters  arc  Xj  and  jij,  the  latter  being  a  function 
of  the  former. 
From  (2)  we  have     -  2(i  -  ar,) 


But  from(l)     a;,  +  y, 


rfyj. 


-2(y- 


.(3). 
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This  value  in  (3)  gives 


t/Xi 


=  0,    and 


.(4). 


B  Xf  and  yi,  we  get 


Now  combining  (l),  (2),  and  (4),  ao  as  to  eJi 


■^  +  v^~ 


2r,(r=_+  y=)  ^ 


«  =  f3. 


.■■V^+7-r,=:  ±r.        .  ■.  at^  +  y' =  (r,  ±  r^. 
Tbia  is  the   equation    of  two  concentric  circles  whose   radii  ore 
rj  4-  r  and  rj  —  r  respectively, 

3.  The  curve  which  touches  ever^  chord  connecting  the  eitremi- 
tios  of  eonjugiite  diiiinctcre  of  on  ellipse. 

Ijct  QfPi  nnd  Q^^a  ^'^  conjugate  diameters  of  the  ellipse  ACBD, 
j:,  and    y,  the  co-ordiuatea  of  /"[, 
fj  and  yj  th<pse  of  Pj. 

Put    AO  =  a,     OC  =  b, 

tan /»,  05  =  tan  a,  =  ^  =  („ 
lan  P^OS  =tau»,  =  ^  =  t^. 
Then,  since  by  the  property  of  the  ellipse,  t^t^ 

.  ■ .  —  ft'^i^a  =  "'yiyj     and     z,  =  - 
Also  a'^i^  +  l^x^^  =  ah/^  +  J^V  =  <i'y*'  + 
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.■■3^-5  =  1     and    ■■•?»  =  —    and    '^^  =  " "ii;;;- =  ~ T 
.  • .  The  equation  of  the  line  T'.Pj  is 

y, i 

""'+    6 
or  ..(y  +  ^)-y,(._|)_„5  =  0....0). 

Diflerentiating  (1)  with  respect  to  x^  we  get 

^  +  T-hT)  !:  =  »•■•■» 

But  a»«,«  +  fc=af,^  =  ffl*6>  .  .  .  .  (3),    and    .  ■ .  -^  = ^ 

Hence  (2)  can  be  reduced  to 

«■„(,  + ?^') +  »-.(-- I)  =  0....   (4). 

Combining  (1)  and  (4)  we  have         x,  =  ^.-T-,-,  ,- ,,  I,- 
=  '  '  ^  '  '2  (ay  +  6'z*) 

■    ■»'-      a(fa  +  «,)      -        2  (aV +  «■»') 

These  values  reduce  (3)  to  the  form 

a^6^  [(6x  +  ay)'  +  (&e  -  ay)']  _  ,  *'     .     j'    _  t 

2  2 

the  equation  of  an  ellipse  whose  semi-axes  are  asj  -^  and  f>\/  —,  and 

which  is,  therclbre,  similar  to  the  original  ellipse. 

4.  The  envelope  of  a  series  of  lines  drawn  from  every  point  in  a 
parabola,  and  forming  with  the  tangent  angles  equal  to  those  ineluded 
between  the  tangent  and  the  axis. 
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Let  PV  be  one  ol"  the  lines. 
Put           DPT  =  PTD  =  i,AS  =  Xt  EP  =  y,. 
Then  PDE  —^,  and  the  equation  of  the  line  PD  is 
y-y,  =  tangai(z-a:t) (1). 


sr  yy,»  -  ^y  +  /j^,  -  2j*a:y,  =  0.  .  .  . 

DilTerentiating  (2)  with  respect  to  y^,  we  find 

Syyi  +^-2px  =  (i,    wid    yi  = 
This  value,  aubstituted  in  (3),  gives 


2y      ' 


or  by  reduction     (2*  -  pf  +  (2y)'  =  0  .  .  .  (3). 

This  can  be  satisfied  only  by  making  3x — P=-^  ^'°^  y  =  0< 
.  ■ ,  (3)  represents  a  point  whoso  co-ordiiiat«a  are  x  =  ^p  and  y  =  0. 
Thus  the  lines  will  all  pass  through  the  focus  ;  as  might  have  been 
foreseen  from  the  well-known  property  of  the  parabola. 

5.  From  every  point  in  the  circunifcreuce  of  a  circle,  pairs  of 
tansents  are  drawn  to  another  circle ;  to  find  the  curve  which  touches 
every  chord  coimeeting  corresponding  points  of  contact. 
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Let  P^  be  s  point  on  the  first 
wrcle  P1P2  and  PjP^  «  fait  of  tan- 
gents, P2P3  one  of  the  chords,  0 
the  origin  at  the  centre  of  the  ae- 
(ond  circle,  i,yi  the  co-ordinates  of 
P„  x^2  those  of  i'j,  Jgyj  those  of 

Then  y  —  y^  =  ^'~^^  {*  —  2^2) CO  '*  ^•'^  equation  of  the 

ehord  PjPj. 

Also  yiya+a^i^a^'* (2)  the  equation  of  the  tangent  Pjf, 

applied  tu  the  point  /*,. 

y^3+i,i3^r=  .  .  .(3)  the  equation  of  the  tangent  PjPi  applied  to 
tbe  point  Py 

Hen     yi{y2-!'3)  +  ''i('a-«j)  =  0..   and    •'•^^=-^' 

which  reduces  (1)  to    y  —  y^= {x  —  x^ 

Vi 

or  yy,  +  «:,  =  y,yj  +  *,iCa  =  r" (4). 

Now  differentiating  (4)  with  respect  to  a:,,  we  get 
y-^  +  *  =  0.     But  y,*  +  {x,-  a^  =  r,*  .  .  .  .  .  (5). 

•-y.S;  +  ^'--  =  '     '"^     ■••''^+^  =  «' 

or  y«,  -  *y,  =  ay (6). 

Combining  (4)  and  (6)  we  have 

■"         a:^  +  y'  «*  +  y^ 

These  values  substituted  in  (5)  give 

{*'+y')' 
Hence  the  curve  required  is  always  a  conic  section.     It  is  a  rarole 
when  11  =  0,  an  ellipse  when  a  <  tj,  a  parabola  vfhen  o  =  r,  and  a 
hyperbola  when  a  >  r,. 
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148.  Those  points  of  a  curve  vhich  enjoy  some  property  not 
common  to  the  other  points,  ore  c^led  lintfular  points.  Such  ore 
multiple  points,  or  those  through  which  several  branches  of  the  curve 
pass;  conjugate,  or  isolated  points;  cmpt,  or  points  at  which  two 
tangential  branches  terminate ;  poitilt  of  infitxion,  &c.  These  will 
be  examined  successively. 

Multiple  Pomta. 

149.  These  are  of  two  Itinds,  viz.:  Ist.  When  two  or  more 
branches  intersect  in  passing  through  a  point,  their  several  tangents 
at  that  point  being  inclined  to  each  other;  and  2d.  When  the 
branches  are  tangent  to  each  other,  their  rectilinear  tangents  being 
coincident 

150.  I'rop,  To  determine  whether  a  given  curve  has  multiple 
points  of  the  first  species. 

At  such  a  point,  there  must  be  as  many  rectilinear  tangents,  and 

therefore  as  many  different  values  of  the  diiferential  coefficient  --^ 
as  there  are  intersecting  branches. 

Let  F(x,i/)  =  0  =:  H (1),  be  the  equation  of  the  given 

curve,  freed  from  radicals. 
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du 

dy 
iBen   since  p'  =  -~-  —  — ;-, . 
dx  du 

Ty 

trnducea  radicals  where  they  do  not  exist  in  th4  expression  difTcren- 

tiated,  the  vi^ue  of  p'  above  givea  cannot  contain  radicals,  and 

"herefure  cannot  be  susceptible  of  several  values,  unless  it  assumes 

ihe  indeterminate  form  — 

Hence  the  condition  ^'  =  ^  will  characterisB  the  points  sought. 
To  discover  whether  such  points  exist,  and  if  so,  to  find  their  posi- 
tions, we  form  the  partial  differential  coefficients  -r-  and  —-  from 
■^  dx  ay 

ihe  equation  of  the  curve,  then  place  their  values  equal  to  zero,  ond 
determine  the  corresponding  values  of  x  and  y. 

If  these  values  prove  real,  and  satisfy  (1),  they  may  belong  to  n 
multiple  point.     We  then  determine  the  value  of  y'  by  the  ricthf)d 

applicable  to  functions  which  assume  the  indeterminate  form  -,  and 

if  there  be  several  real  and  unequal  values  of  ^',  they  will  corre- 
spond to  as  many  intersecting  branches  of  the  curve,  passing  through 
the  point  examined. 


151,  1.  To  determine  whether  the  curve  a*  +  "Haxh/  —  «y'  =  0, 
has  multiple  points  of  the  first  species. 

M  =  it*  +  2<lfV  -  ayS  =  0, (1). 


-  =  4*'  +  Aaxy, (2).     ^  =  2oa;»  -  3ayS (8). 

.(4). 


dy' 

Ax^  +  4oxy 
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Placing  (2)  and  (3)  equal  to  zero,  we  get 

a!{x^  +  ay)  =  0 (5). 

and,  2^2  -  3y»  =  0 (6). 

Combiiiing  (5)  and  (6)  we  have  three 
pairs  of  values  for  x  and  y,  viz. : 

1  =  0,    and    y  =  0, 
oT,x  =  +  say's,  and  y  =  — -a,  or,  r  =  — -a-y/G,  and  i/=  — -o. 

ITio  first  pair  of  values  will  alone  satisfy  (1),  and  therefore  the 
origin  is  the  only  point  to  be  examined. 

Placing  a  =  0,  and  y  =  0,  in  (4),  there  results 


12jr'  +  4ay  +  4axp' 
6ayp'  —  iax 


when 


or  by  substituting  for  numerator  and  denominator  their  dllTercutial 
coefficients, 

air  +  Bap'  +  4axp"  Bap'  ,  (  x  =  0 


P  ~f. 


when 


Caj^i"  —  4a      Ijvp'^  - 

.  • .    p'{ikip'^  —  4a)  =  Sap\  and  consequently 

p'  =  0,     or,  p'  =  +  v^,     or,  p'  =  —  ■^. 

Hence  the  origin  is  a  triple  point,  the  branches  being  inclined  to 

the  axis  in  angles  whose  tangents  are.  0,  +  v^,  and  —  y^  res.   ■ 

pectively. 

The  form  of  the  curve  is  shown  in  the  diagram. 
3.  The  curve  oy'  —  i^'y  —  aa^  =  0  =  « (1). 


du 


=  -  3«sy  -  3oj:»  =  0 (2). 


du 


3ffy=- 


=  0....(3). 


T%-       -"■' -" ^'■>-    dy- 

From  (2)  and  (3),  x  =  0,  and  y  =  0,  or,  *  =  a  ^,  and  y  =  -a. 

The  first  pair  of  values  satisfies  (1),  but  the  second  does  not. 
Therefore  the  origin  is  the  point  to  be  examined. 
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„            ,       8a?y  +  3-11'      Qxy  +  3^«p'  +  Gax      0  .  ~-n 

Hence  j/  —  — - — - — —  _  t 

6t/ +  Uxp' +  3xy  +  6a  _    6a  tx  =  0 

~       ^ap'^  +  Gayp"  —  6ji       ~  Gap''  j  y  =  0. 

.■.   y  =  1,     and    p'  =  1, 

This  being  the  only  real  value  of  ^',  there  is  but  one  branch 
passing  through  the  origin,  and  therefore  the  curve  has  no  multiple 
points. 

3.  The  curve  a*  —  2af  -  3o*y«  —  20=1=  +  a*  =  0  =  « (1), 

From  (2)  and  (3)  we  get  six  pairs  of  values,  viz. : 

X  =  0,  and  y  =  0,  or,  a:  =  0,  and  y  =  —  o, 
or,  X  =  a,  and  y  =  0,  or,  a:  =  —  a,  and  y  =  0, 
or,        X  ^  a,     and     y  =  —  a,     or,     r  =  — a,     and     y  ^  —  a. 

But  of  these  six  pairs  of  values,  the  2d,  3d,  and  4th,  are  the  onljr 
ones  which  satisfy  (1),  and  therefore  there  are  but  three  points  to 
be  examined. 


3uy  +  3a"'y      (Ooy  +  3"''')/''        3^' 

,  ,        2  ,  (x  =  0 

and  p  =  — —      when      J 

^p'  \y  =-a. 

.*.  p'  =  ±  |;;J     at  the  point  where  x  =  a  and  y  =  0 
p'=±  Uy  "  «      z  =  -  a:  and  y  =  0 

f '  =  ±  (~i  "  "      j;  =  0  and  y  =  -  0. 

"nins  the  curve  has  three  double  points. 
13 
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152.  Prop.  To  determine  whether  a  given  curve  has  multiple 
points  of  the  second  species. 

Here  the  mode  of  proceeding  is  similar  to  that  in  the  lost  propo- 
sition, but  the  resulting  values  of  p'  prove  equal  although  given  by 
an  equation  of  the  second  or  higher  degree. 

£x.  The  curve     x*  +  x^y^  —  Coi^y  +  n'y'  =  0  =  « (1). 

From  (2)  and  (3)  z  =  0  and  y  =  0,  and  this  is  the  only  pair  of 
values  which  will  satisfy  (1).  Hence  the  origin  is  the  only  point  to 
be  examined. 

,_  12axy— 2^:1/2 _4i3  _  12av+12aV— 2'/^—' 1-ryp'— 12i^_    0 
^j^y —Vyax"^ -Y'ltfiy  Aiy^'ix-p'  —  Viax-^-'iti^p'  2a^p" 

when    s  =  0  and  y  =  0.     .-. p'^  =  — ■  =  0    and    p'  =  ±0. 

And  the  origin  is  a  double  point  of  the  2d  species. 

153.  We  may  prove  directly  that  at  a  double  point  of  the  Sd 

kind,  the  condition  p'  =  f:  is  alw.iys  fulfilled. 

Thus  suppose  the  two  branches  to  have  contact  of  the  n.'*  order. 
Then  the  first  n  differential  coeflioicnts  will  be  the  same  for  the  two 
branches,  but  the  (n  +  l)f/t  difTcrentinl  coefficient  wiil  be  different 
at  the  double  point. 

het  P-^  +  Q  —  0  .  .  .  .  [1)  be  the  result  obtnined  by  differen- 
tiating the  given  equation  once,  in  which  P  and  Q  are  functions  of 
X  and  y,  the  original  equation  having  been  freed  from  radicals 

By  repeating  the  differentiation  n  times,  we  get 

^^'  +  e.  =  ». 
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in  which  P  is  the  same  as  in  (1),  and  Q,  is  a.  function  of  z,y,and 
the  dilferentiai  coeffieients  of  the  several  orders  less  than  {«  +  1). 

Now  the  (n  +  l)'^  difierential  coefficient  has,  by  supposition,  two 
difierent  values  a  and  b  fur  the  same  values  of  P  ai)d  Q[. 

.-.  Pa+  Ci  =  0,    and    i'J  +  §,  ^  0, 
and  by  subtraotion  P(a  —  6)  =  0,     .  ■ .  P  =  0  since  a  and  6  are 
unequal. 
This  value  of  P  substituted  in  (1)  gives  Q  =  0. 

'   '  dx~       P^O 
Multiple  points  of  the  2d  species  arc  characterized  by  having  but 
one  value  (or  rather  two  or  more  equal  values)  for  — ,  but  several 
unequal  values  for  -r-^  or  some  higher  coefficient. 


Conjugate  or  Isolaied  Points. 

164.  These  are  points  whoso  co-ordinates  satisfy  the  equation  of 
a  curve,  but  from  which  no  branches  proceed.  When  p'  assumes 
the  imaginary  form  for  real  values  of  x  and  y,  ihc  correspimding 
point  will  be  isolated,  as  the  curve  will  then  have  no  tlirecliou;  and 
emce  imaginary  values  occur  only  where  radicals  are  introduced,  the 

condition  p'  =  7;  *'ll  '''so  hold  true  in  such  cases. 

The  converse  proposition,  viz. :  that  at  a  conjugate  point  p'  will 
be  imaginary,  is  not  always  true ;  for  if  in  the  development 

„  =  /■(,*»)  =,i3J.j+ J.  — ±J.j-^3  +  *. 

any  one  of  the  differential  coeflicients  should  prove  imaginary,  jfy 
would  be  imaginary  also. 
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To  determine  with  certainty  whether  a  point  {a,b)  is  isolated,  snb- 
BtilutB  successively  a  +  h  aad  a  —  h  for  x,  and  if  both  values  of  y, 
prove  imnginary  (A  being  Bmali},  the  point  will  be  imaginary; 
otherwise  it  will  not 


some  being  real  and  some  imaginary,  we  may  regard  the  result  as 
indicating  the  indefinitely  near  approach  of  a  conjugate  point  to  a 
real  branch  of  the  curve. 

BXAMPLKB.^ 

156.  1>  To  determine  whether  the  curve 

oyi  _  aJ  +  4(tES  -  5o'*  +  2a'  =  0  =  t»  .  .  .  .  (1) 
has  conjugate  points. 
^  =  -  3**  +  So*  -  5a'  =  0 (2),     ^  =  2«y  =  0 (3). 

I^Vom  (2)  and  (3),     «  =  o  and  y  =  0,  or  «  =  -  a  and  y  =  0. 

The  first  pair  wf  values  satisfies  (I),  and  therefore  the  point  (ffl,0) 
must  ba  examined. 

,  _  Sx--  -  S-iz  +  5q'  _  Qx~8a  „_J_       ..  cx  =  a 

~  -Zuy  ~      'iap'      ~        p'  j  y  =  0. 

.■.p'^  =  - 1,  y  =  ±y=n'. 

This  result  being  imaginary,  we  conclude  that  tho  point  examined 
is  isolated. 

2.  The  curve  (c'y  —  ^y  =  {x—  a)»  {*  —  *)•,  in  which  a  >  6. 

K  =:  {chj  ~  i^f  ~{x  -  ay  {X  -hf  =  0 (1), 

^  =  2.'(cV-«^')=0 (3), 


.yGOOglf 


CONJUGATE   POINTS.  197 

Hie  equsitions  (2)  and  (3)  ^ve 

x  =  a  and  y  =  — ,  or  «  =  6  and  y  =  — ; 

both  of  vhich  pairs  of  values  satisfy  (I),  and  therefore  both  require 
examination. 

ton''j-»')+5(t-»)'(»-i)'+''(^ -«)■('-«)' 


=  if!  I  5(»  -.)*(.-V+C(,-.)*(»-i)'_3t' ^^^ ^^j 

3a*     , 

=— -whenz=o. 

TTiuBjj'  ia  real  at  both  points.     But  if  we  substitute  ft  ±  A  for  « 
in  (1),  and  solve  with  respec-t  to  y,  we  get 


both  of  which  values  of  y  are  imaginary  when  k  ia  taken  less  than 

b^ 
a  —  (;  so  that  the  point  where  x^=b  and  y=— r-isacongugate  point, 

^though  p'  is  real. 

This  result  is  confirmed  by  forming  the  succeeding  difTcrential 

coefficients ;  thus 

+  6(z-a)'{2-6)J  =  ^,  when  ar  =  6. 
This  is  a  real  value  also. 

Uut  the  next  coefficient  will  contain  the  term  6(*~a)':^6(6— a)' 
which  is  imaginary,  since  a  >  6. 

The  value  2  =  a  does  not  belong  to  a  conjugate  piiint,  as  ia  seen 
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by  substituting  a  ±  k  (or  x  ia  (1),  and  solving  with  respect  toy, 
4hu3, 


Jj^SL^L: 


>,♦,, 


S  =  ^— +-^(±»)'("-5±»)" 
wliich  is  real  when  A  >  0,  but  imaginary  when  A  <  0, 


Cusps. 

157.  A  cusp  is  that  peculiar  kind  of  double  point  of  the  second 
gpiH'lrs  at  which  two  tangential  branches  terminate  without  passing 
through  the  point.  • 

Cusps  are  of  two  kinds,  viz. ; 

1st.  That  in  whieh  the  two 
branches  lie  on  different  sides 
gf  the  tangent,  as  in  Fig.  I. 
.  2d.  That  in  which   ibey  lie    "^ 
on  the  same  side  of  the  tangent,  as  in  Fig.  Jt. 
,1/. 


Thet. 


t  of  a  CI 


s  that  ~  shall  have  tw. 


0  real  and  equal  valuea 

at  some  point  {a.h),  and   that  when  we  substitute  a+h  and  a—h 

for  X,  we  shall  find,  in  one  case,  two  real  and 

une(]ual  values  of  y,  and  in  the  other  two 

imaginary   values.     The  only  exeeption    to 

this  is   that  citfcred    by  the  case  shown   in 

Fig.  3,  where  a  cusp  of  the  first  kind  occurs 

at  a  point  P,  with  the  tangent  parallel  to  the 

axis  of  y.     It  will  then  be  more  convenient  to  form  the  value  of 

-r-,  which  should  be  ±  0,  and  to  try  whether  the  successive  siibsti- 

tution  of  i  +  ft  and  6  —  A  for  y  will  render  *,  in  one  case,  real  and 

double,  and  in  the  other  imaginary.     The  condition  p'  :=  ^  serves  aa 

a  guide  in  selecting  the  points  to  be  examined. 
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158.  1.  To  determine  whether   the  curve  {by  —  ex)'' =  (x  —  af 
has  a  cusp,  aud  if  so,  of  which  kind. 

«  =  (iy  -  c^y  -  (x  -  «)»  =  0 (1), 

^  =  -  2.(6y  -  M)  -  5{^  -  a)*  =  0 (2). 


From  (2)  and  (3)  we  obtain  x  =  a,  and  y  =  — , 
and  na  these  values  satisfy  (1),  we  must  examine  the  point  jo,  -r-j 


,__  2r(iy  -  rr)  +  5{x--ay^  _  0 


2i(iy  —  ex) 


•2bY~''i''C  2l>-p'—'ibc' 

.  ■ .  by^  -  2icp'=-  c2,     ;,'i_2yp'=  ~  -^  andy =-i-  ±  0. 

. ' .  There  are  two  equal  values  of  ji',  and  consequently  two  tan- 
geiLtifil  branches  proceed  from  the  point,  1,-7- 

Now  put  successively  x  =  a  +  h,  and  x  =  a  —  k,  and  solve  with 

resptct  to  t/. 

when  x=a-\-h,  y= ~^ —,  two  real  and  unequal  values. 

when  x=a—k,  y  =  — -7-^^ —  two  imaginary  values. 

Hence  there  is  a  cusp  at  the  point  a,  ~7~,  ard  the  tangent  at  thai 
point  is  inclined  to  the  axes  of  z  and  y. 

Again,  the  ordinate  Y  of  the  tangent  corresponding  to  the  abscissa 
a  +  A,  is  —  +  p'k  =  — - —  which  is  greater  than  one  of  the  eor. 
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reaponding  values  of  y,  and    less   than   the  other,     Therttfore  tba 

branches  He  on  different  sides  of  the  tangent,  and  the  cusp  is  of  the 
first  kind. 

Remark,  The  kind  of  cusp  can  usually  be  found  very  easily  by 
examining  the  values  of  the  second  differential  coefficient;  for  the 
deflection  of  the  cuive  from  the  tangent  is  contiolled  by  the  sign  of 


Hence,  when  the  two  values  of  this  coefficient  have  ( 

signs,  the  cusp  will  be  of  the  first  kind,  but  when  the  signs  ai 
it  will  be  of  the  second  kind. 
2.  The  semi-cubical  parabola    cy^  =  *'. 


ntrary 

:  alike, 


d>t 


dii 


.  ■ .  1=0,  and  y  =  0,  and  as  these  satisfy  (1)  there  may  be  a 
cusp  at  the  origin. 

p'  =  -—  =  ;r — -  =  j; — ;   when   J 


.•.  v'^  =  —  =0     am 

two  real  and  equal  value 

Now  put  0  d;  A  for 

there  will  result, 

when  ^  =  0  4-  ^1 


1  (1),  and 


'.  J'=±VT  ' 


-^y  = 


ia\  and  unequal  voluea. 


two  imaginary  values. 


. ' .  There  is  a  cusp  at  the  origin.  Also  the  ordinate  Y"  of  the 
tangent  corresponding  to  the  abscissa  0  +  A,  is  0  +  p'^  =  0,  which 
being  intermediate  in  value  between  the  two  corresponding  values 
of  y,  the  cusp  is  of  the  first  kind. 

159.  Sometimes  it  is  more  convenient  to  solve  the  equation  with 
respect  to  y  before  differentiating. 
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J 


&.  (y- 

J  =  i  +  «-±(.-a)',    ,'  =  2«±j(i-.)'. 

Now  y  has  but  one  value  i  -|-  ea\  or  to  speik  more  correctly,  it 
has  two  equal  values  {b  +  ca'  ±  0)  when  x  =  a,  and  ;>'  =  2ca  ±  0 
has  then  two  equal  values  also. 
When  x=a+h,  y=i+c(a+A)^d;(+A}  two  real  and  unequal  values. 

"      x=za~h,  j'=6+c{a — A)^±( — h)    two  imaginary  values. 
H'jnce  there  is  a  cusp  at  the  point 
(a,  4  +  rf). 

>- 


A]i 


2  2 


(»-.)'  =  2.J 


And  since  the  two  values  of  p"  have  the 

same  sign,  tlio  cusp  at  the  point  (a,  b  +  ea^)  is  of  the  second  kind. 
The  kind  of  cusp  would  also  appear  by  comparing  the  ordinate  Fof 
the  tangent  with  the  two  values  of  y. 

For  when  x  =  a  +  h,   F=  6  +  ca^  + /A  =  6  +  ca=  +  2mA, 
which  is  less  than  either  value  of  y,  when  A  is  small. 


Points  of  Inflexion. 

160.  Points  of  inflexion  or  contrary  flexure  are  those  at  which 
the  curve  changes  the  direction  of  its  curvature,  being  successively 
convex  and  concave  towards  a  fixed  line  as  the  axis  of  x. 

It  has  already  been  remarked  that  a  curve  is  convex  towards  the 

axis  of  X  when  - 


di? 


Hence  a  point  of  inflexion  will  be  characterized  by  having  tbe  second 
difierential  coefficient  ufTectcd  with  contrary  signs,  at  points  situated 
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near  to,  but  on  different  sides  of  the  point  in  question.     But  since  a 
variable  quantity  changes  its  sign  on]y  when  its  value  passes  through 

ill  belong  to 

ly  true,  for 

does  not  always  change  after  its  value  has  reached 

nust  therefore  see  whether  a  change  in  the  sign  bf 


k  point  of  jnfloxion.     But  the  converse 

,,.. f^» 


0  or  a 


We  may  also  rec  gn  ze  a  po  nt  of  nflexion  by  the  consideration 
that  at  such  a  po  t  the  ta  g  nt  ter  eets  the  curve,  and  therefore 
the  ordinate  of  the  tangent  n  11  on  one  side  of  the  point  be  greater, 
and  on  the  other  less  than  the  correspo  ding  ordinate  of  the  curve. 


161.  1.  The  cubical  parabola  a'y  = 

x^        ,       Zi^        „      6. 
y  =  ^'    P  =-^   ^       'i- 

•.  The  origin  is  a  point  to  -be  exoi 
Put    iT  =  0  +  A,  and  y  =  y,, 
a:  =r  0  —  A,  and  y  =  y^ 


=  0    when    x.=  0. 


fx*. 


jy_2_ 


OA 


<0. 


-lence  the  origin  is  a  point  of  inflexion.     The  condition  p"  =  oo 
lives  X  =  x,  and  therefore  is  not  applicible. 
162.  SoniPlimes  it  happens  that  two  of  the  peculiarities  whidi 
iiigular  points  occur  at  the  same  point  of  a  curve. 
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POINTS  OF  INFLEXION. 
2a4iV  -  z"  =  0  =  «  .  .  .  .  (1), 


The  equations  (1),  (2),  and  (3), 
are  all  satisfied  By  the  values 
a:  —  0,  y  =  0. 

,      Aahxtj  -\-  bx* 

,  _  4^6y  +  4Q4rp'  +  2011:3  ^ 


.^ 


«.>• . 


4abx  'iu'^p" 


e  origin,  the  a 


,      /b'h*  -  ah'' 


and  there  is  either  a  cusp  or  a  double  p 
of  X  being  langeirt  to  the  curve. 

It   X  =  0  +  h,     y  =  ~y  rt  W" — i .  t*o   I'eal    values,  one 

greater  and  the  other  less  than  the  iirdinntc  (0)  of  the  tangent. 

real  values  vhen 

A  is  small,  but  both  greater  than  0. 

Hence  (here  is  a  double  point  of  the  second  species  at  the  origin, 
and  one  branch  of  the  curve  has  an  inflexion  at  that  point. 

163.  In  addition  to  the  singular  points  already  described,  two 
other  classes  niny  be  noticed,  viz. :  Siup  Poiitta.  or  those  at  which  a 
Mingle  branch  terminates  abruptly;  and  Slixiotiiiff  Poj'w/s,  at  which 
two  or  more  branches'  terminate  without  being  tangent  to  each 
other.  Both  are  of  rare  occurrence,  but  the  fallowing  are  examples 
of  curves  belonging  lo  these  classes. 

'1.     y  =  I,  log  I.     This  curve  has   a  stop  point  at  the  origin. 
Yot,  y  has  but  one  value,  and  that  is  real  when  :e  >  0 }  but  the 
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value  of  y  is  impossllile  when  ^  <  0,  since  negative  ^i 
not  pn)peii\  l)e  regarded  as  having  any  logarithms. 
3.     y  ~   ''  tan-'  -,     or,     y  =  xco\.~*x. 


This  cm^ 
origin,  for 
d>j 


■  has  a  shootiug  point  at  the 


;-  =  tan-'(+3a) 


-*  =  1.5708     when     x  =  +  0 


=  tan-i(-  00  )  =  -  ~<r  =  -  1.5T08     when    *  =  -  0, 
and  ft  hfther  x  be  positive  or  nogative,  y  will  have  but  one  value, 

164.  When  a  curve  has  the  spiral  form,  and  is  therefore  more  o  r 
venienlly  referred  to  polar  co-ordinates,  we  may  distinguish  u  e 
existence  of  a  point  of  contrary  flexure  by  the  condition  thtit 
— =  0  at  that  point,  and  (hat  it  sh;ill  have  contrary  signs  on  difTer- 
eiit  sides  of  that  point.     This  we  proceed  to  show. 


In  Fig.  1,  the  curve  is  concave  to  the  pole  Q ;  and  in  Fig.  2,  it  ii 
convex. 

In  the  first  case  r  and  p  increase  together,  and  therefore  -j-  is  posi- 
tive.    In  the  second  cose,  p  diminishes  as  r  increases,  and  tlicrcfore 


is  negative.      Hence,  in  passing  through  a  point  of  coDtraiy 
urc,  ~  will  change  its  sign,  becoming  equal  to  zero  at  that  poiat, 


for   -J-  plainly  could  not  bwome  infinite,  since  p  cannot  exceed  r. 
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165.  When  two  ciai-ves  oontinuttlly  approach  each  other,  and  meet 
trfily  at  on  infinite  ilistance,  each  is  said  to  be  an  asymptote  to  the 

166.  Prsqi.  To  determine  the  conditions  necessary  to  render  iwo 
Lurves  asymptotes  to  each  other. 

I,('i  the  curves  be  referred  to  rec- 
uiijjular  axe^i,  and  let  the  urdinates 
EP  and  EP\  corresponding  to  the 
toine  abscii^sa  OE  =  x,  be  esprcss- 
t-J  by  means  of  the  equations  of 
tht  cnrves   in   terms   of  s.      The 

diflcrenee  PP'  =  y,  —  y  can  then  be  expressed  in  terms  of  i,  and 
■  if  tbi-  differynee  be  reduced  to  zero  by  making  x  =.  m ,  (being 
finite  for  all  other  values  of  z.)  the  curves  will  be  asymptotes  to 
each  other. 

This  condition  is  fulfilled  only  when  the  difference  (expanded  into 
a  series,  contains  none  but  negative  powers  of  x,  without  an  abso- 
lute term,  for  in  such  ca-ses  only  will  the  difference  ^i  —  y  become 
zero  when  /  =  <» . 

Hence  wc  must  be  able  to  express  y,  —  y  in  the  form 
yi  —  y  =  At-*  +  5ar»  +  Car*  +  &c., 
or  the  difference  x^  —  x  of  the  two  abseisste,  corresponding  to  the 
same  ordinate,  must  admit  of  being  expressed  in  the  form 
x^-x  =  A^r'^  +  -CiJ^''  +  Ciy-".  +  &o. 
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167.  Cot.  If  there  be  ihree  curves,  (,-1),  {B),  and  {C),  nnd  if 
the  dilfi^rencc  of  the  curresponiling  ordinate^  of  (^)  and  (B),  and 
thill  of  the  ordinftte3  of  (J)  and  (C),  be  thus  expressed, 

y,  -  y,  =  .4^"  +  Br<'*'^  +  Cjt^-M' (1): 

yj  -  y,  ^  £ir-**+'>  +  Ct3r^-«'  +  A:c (2). 

the  three  curves  will  be  asympfotcs  to  enc;h  othtT,  and,  moreover, 
the   curve  {(7)  will   lie  nearer   to  (.-J)  than  (li)  dues.     For,  by 

making  x  sufficiently  la)^e,  the  term  Ax-',  or  -^  may  bo  rendered 

greater  ttian  the  sum  of  the  sueceediug  terms  of  (1),  or  greater  ihaii 
the  auin  of  those  terms  increased  by  the  series  (2). 

168.  Cor.  The  curve  whose  equation  can  be  written  iu  the  f.irm 
y  =  D  +  Ax'  -\-  Bx'- ■\-  Cx*  +  A^x-',  +  B.^x-<',  -(-  C,r-*i  +  &c., 

can  have  an  infinil*  number  of  curvilinear  asymptotes. 
For  by  taking  any  curve  whose  equation  is  of  the  form 
y,  =  Z)  +  ^^r'  +  Bx*'  +  Cx'  +  A^ir;  +  B^<:  +  &c. 
in  which  the  absolute  term  D,  and  the  terms  involving  the  positive 
powers  of  X,  are  the  some  as  in  the  given  equation,  the  difTerence 
y,  —  y  will  reduce  to  zero  when  r  ~  co  . 

169.  Prop.  To  fmd  the  general  form  of  the  expanded  value  of 
the  ordinate  in  such  curves  as  admit  of  a  rectilinear  asymptote. 

Since   the  equation  of  the  rectilinear  asymptote  has  the  form 

y  =  A^x  +  B^,  the  eqiialiirii  uf  the  desired  curve  must  take  the  form 

y  =  A-^x  +  £,  +  Ax-'  +  Bx-''  +  Cx-*  +  &c. 

170.  1.  The  common  hyperbola  ay  —  Vx-  ^  —  a'i'. 

y  =  ± -(«»  -  a')»^  ±  -  (i  -  y  "=*-'  ~  8  ~     ^* 

But  y  =  ±  -  X    is   the   equation  of  two  straight   lines  pas^ng 
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llirongh  the  origin  and  equally  iiiclincd  to  the  axis  of  x.     Hence 
these  linos  are  nsymptotcs  to  the  hypei-bola. 

2.  To  determine  whether  th 
rectilinear  or  curvilinear  asymptotes. 

By  e.xpaiision 

»  =  4(5C-'  +  ^  a=aH  +  iic.)  =  6ar-»  +  A  JoSj-a  +  &c. 

But  y  ^  0  is  the  equation  of  the  axis  of  j:.     Hence  that  axis  is  a 
reetiiiiii-ar  asvmptoto  to  the  eurve. 

To  discover  whether  there  ia  an  asymptote  parallel  to  the  axis 
of  y,  let  the  equation  be  solved  with  respect  to  i;  thus 

x=±{a^  +  fcV^)*  =  ±  ("  +  ^  6=a-V^  -  &c.) 

Here  it  is  evident  that  two  lines  parallel  to  the  axis  of  y,  and  at 
distances  therefrom  equal  to   +  o  and   —  a  respectively,  will  be 
asymptotes  to  the  curve,  their  equations  being 
2  =  +  a     and     x  =z  —  a. 

The  hyperbola  whose  equation  (referred  to  its  asymptotes)  is 
xif  =  b  will  be  a  curvilinear  asymptote,  and  there  may  be  found  any 
number  of  other  curvilinear  asymptotes. 
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171.  In  this  chapter  it  is  pnipused  to  give  such  general  directions 
as  arc  neoessary  in  tiacing  a  curve  from  its  given  equaliyn,  and  in 
discovering  the  chief  peculiarities  which  characterize  it. 

Tlie  following  steps  will  be  foujid  useful : 

1st.  Having  resolved  the  equation,  if  possible  with  respect  to  y, 
let  different  positive  vftliics  be  a.ssiigned  to  i  from  i  =  0  to  x  =.  v:, 
and  !et  those  points  bo  noticed  particitkrly  where  y  =  0,  y  ^=  at,  or 
y  —  an  imaginary  value.  The  first  indicites  an  intersection  with 
the  axis  of  x,  tii<i  second  shows  the  e\istenee  of  an  infinite  branch, 
and  the  third  gives  the  fimits  of  the  curve  in  the  direction  of  * 
positive. 

2d.  Assign  to  x  all  negative  values  fr<)m  a:  ^  0  to  a  =  -- 1», 
and  observe  the  same  pceuliaiities  with  respect  to  y  as  when  x  was 
[lositivc.  In  both  cases  the  negative  as  well  as  the  positive  values 
of  y  mlist  be  examined  so  as  to  include  the  branches  below  as  well 
as  thosu  above  the  axis  of  x. 

3d.  DcttTmiiie  whether  the  curve  has  asymptotes,  and  determine 

their  position. 

4th.  Find  the  value  of  the  differential  coefficient  ~  and  deter- 
ax 

mine  from  thence  the  angles  at  which  the  curve  cuts  the  axes,  as 

well  as  the  points  at  which  the  tangent  is  parallel  to  either  axis. 

5th.  From  the  value  of  -j^  ascertain  the  direction  of  the  cur- 
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vature  and  the  poations  of  ihe  points  of  contrary  flexure  when 
they  exist. 

6th.  Determine  the  positions  and  character  of  the  other  singular 
points,  if  there  be  such. 

BXAHPLES. 

172.  1.  Let  tho  equation  of  the  proposed  curve  be 
Resolving  with  respect  to  y  wo  have 

and  since  each  value  of  z  gives  two  values  of  y  numerically  equal 
but  having  contrary  signs,  ihc  curve  must  he  divided  symmetrically 
by  the  axis  of  i. 

if  X  be  positive  and  numerically  less  than  a,  y  will  be  imaginary, 
and  there  will  be  no  point  of  the  curve  between  the  axis  of  y  and 
a  parallel  thereto  at  a  distance  equal  to  a  on  the  right  of  the 
origin. 

When  X  ■=  a,  y  =  0,  when  I  >  fl,  y  ia  real,  and  continues  so  for 
all  frroater  values  of  x,  becoming  infinite  when  «  =  co  . 

!f  X  ha  negative  and  numerically  less  than  6,  y  is  imaginary,  and 
tliiro  is  no  point  between  the  axis  of  y  and  a  parallel  thereto  at  the 
di>lance  =  6,  on  the  left  of  the  origin. 

When  X  =^  —  h,y  becomes  infinite  ;  and  when  «  <  —  b,  that  is, 
ni'^ativo  and  numerically  greater  that  &,  y  becomes  real  and  con- 
iii;iit"i  t"  increase  without  limit  as  the  numerical  value  of  a:  increases, 
b.  iMf;  infinite  when  z  =  ~  on , 

Thus  it  appears  that  the  curve  has  six  infinite  branches. 

A^'ain,  since  x  =  —  b  makes  y  infinite,  there  is   an   asymptote 
I'uralk'l  to  the  axis  of  y,  and  at  a  dii-tance  therefrom  equal  to  —  6. 
14 
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Also  by  resolving  the  given  equation  with  respect  to  y,  lad 
expanding,  we  get 

{x  +  bf  ^  ^^    ^ 

=  ±J\-l-  +  l^,{iC.)=±(x~lb+  terms  involf- 
ing  powers  of  x). 

Hence  y  =  ±(x  —  -b)  is  the  equation  of  two  straight  lines,  which 
M«  «symptotes  to  the  curve,  and  are  inclined  to  the  axis  of  i  »t 
angles  of  45''  and  1S5°  respecllvely. 

If  we  combine  this  equation  of  these  asj-mptotea  with  that  of  the 
curve,  we  diall  find  that  each  of  the  asymptotes  intersects  that 
branch  of  the  curve  which  lies  on  the  right  of  the  axis  of  y. 

Forming  the  value  of  ~  from  the  equation  of  the  curve,  we  hate 
dy  _  .  'JT^  +  S^j'  +  a^ 
■)♦(: 
which,  placed  equal  to  zero,  gives  the  cubic  equation 

^  +  \bx^  +  \<^-'  =  (i; 

in  which  there  must  be  one  real  and  negative  root,  since  the  absolute 
term  is  positive.  The  other  two  roots  are  imaginary,  as  is  easilj 
seen  from  the  fijrm  of  the  equation.  Thus  there  are  two  pointt 
corresponding  to  the  same  negative  abscissa,  one  above  and  the 
other  equally  below  the  axis  of  x,  at  which  the  tangent  is  parallel  to 
the  axis  of  r. 

=  —6.    The  first  corres- 
ponds to  a  point  at  which  the  curve  intersects  the  axis  of  *  perpoi- 
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diciil&rly.    The  aecond  belongs  to  the  point  of  contact  of  one  of  the 
asymptotes  as  before  seen. 

By  forming  the  value  of  -t-|,  we  should  find  that  the  curve  is  con- 
cave to  the  axis  of  *  when  x  is  positive,  and  convex  when  x  is 

llie  curve  has  neither  multiple  points,  cusps,  conjiUgate  points,  nor 
inflexions. 


S.  "Die  curve  whose  equation  is  y^: 


x*-a^ 


When  a:  =  0,  y  =  0,^nd  therefore  the  curve  passes  through  the 
origin. 

When  X  =  ^,  y  :=:  ±  (d  ,  when  «  =  +  (»,  y  =  +  (/),  and  when 

ITiua  the  curve  has  four  infinite  brancnes. 

When  X  =  a,  or  x  =  —a,  y  =  0  corresponding  to  two  interseo 
tions  with  the  axis  of  x. 

Since  x  =  -  renders  y  =  ±  do  ,  there  b  one  asymptote  whose 

equation  is  '  =  9 
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Also,  by  resolving  with  respect  to  y,  and  expanding,  we  get 

—  "I  (*  "^  H  "*■  *^''™5  involving  negative  powers  of  ^) 
,  • ,  y  =  —  [i  +  - j  is  the  equation  of  a  second  asymptote. 


dy  _  6i*  —  2a=z=  —  4ax^  +  2a^x 
S"  7(2. -.)V -.=.')♦    ' 

This  expression  beconies  inlinito  when  ^  ^=  ^i  when  ;r  =  ±  a,  and 
when  *  =  0. 

Hence  the  curve  cuts  the  nxis  of  x  perpendicularly  at  the  origin, 
and  at  distances  thcrolrom  =  +  a  and  ~  a  respectively.     The  value 

of  -■-  Ijecoiiics   zero  wlien  (ii*  —  Acu^  —  2a^j;'  +  2a'j  =  0,  which 

cor rcsjio lids  to  a  value  of  x  between  0  and  —  a.     The  corresponding 
vitliio  of  y  is  a  maximum, 

lIuTo  are  inflexions  at  the  points  where  x  =  o  and  x  =  —  a,as  will 
n-!iiiily  appear  by  substituting  for  x  values  alternately  a  little  greater 
ni!<l  somewhat  luss  than  a,  and  similarly  for  values  greater  and  less 
than  —  a.     For    if  x   be  rather  greater  than   a   in  the   equation 

y'  =  - ; —  — ,  y  will  he  positive  ;  but  if  x  be  somewhat  less  than 

a,  y  will  Iic'come  negative.     Thus  the  curve  will  cross  the  tangent  at 
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the  point  where  it  meets  the  axis.  The  same  will  be  true  when  z^— a. 

There  will  be  a  third  inflexion  between  a:  =  0  and  x  =  -  a,  for  the 
curve  touchea  the  axis  of  y  at  the  origin,  and  a  parallel  asymptote  at 
the  distance  ^  a  from  that  axis,  and,  therefore,  must  change  the 
direction  of  its  curvature  between  those  two  parallels. 

Finallj  by  making  the  value  of  -r-  =  -  we  shall  find  that  there 
ia  a  cusp  of  the  fb-.il  kiit^  at  the  origin.  The  form  of  the  curve  ia 
represented  in  t?io  4v,>  ww; 
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CHAPTER    I. 

TAHOBNT  AND  NORMAL  PLANEB  AHD   LINKS. 

173.  The  consideration  of  surfaces  affords  an  application  of  the 
theory  of  functions  of  two  independent  variables.  Thus  if  j:.  y, 
and  z,  be  the  co-ordinates  of  any  point  in  the  surface,  and  z  =  f(r.y) 
the  equation  of  the  surface,  the  values  of  x  and  y  may  be  assumed 
arbitrarily,  and  that  of  z  will  become  ileteniiinatc. 

174.  Prop.  To  deter.nine  the  general  difft^rcntiHl  equation  of  a 
plane  drawn  tangent  to  any  curved  surface  at  a  given  point  (a;,,  y,,  s,) 
situated  in  the  surface. 

Let  the  surface  and  plane  he  intersected  by  planes  reapectivek 
parallel  to  xz  and  i/z,  and  passing  through  the  point  {x^,  y^,  z,). 

The  equations  of  the  line  cut  from  the  tangent  plane  by  the  plane 
paralie!  to  ax  will  be  of  the  forms 

i-;.,  =  l(r-»,)....(I),     ind     j  =  y,....(2), 
and  those  of  the  intersection  parallel  to  ffz  will  be  of  the  forms 

!(-»,=•('-«,). -..(a)    "d   «  =  «,.... (4). 

Also  the  equation  of  the  tangent  plane,  which  contains  these  lines, 
will  have  the  form 

A(x  -  X,)  +  B{y  -  y,)  +  C{2  -  z,)  =  0  .  .  . .  (5). 
The  equation  of  its  trace  on  «z  is  A  {x—x-y)  ~  —  C{e—Zi)+£yj . .  (6). 
"         "     yz^^B{y-y,)=~C{z~z,)  +  Ax^..{^). 
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But  the  trace  (6)  is  parallel  to  the  intersection  (I)  (2),  and  the  trace 
(7)  is  parallel  to  the  intersection  (3)  (4), 

whicti  values  reduce  (5)  to  the  form 

«-»,  =  V''-'")+7(!'- >■■)■•■■(«'■ 

Now  since  the  intersections  (1)  (2)  and  (3)  (4)  are  respectively 
tangent  to  the  corresponding  curves  cut  from  the  surface,  we  must 

have         C^~     aud     s  =  -i-'     or    -  =  ~     and      -  =~ 

Hence  (8)  reduces  to 

d:,  dz, 

I  —  Zi  —  -r —  {x  —  ^i)  +  - —  {y  —  l/^)  .  .  ,  (8),  the  desired  equation. 

The  expressions  — i  and  -j^  are  the  partial  diflerentiiil  coeffi- 
cients derived  from  the  equatifin  of  the  surface,  and  they  will  have 
the  same  values  at  ihe  point  (j;,,yj.e,),  as  the  similar  coefficients  de- 
rived ft'om  the  equation  of  tlie  plane,  tangent  at  that  point. 

175.   Cor.  If  the  equation  of  the  suvfaee  be  given  under  the  form 
u  =  9(x,  j<,  ?,)  =  0, 
the  equation  of  the  tangent  plane  will  take  a  more  symmetrical 
form.     Tor  we  then  have     (Art.  57) 

Crful      du  ,  da  dz       „  ,      Vdu\      dit       du    ds 


and  by  substitution  in  (9)  and  reduction,  we  obtain  the  more  syin 
metrical  form 

,  ,  rfu        ,  .  du        ,  ,  (ft*        „ 

('-»,)  ^ir  +  (y  -  yi)  x: +  ('-'.)  :ir  =  »• 
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176,  Prop.  To  determine  the  equations  of  a  line  normal  to  a 
eurved  surface  at  a  given  point  (ij.yijZ,). 

The  equations  of  a  line  passing  through  the  point  (ai,y),2i),  liave 
the  forms 

X~X^  =  i{t.-       )  y_y     =     (     _^j); 

and  since  the  normal  liu        p    p     d      1  h     tangent  plane,  we 

have  by  the  conditions     f  p    p    d     1       y     f  a  line  and  plane 
(^  =  Cl  and  £  =  Cs),  h    f  11  w    g     1 

C  t/ii        da  C  U;/i        du 

d^  "^i 

Thest;  conditions  give  for  the  equations  of  the  normal  line 

'^    ,  1^1  (  ^'*  ,  .        da   ,  . 


I  s;<*-»''  =  5j^  <"-'■)■ 


177.  OoT.  If  j„  ^2.  *3>  t>e  the  angles  formed  by  the  normal  with 
the  axes  of  x,  y,  and  2,  respectively,  or  those  formed  by  the  tangent 
plane  with  the  planes  of  yz,  xz,  and  xy,  we  shall  have 

_  -^  _  ate,  _  dr^ 
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178.  Prop.  To  determine  the  equations  of  a,  line  drawn  tangent 
to  a  ciiMe  of  double  curvature,  at  a  given  point  {ic„yi,ri),  on  the 

ITie  curve  will  be  given  by  the  equations  of  its  projections  on  two 
of  the  eo-ordinato  planes,  as  xz,  and  yi  ;  thus 

F{x,  2}  =  0, .  .  .  .  (1).         and         <f(y,  z)  =  0 (2). 

The  equations  of  the  required  tangent  will  have  the  forms 
*-*i  =  '(^-0:----  (3).     nnd     y  -  y,  =  x(^  -  z,), .  .  .  .{A); 
and  since  the  projections  of  the  tangent  are  tangent  to  the  projections 
of  the  curve,  (3)  and  (4)  will  take  the  forma 

in  which  equations  the  values  of  -~  and       ' 
from  (1)  and  (2),  the  equations  of  the  given  curve, 

179.  Prop.  To  determine  the  equation  of  a  plane  drawn  through 
a  given  point  of  a  curve  of  double  curvature,  and  normal  to  the 
curve  at  that  point. 

Hie  equation  of  a  plane  passing  through  the  point  ^x^,y^,^^,  is  of 
the  form 

A{,.-  »,)  +  J(,  _  ,,)  +  C(r  -  .,)  =  0.  .  .  .  (1). 

But,  since  the  plane  is  to  be  perpendicular  to  the  tangent  line,  we 
must  have  the  conditions 

A  =  01=0"^,    and    5  =  C»  =  C  J-', 

which  values  reduce  (1)  to  the  form 


the  required  equatio 
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EZAMPLG8    OF    TASOEKr    PLANES    tO    SURFACES. 

180.  1.  The   tangent   plane   to   the    sphere   whose  equatio 
«  =  a:'  +  y=  +  2=  ~  rs  =  0. 


Therefore  by  substitution  in  tho  general  differential  equation  of  a 
tangent  plane  to  a  curved  surface,  we  get 


.  ■ ,   xxj  -\-  yji  +  w,  =  Xj^  +  y^  +  z,^  :=  r\  the  required  equatioo. 

2.  The   ellipsoid      «  =  ^  +  ^  +  4-l=<'. 

du  _^x      dit  _  2,v      du  _  2? 
dx        a^'     t/y       6^ '      rfz        e^ 

or,      — ^  +  =^  +  — '  =  1,  the  required   equation  of  the   tangent 
plane. 

3.  The  hyperboloid  of  one  sheet  w  =  T-  +  7rj  —  ^  —  1  =0. 

du      2x      du      2y     dii  2z 

dx       a''     dff       b"^^     di  c* 

.••  5(.-',)  +  |'(y-y,)-5-'(-».)  =  o. 

.  ■ .  -^  +  ^  —  ^  —  1=0,  the  equation  of  the  tangent  plane. 
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4.  The  conoid     «  =  e'l*  +  y  V  —  rV  =  0. 

-r  =  2(^x,     -J-  =  2/^y,     —  =  2i/'2  —  2r^2. 
dx  oy  dz 

■  ■  ■  s^^'iC^  -  ^i) + s^.^i/ity  -  yO  +  2*,{y,^  -  r=)  (^  -  ^J  =  o. 

or,     c'ari'i  +  ?,^yyi  +  {y^  —  r*)«Zi  =  ViW    the   donation   of   the 
taiigent  plane. 


CHAPTER    II. 


CYLINDRICAL   8DRFACES,  CONICAL   BUHPACE9.   AND  SORFACEB  OP 
BBVOLUTIOS. 

ih  r  p  J  d  nnhgnaldfTnlq  nfall 
cj'lmd     ftl       fa 

Th  u  (a        agnraabyhm  f  hie, 

which         ha        d     u         and      nan    pa    II  1        a  ft    d  I  ne 
in  ev    J  p  n 

Let  the  equations  of  the  fixed  curve  or  diret'trix  bo 

-f(».^)=0 (!)•        -f.fc  ■)  =  <>,....  (3), 

those  of  the  generatrix,  in  one  of  its  [lositions,  being 

z  =  tz  +  a,....  (3).         y  =  M  +  6,  .  .  .  .  (4). 

Since  the  generatrix  continues  parallel  to  a  fixed  line,  the  values 
of  (  and  s  will  continue  constant  for  all  positions  of  the  generatrix, 
but  a  and  A  will  vary  with  its  position. 

Eliminating  x  between  (1)  and  (3),  and  y  between  (2)  and  (4), 
we  get  one  relation  between  z  and  a,  and  a  second  between  a  ond  b. 
Then  combining  these  equations  to  eliminate  z,  we  obtain  a  relation 
between  a  and  b,  which  may  be  written 

b  =  <pa (5). 
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But  from  {3)  and  (4),     a  =  x  —  tz,     and     6  =  y  —  jr. 
.  ■ .  (3)  becomes    y  —  sz  =  (p{*  —  (2), ....  (6). 

ITiis  is  ;.  general  equation  »f  all  cylindriea)  surfiices,  but  it  con- 
tains the  i.rlinown  function  ip.  To  eliminate  this  Aiiieliou,  difleren- 
tiate  ((J)  with  respect  to  x  and  y  successively,  and  divide  the  first 
result  by  the  second  ;  thus 

dx        d{x  —  U)  dx 

.                    ,         dz       d:,{^  -  u)  d(T  -  fz) 

dy         d{z  —  tz)  dy 

dz        ,  dz 


dy  dy 

dz         dz  . 

whence       t- — |-  s—  =  1  .  .  .  .  (7),     the  required  equation. 

182.  Cor.  If  we  denote  the  primitive  or  integrated  equation  of  a 
cylindrical  surface  by/(j,y,z)  =  «  =  0  the  difliircnlial  equation  (7) 
may  be  reduced  to  a  more  symmetrical  form.     For  since 

dz  dx  ,      dx  dy 

_._  and      ---=— -i. 

dx  du  dy  dii 

we  obtain  by  substitution  in  (7)  and  reduction 

a  form  often  more  convenient  than  (7). 

183.  Prfip,  To  determine  the  equation  of  the  cylindrical  sur&ce 
which  envelops  a  given  surface,  and  uhose  a.xi&  is  parallel  to  a 
given  line. 

The  enveloping  and  enveloped  surfaces  bein^  tangent  to  each 
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other,  will  have  a  common  tangent  plane  at  every  point  in  the  curve 
of  contact,  and  the  equation  of  one  of  these  planes  will  be 

.-«,=  (:.-i,)^+(y-y,)5^ 

in  which  a,  yi  z,  refer  to  a  point  of  contact.     Moreover  the  differen- 

rfz,   dz,         du     du     da  ,  ,     ,       , 

e  the  same  whether  de- 
rived from  the  eqiiiition  of  the  cylinder  or  from  that  of  the  enveloped 
surface.  Hence,  if  we  form  the  difrcrcTitiiil  coefficients  from  the 
equation  of  the  given  surface,  and  substitute  their  values  in  the  dif- 
ferential equation  of  the  cylinder,  the  result  will  characterize  the 
piiinis  of  contact,  being  the  equation  of  a  surface  containing  those 
|Hiliits.  This  equation,  when  combined  with  that  of  the  enveloped 
surftice,  will  give  the  equations  of  the  curve  of  contact,  and  ihence 
the  cylinder  can  be  determined, 

184.  Hj:.  a  sphere  u  =  a'  +  y^  +  z'  —  r'  =  0  is  enveloped  by 
a  f\  Under  whose  axis  is  parallel  to  the  axis  of  z ;  to  find  the  curve 

Here  we  have  2  =  a  theequationof  the  projection  of  the  generatrix 

on  xz,  and  y  =  6  the  equation  of  the  projection  of  the  generatrix  on  yg. 

.-.1  =  0,     *  =  0. 

Abo  p  =  2.,     p-  =  2:,,     Jl  =  2z. 

ax  dy        ^      dz 

Hence  by  substitution  in  (8), 

0.2z  +  0.2y +  2z  =  0     or    z  =  0, 

and  the  points  of  contact  all  lie  in  the  plane  of  xi/. 

Combining  the    equations    i^  -}•  y^  +  z^  —  r^  =  0    and    z  =  0, 
there  results 

*'  +  y=  -  r^  =  0. 
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. ' .  The  curve  of  contact  is  a  great  circle  of  the  sphere,  as  might 
hnve  been  foreseen. 

185.  Piop.  If  any  surface  of  the  second  order  be  enveloped  by  s 
cylinder,  ihu  curve  of  coiitiict  will  be  an  ellipse,  hyperbola  or  para- 
bola, or  a  variety  of  one  of  those  curves. 

The  general  equation  of  surfaces  of  the  second  order  is 
As'+Bn/-\-Cy^-\-Dzx+l!:x^+Fxy+Gz+Hg-\-Ix-{-K=fi=v..(Xi. 

^  =  £y  +  2A;s  +  Dz+  G. 

+  (By  +  2Jz  -f-  iJ«  +  (7)  =  0, 

which  is  the  equation  of  a  plane. 

Hence  (he  points  of  contact  are  confined  to  one  plane.  But  any 
section,  by  a  plane,  of  the  surface  represented  by  the  equation  (I), 
will  necessarily  be  a  line  of  the  second  order,  and  therefore  the 
truth  of  the  proposition  is  apparent. 

Conical  Surfaces. 

186.  Prop.  To  determine  the  general  differential  equation  of  all 
conical  surfuces. 

These  surfaces  are  generated  by  the  motion  of  a  straight  line 
which  touches  constantly  n  fixed  curve  and  passes  throuph  a 
fixed  point. 

Let  the  equations  nf  the  directrix  be 

/•(V)=0.,..(1),    J?,(j,^)  =  0  . . .  .  (2) ; 
those  of  the  generatrix  in  one  of  its  positions  being 

x-a  =  t{z~c)....C^),     and    y  -  b  =  s(z  -  c)  .  .  . .  {i), 
where  a,  b,  and  e,  denote  tl.e  co-ordinates  of  the  fixed  point  or  vertex. 


'DiglizecyGOOglf 


CONICAL  SURFACES.  223 

The  quantities  (  and  s  vary  wilh  the  position  of  the  generatrii, 
but  a,  b,  and  c,  are  constant. 

Eliminating  x  between  (1)  and  (3),  niid  y  between  (2)  and  (4),  we 
gel  one  relation  between  z  unci  I,  and  a  second  between  z  and  «. 
Then  combining  these  equations  to  eliminate  z,  we  obtain  a  relation 
belwei-n  (  and  s,  which  may  be  written 

i>  =  <fl (5). 

But  iVoai  (3)  and  (4),  (  ^  ^^,     and     »  =  ^-^■ 

.-.   (5)  becomes         — — —  =  qi I I (6). 

This  is  an  equation  of  conical  surfaces,  but  it  contains  the  unknown 
function  (p.  To  eJiminato  this  function,  differentiates  (fi)  with  respect 
to  X  and  y  successively,  and  divide  the  first  result  by  the  secnd  ; 

y-&   <fe_  M  ]  „'^[]_'^[],,r  ' £z-^  ±1 

and 

,_c      {,-,)'    -d,-  rf[  ]  '^    d)    -   d[]^l     {.-cf\l,ji' 

in  which  expressions  the  [  ]  is  used  to  signify  I ■ 

Now  by  division 

187.  Cor.  If  we  denote  the  primitive  or  integrated  equation  of  a 
conical  Furface  by  /  (i,  y,z)  =  m  =  0,  the  differential  equation  (7) 
may  be  reduced  to  a  more  symmetrical  form. 
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dx  dii'  dy  du' 

dz  di 


For  since     -j—  =  —  -j- ,    and 


we  obtain  by  substitution  in  (7)  and  reduction 

{x  -  a)  ■£  +  (y  -  b)  ■£  +  {n  -  c)  -^  =  a (8),  a  form  often 

more  convenient  than  (7). 

188.  Prop,  To  determine  the  equation  of  the  conical  surface  vhich 

envelopes  a  given  surface,  and  whose  vertex  is  situated  at  n  ^vun 

point. 

.^        ^  1      ,-m        -  1        n-  .         ^^        ,  dz       du  du      ,  rfu 

If  we  fonn  the  differential  coefficients-^,  and--;— or -t-. -r- and -7- 

dx  dy      ax  dy        dz 

fiMiii  die  equation  of  ihc  fjiven  surfiice,  and  substitute  tlioir  values  in 
(7)  oi'  (8),  the  differential  eqiiiition  of  the,  conical  surface,  the  resulting 
relation  will  charaeierize  the  points  of  contact,  being  the  equation  of 
a  surface  which  contains  those  points.  This  equation,  combined  with 
that  of  the  enveloped  surface,  will  give  the  equations  of  the  curve 
of  contact,  and  thence  the  cone  c^n  be  determined. 

Ex.  A  sphere  i^  +  y*  +  z^  —  r=  =  0  =  u  is  enveloped  by  a  cone 
whosv  vertex  is  situated  on  the  axis  of  y,  at  a  distance  b  from  the 
origin;  to  find  the  curve  of  coniact. 

Here  we  have  the  co-ordinates  of  the  vertex  a  =  0,6  =  l,c  =  0. 

Also,  -r-  =  2x,  -7^  =  2y,  -^  z=  2x. 

dx  dy  di 

.  ■ .  By  substitution  in  the  equation  of  conical  surfaces 

(;r  -  0)  2^  +  {y  -  i)  2y  +  (.  -  0)  2z  =  0  ; 

or,  i^  +  y2  +  s2  _  6y  ^  0. 

This  being  (he  equation  of  a  sphere  having  a  radius  =  -b,  and  its 
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centre  on  tbe  axis  of  y  at  a  distance  ~b  from  the  origio,  the  points  of 

contact  must  lie  in  the  surface  of  sucli  a  sphere. 
By  combining  the  equations  of  the  two  spherea,  we  get 

6y=:r'  or  y  =  -^  and  *>  +  «■  = -^  (6»  -  H). 

Hence  the  curve  of  contact  is  a  circle  perpendicular  to  the  axis  of 
y,  and  at  a  distance  —j--  from  the  origin. 

189.  Prop.  If  any  surface  of  the  second  order  be  enveloped  by  a. 
cone,  the  cur^-e  of  contact  will  be  an  ellipse,  hyperbola,  or  parabola, 
or  a  variety  of  one  of  these  curves. 

The  general  equation  of  surfaces  of  the  second  order  is 
A:i'+B2y->rCif-\-D2x+Ex-'-\-Fxy+Gz-frHy-^Ix+K=(i=iu..{\). 

dtt        r.     ,     ,,     ,   „E,     ,    r        dl* 


.•.{*-.)^  +  (y-6)-+(.-c)^ 

=  [Dz  +F!,+  ZEx+I]  ix-a)  +  [£z  +  Fx  +  SiCy  +  H]  (y-6) 

+  [Si/  +Dx  +  2As+&]i2-c)  =  0, 
)r,  2[Az^  +  Cy'  +  £x^]  +  2[Bzy  +  Dzx  +  Fxy\ 

+  [G~  Da^Bb-  ZAc^i  +  [H-  Fa~Bc~  2C6]y 
+  {I~Fb-Dc-  ZEa]  x-[Gc-k-Hb  +  Id\=<S...  (2). 
By  combining  (1)  and  (2),  wc  get 

{G  +  Da  +  BbJr  2^c]  z  +  [/T  +  fa  +  Be  +  2CT]y 
+  [I-\-Fb  +  Dc  +  2£a]  x +  'iK+ Gc+ m+Ia  =  0. 
This  is  the  equation  of  a  plane,  and  therefore  the  curve  of  contact 
s  the  intersection  of  the  given  surface  by  a  plane,  and  consequently 
in  ellipse,  hyperbola,  or  parabola. 
15 
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190.  Prop.  To  determine  the  general  differential  equation  of  all 
surfaces  of  revolution. 

Let  x  =  ti  +  a (1)  1  ,      .  ,.  ,  ,. 

,  ^  '  L  be  the  equations  of  the  axis, 

y  =  »?  +  6  .  .  . .  (2)  j 

/'(a,z)  =  0  .  .  . .  (3),     and     /',{y^)  =  0 (4), 

those  of  the  generatrix. 

The  characteristic  property  of  this  surface  is,  that  every ,  plane 
section  perpendicular  to  the  axis  is  a  circle.  Now  the  equation  of  a 
plane  perpendicular  to  the  line  (1)  (3)  is 

g  +  tx  +  sy  =  e, 
and  the  circle  cut  from  the  surface  by  this  plane  may  be  supposed 
-situated  on  the  surface  of  a  sphere  whose  centre  may  be  assumed  at 
any  point  on  the  axis,  and  whose  radius  will  be  determined  by  the 
value  of  e,  when  the  centre  has  been  chosen. 

Take  the  centre  of  the  sphere  at  the  point  (a,  b,  0),  where  the  axis 
pierces  the  plane  of  xi/,  and  the  equation  of  the  sphere  will  be 

(,.  -  a)'  +  (y  -  S)'  +  2"  =  ,'. 
But  T  and  e  are  mutually  dependent  upon  each  other,  which  &ct 
ciav  be  indicated  by  the  equation  e  =  ?(>■')-     Hence 

z  +  tr  +  »y  =  9  [(-r  -  o)=  f  (y  -  6)=  +  ?']  .  .  .  .  (5). 
To  eliminate  the  unknown  function  ip,  differentiate  (5)  with  respect 
to  y  flnd  X  successively,  and  divide  the  first  result  by  the  second. 

■ay  <*[}         dj/  dx  dl  ]        thi 


.1- 

«    y 

--I 

s 

■|h- 

t      z 

—  S' 

or      (x. 

-a- 
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+(«-«)*-(y- 
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whidh  is 

the 

required 

equation 

of  5U 

rfaces  of  revolution. 
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Cor.  When  the  axis  of  revolution  coincides  with  that  of  z,  ve  ha?e 
f  =  0     and     «  =  0,     a  =  0     and     6  =  0. 


,  ■ .  (6)  reduces  to 


-  =  0. 


•  (')• 


191.  Prop.  A  given  curved  surface  revolves  about  a  fixed  axis  ; 
to  determine  the  sur&c«  wbich  touches  and  envelopes  the  moveable 
surface  in  every  position. 

The  required  surface  will  obviously  be  a  surface  of  revolution, 
whose  generatrix  will  be  the  curve  of  contact  of  that  surface  with 
one  of  the  moveable  surfaces. 

Hence  if  we  determine  the  values  of  the  differential  coeffidents 
— -  and  ~  from  the  given  surface,  and  substitute  them  in  the  gene- 
ral differential  equation  of  all  surfaces  of  revolution,  the  result  will 
characterise  the  points  of  contact,  being  the  equation  of  a  surface 
containing  those  points.  This  equation,  combined  with  that  of  the 
given  sur&ce,  will  give  the  equations  of  the  curve  of  contact  or  the 
required  generatrix. 

192.  1.  A  right  cone  with  a  circu- 
lar base,  whose  vertex  is  at  the  origin, 
and  whose  axis  coincides  originally 
with  the  axis  of  *,  is  caused  to  re- 
Tolvc  about  the  axis  of  8 :  to  deter- 
mine the  form  of  the  enve 


f  the 


Put  the  semi-angle  AOC 
cone  =  11,  and  tan  v  =  f . 

Then  the  equation  of  the  cone,  i 
the  position  AOB  will  b 


Z=!  4-  y'  =  (««», 


*«  =  i*i«  -  y>  .  .  .  .  (1) 

Px         ,      di  y 

=  —     and      -T-  =  —  ^ 
2  dy  g 
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whidi  values  substituted  in  the  difierenti&l  equation  of  surfitcM  of 
revolution,  viz. 

.  • .  «  =  0    or    y  =  0. 
Combinmg  the  first  of  these  results,  «  =  0,  with  the  equation  of  the 
cone,  we  get 

2'  4-  y^  =  0,    .  ■ .  z  =  0    and    y  =  0, 

vhich  conditions  apply  to  the  origin  exclusively- ;  but  the  second 
result  y  =  0,  gives  by  combioation  with  (I) 

s"  =  i^x*     or    2  =  ±  (Jt    and     y  =  0, 
which  are  the  equations  of  the  lines  OA  and  OB. 

Hence  the  required  envelope  is  a  double  cone  generated  by  the 
revolution  of  the  lines  OA  and  OB  about  OZ, 

2.  A  sphere  (i  —  of  +  (y  —  6)*  +  z'  =  r',  revolves  about  the 
axis  of  z ;  to  find  the  enveloping  sur&ce.     Here  we  liave 

dz  _       X  —  a  ^  _      V  —'• 

dx  t  dy  z 

dz^  _     ^  _  __  gy  —  f"  ,   icy  —  ay  _ 
'   '     dy       ''  dx~  X  z        ~    ' 

.• .  hx  —  ay  ■=  %  the  equation  of  a  plane  passing  through  the 
axis  of  s,  and  the  centre  {a,6)  of  the  sphere. 

This  plane  intersects  the  sphere  in  a  grent  circle,  whose  equation, 
in  its  own  plane,  is 

(r, -,,)'+ »■  =  '•. 
in  which  r,"  =  i'  +  y^,     and     o,=  =  a^  +  6*. 

.  ■ .   [(**  +  A~  (■»'  +  6^)*]'+  ^^  =  r'. 
or,         at=  +  y==  +  2 
the  equation  of  the  required  surface. 
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When  a*  +  P  =  r',  this  reduces  to 

z^  +  S'  +  z'-  2r(r'  +  y=)*=  0 ; 
and  when  a  —0,  6  =  0,  x^  +  y^  +  z^  =  r^, 
the  equation  of  the  sphere. 

3,  An  ellipsoid  -^  +  ^7+ j  =  1.  revolves  about  the  axis  of  y ; 
to  determine  the  enveloping  surface. 

The  difTerential  equation  of  the  surface  is,  in  this  casa 


.  xz  =  0, 
a-y  cy 

and  consequently 

But  when  a:  =  0,  7;  +  —  =  I,  an  ellipse  in  the  piano  of  ye. 

And  when  a  =  0,  —  +  ^=1,  an  ellipse  in  the  plane  of  ay. 


dx' 

-'g=»- 

'V 

s- 

^-. 

=  «, 

or,         z 

=  0. 

Hence  the  required  envelope  consists  of  two  ellipsoids  of  revolu- 
lution,  whose  equations  are 


=  1     -      and 


?!j 
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OONaSODTIVB    SURFAC'EB    iHD 

193.  In  the  last  chapter  we  have  presented  eome  examples  of 
surfaces  enveloping  a  series  of  other  surfaces,  but  in  the  only  case 
considered,  the  enveloped  surface  was  supposed  to  be  of  invariable 
form,  and  its  change  of  poBition  was  effected  only  by  a  revolution 
around  a  tixed  axis.  In  that  case,  the  enveloping  surface  was  neces- 
sarily a  surface  of  revolution. 

It  is  now  proposed  to  consider  the  envelopes  to  any  series  of  con- 
secutive surfaces. 

194.  If  different  values  be  successively  assigned  (o  the  consttints 
or  parameters  which  enter  in  the  equation  of  any  surface,  the  several 
relations  thus  produced,  will  represent  as  many  distinct  surtiiccs, 
■differing  from  each  olher  in  form,  or  in  position',  or  in  both  theso 
particulars,  but  all  belonging  to  the  same  class  or  family  of  surfaces. 
When  the  parameters  are  supposed  to  vary  by  infinitely  small  in- 
crements, the  surliwes  are  said  to  bo  consecutive. 

Thus  let  F{j:,i/,z,a)  =  0,  ....  (1),  be  the  equation  of  s  sur&ce, 
and  let  the  porameler  a,  take  an  increment  A,  converting  (1),  into 

F{x, y,s,a  +  h)  =0 (2) ;  then  if  A  be  supposed  indefinitely 

small,  the  surfaces  (1)  and  (2)  will  be  consecutive.  Moreover,  the 
surfaces  (1)  and  (2)  will  usually  intersect,  and  their  intersection  will 
vary  with  the  value  of  A,  becoming  fixed  and  determinate  when  the 
snrfaces  are  consecutive. 
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195.  Prop.  To  determine  the  equations  uf  the  intersection  of  oon- 
secutive  surfaces. 

To  eDL'ct  this  object,  we  must  combine  the  equations 

*•(*,?,»,«)  =  0 (1),     .nd     F(x,,,.,„  +  h)  =  !>,....  (i\ 

And  then  make  A  ^  0. 

By  rrosoning  precisely  as  in  the  case  of  oonsecutive  curves, 
{Art   143j    we  prove  that  the  two  conditions 

F{..>....)  =  '> (1),        and       ^fe|lifl=0,....(3), 

must  be  satisQed  at  the  same  lime. 

By  combining  these  equations,  so  as  to  eliminate  first  y,  and  then 
X,  we  shall  have  the  equations  of  the  projections  of  the  required  in- 
tersection on  xz,  and  y«. 

196.  Prop.  The  surface  which  is  the  locus  of  all  the  intersections 
of  a  scries  of  consecutive  surGiccs,  touches  each   surface   in  the 

If  we  eliminate  the  parameter  a  between  the  two  equations 

n'.y,',')  =  <l (1).    ""l    !^'-ii>  =  0 (2), 

the  resulting  equation  will  be  a  relation  between  the  general  co-ordi- 
nates X,  y,s,  of  the  points  of  the  various  intersections,  independent 
of  the  particular  curve  whose  parameter  is  a,  or  in  other  words,  the 
equation  of  the  locus. 

Resolving  (i)  with  respect  to  a,  the  result  may  be  written 

and  this  substituted  in  (1)  gives 

n'.y.'M',v,')']  =  o, (3). 

which  will  be  the  equation  of  the  locus. 

Now  dilTcrentiating  both  (1)  and  (3)  first  with  respect  to  r,  and 
then  with  respect  to  y,  we  readily  prove,  precisely  as  in  the  case  of 
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consecutive  curves,  that  the  values  of  -r-  and  -r-   are  the  same 

whether  derived  from  (1)  or  (3).  Hence  the  two  surGices  (1)  and 
(3)  will  have  B  commmi  tangent  plane,  and  will  therefore  be  luutti- 
ally  tangent  to  each  other  at  all  points  common  to  those  sur&ces. 

197.  The  sur&ce  (3),  which  touches  each  tiurlace  of  the  series,  is 
called  the  envelope  of  the  series. 

198.  Ex.  To  determine  the  envelope  of  a  series  of  equal  spheres 
whose  centres  lie  in  the  same  straight  line. 

Assuming  the  line  of  centres  as  the  axis  of  x,  the  equation  of  one 
of  these  spheres  will  be  of  the  form 

(^-a)''  +  y'  +  7'-r»  =  (l....(l), 

in  which  a  ia  the  only  variable  parameter. 
DifTerentiating  with  respect  to  a  we  get 

-  2j:  +  2a  =  0 (2). 

From  (2)  a-f  x,  and  this  substituted  in  (1)  gives 

y'  +  «'  -  r'  =  0. 
This  is  the  equation  of  a  right  cylinder  with  a  circular  bane,  the  axis 
of  which  coincides  with  that  of  x. 

199.  When  the  equation  of  the  proposed  surface  contains  t*o 
parameters  a,  b,  independent  of  each  other,  we  must  have  the  three 
conditions 

F(,,,,,,.,l)  =  0  . . .  (1),     ''^''"°'''  =  0  ....  (2). 


£Qji».iM)=o... 


(3). 


And  by  eliminating  a  and  b  between  (1),  (2),  and  (3),  the  equation 
i)f  the  required  envelope  will  be  obtained.  Also,  if  the  proposed 
equation  should  contain  three  or  more  parameters  a,  6,  c,  &c.,  tw  o  of 
which,  n  and  i,  are  arbitrary,  and  the  others  connected  with  them 
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b;  given  relations,  such  relntivns  will  cnublo  us  to  ellniitiate  the  ad- 
diiioual  parumeters  and  lo  obtain  a  final  equation  between  r,  y,  and  e. 

200.  1.  A  plane  whose  equation  is  -  +  -  -J-  -  =  1,  is  touched  in 

ewrj  p">sition  by  a  surface,  the  variable  paranieterso,i,and  tbcing 
connected  by  tiie  relotiop  abr  =  m* ;  t<)  determine  th^^  eqiinlion  ol 
the  surface  or  envelope. 

From  -  +  r  H '  =  0  ....  (1)  we  obtain  by  difTercntiation. 

rojjarding  a  and  b  as  independent,  and  c  dependent  upon  them, 

-i-^.*=0....p),    .nd     --^-4.f.  =  0....(3). 
a^       c*    da  ^  '  b^      c'    db  ^  ' 

But  Ihe  condition  abe  =ni' .  .  .  .  (4)  gives  by  dilK^rcntiation 

,dc       „ 


Jc  +  oJ  J-  =  0,     and     ac  +  ab- 


Thich  values  substitatod  in  (3)  and  (3)  reduce  them  to  the  forma 

whence  -  =  -     and      r  ~  "' 

These  values  in  (1)  give      — | —  +  -  =  1, 

55  =  1.    .-..  =  3,. 


And  similarly  b  =  Z>/,     a  =  3x. 

Finally  by  replacing  a,  6,  and  c,  in  (4),  by  their  values  just  found,  we 
obtain  xijz  =  —  as  the  eijuation  of  the  enveloping  surface. 
3.  To  find  the  envelope  of  nil  the  spheres  whose  cenires  lie  in  the 
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same  plane,  aiid  whose  radii  arc  prnportioital  to  the  distances  uT 
their  centres  fruni  a  fixed  point  in  that  pkne. 

Assuming  the  plane  of  the  centres  as  that  of  ay,  and  the  origin  ai 
the  fixed  point,  the  equation  of  one  of  the  spheres  will  take  ibe  form 

(:>-a)'+(y-i)>  +  .'-f  =  0....(l), 
ill  which  a,  b,  and  r,  arc  variable  parameters,  a  and  b  being  indv' 
pendent,  and  r  connected  with  thom  by  the  relation 

r'  =  I=(a'  +  b') (2)     where  I  is  a  constant. 

Eliminating  r  between  (1)  and  (2)  we  hare 

(.-.)■  +  (,-  S)>  +  z>  -  i^.>  +  J=)  =  0 ... .  (3). 
DifTerciitiating  with  respect  to  a  and  b  successively, 
-  (»■  -  a)  -  I^a  =  0  . .  .  (4),    and     -  {y  -  b)  -  Pb  =  0  . . .  (5> 
.-.  a  = :;,     and     b  =  ;     which  values  ju  (3)  give 

.■.{x^+!f^)[fi-t*)^zm~py     or    *«+y»  =  i^^. 

This  is  the  equation  of  a  right  cone  with  a  circular  base,  its  axis 
being  coincident  with  that  of  z,  and  its  vertex  at  the  origin. 


.y  Google 


CHAPTER  IV. 


CUKVATUBB   OP  SURFACES. 


201.  Two  surfaces  are  said  to  be  tangent  to  each  other  when  they 
have  a  conimoQ  point,  (x,  y,  z,)  and  a  common  tangent  plane  at  that 
point. 

Let  the  equations  of  the  two  surfaces  be 

/•{a;  r,  2,)  =  0 0).  •id  p('f,s'.«)  =  o (2). 

The  analvtical  conditions  necessary  for  a  simple  contact,  or  contact 
of  the  jSrsf  order,  are 

dX        dx     dY        ay 
If  the  second  differential  coefficients,  derived  from  the  equations  of 
the  two  surfaces  be  also  equal,  viz. : 

'dX'~dx^'     dy^~~d^  dXdY~inJy' 

the  Contact  is  said  to  be  of  the  uteond  order.     If  the  third  differential 
coefficients  be  also  equal,  the  contact  is  of  the  third  order,  inc. 

202.  In  order  to  show  that  the  contact  will  be  more  intimate  as 
the  number  of  equal  differential  cbeHicients  becomes  greater,  let  the 
arbitrary  increments  k  and  Ic  be  given  to  the  independent  variables, 
X  z=  X  and  Y  ^  y,  converting  Z  and  z  into  Z,  and  Sj,  we  shall  then 
have     {Art.  82) 

'     '^dx'i'^dr'Vdjc^'i.2'^  dxdY  ■  1  "*"rfr^'i.a"^ 
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dz   k 
*>  '"  iS  '  T  "'   df/'l'^ 

and  when  Z  =  z. 

„  [dZ     dzlhTdZ     dnt^  fd'Z     d"-i]   A=    ^   ^ 

Now  the  value  of  this  difference  will  depend  (when  k  and  i  are 
very  siiiall),  chiefly  on  the  tei'ina  containing  the  lowest  powi-rs  >il' 
A  and  i.  If.  therefore,  tbe  first  differential  coefficients,  derived  from 
the  equations  {A),  {B),  and  (C),  of  three  surfaces,  nt  a  common 
point,  be  equal,  and  if  the  second  differential  coefficients,  derived  fnim 
(.'1)  and  {H),  be  also  equal,  but  those  of  (A)  and  (C)  unequal,  the 
surfaces  {A)  and  (B)  will  separate  more  slowly,  in  departing  from 
the  ^mmon  point  than  will  the  suHUces  (^A)  and  (  C). 

203.  The  order  of  closest  possible  contact  between  one  surface 
entirely  given,  and  another  given  only  in  species,  will  depend  on  the 
number  of  arbitrary  paranict^rs  contained  in  the  equation  of  tbe 
second  surface. 

Thus  a  contact  of  the  first  order  requires  three  conditions,  and 
therefore  there  must  be  three  arbitrary  parameters.  A  contact  of 
the  second  order  requires  six  parameters ;  one  of  the  third  order, 
ten  parameters,  iic  llcnce  the  plane,  whose  equation  has  three 
p.irain liters,  may  have  contact  of  the  first  order.  The  sphere  cannot, 
except  at  particular  points,  have  contact  of  the  second  order,  since 
its  equation  has  but  four  parameters;  but  of  two  tangent  spheres, 
one  may  have  closer  contact  than  the  other. 

The  ellipsoid,  hyperboloid,  and  paraboloid,  can  each  have  contact 
of  the  second. order. 

204-  Prop.  To  determine  the  radius  of  curvature  of  a  normal 
sectiim  of  a  given  surface  at  a  given  point. 

Assume  the  tangent  plane  at  the  given  point  as  that  of  xy;  tin 
normal  coinciding  with  the  axis  of  z. 
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Let  OJTj  be  the  trace  of  the  se- 
cant plane  on  that  of  zy,  funniog 
with  OX  an  angle  *.  AOB  the 
normal  section,  and  P  a  point  in 
that  section.  Put 
0£t=x,  ED=y,  DP=z,  OD=Xi 
The  co-ordinates  of  the  curve 
AOB,  estimated  in  its  own  plane, 
ind  s ;  and  the  general  value 
rvature  of  a  plane 


^ 

l^ 

\x. 

of  the  radius  of  curvature  of  a  plane  curve  where  *,  and  a  are  the  co- 
ordinates, and  any  quantity  '  the  independent  variable,  is  (Art.  131.) 


Itz=-^ 


liJ 


(U, 


,  dz 


di*    dt      .dC    dt 

which,  appUed  to  the  present  case,  making  (  =  x,  and  observing  thai 

=  0,  reduces  to 


dx~  dz 


dz  ' 


m 


i'=^~....m. 


In  this  erpresflioD,  the  coefficient  -r-s  has  reference  to  those  points 
of  the  surCice  whieh  lie  in  the  curve  A  OB,  and  therefore  it  differs 
from  the  partial  differential  coefficient  -7-5  derived  from  the  equation 

t>f  the  surface,  which  latter  refers  to  the  change  in  2  produced  by  a 
change  in  x  only,  while  y  is  constant. 

Let  z  =  ip(r,y)  be  the  equation  of  the  eurbce ;  then     (Art.  65) 


Cdz~l_dz      dg    dy  _^dz       ds 


i,    since 


dy_ 


.tan  4  in  the  pre- 
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■[£]= 

dt^^     dxdy 

tana+-^tan'W. 

Also 

"coafl 

Hence  by  substitution  in  (I)  and  reduction, 

R  = 

1 

-[n 

S-^'^+^S^-^^-'-^+lJ-^-^^ 

206.  Prop.  The  sum  of  the  curvatures  of  any  two  normal  sec- 
tions of  &  curved  sur&ce,  drawn  through  the  same  point  of  the 
surface,  and  perpendicular  to  each  other,  is  constant,  those  curva- 
tures being  measured  by  the  redpcoeals  of  the  radii  of  curvature. 

Let  fl  and  S,  be  the  inclinations  of  the  secant  planes  lo  the  plam 
of  m;  B  and  R^  the  radii  of  curvature  of  the  two  sections  at  theii 
common  point.  Then,  since  tlie  sections  are  perpendicular  to  each 
other, 

i^  =  -*  +  i,    and    .*.   ooa*  =  sinfl,,    Binfl=— cosj,. 


and  by  formula  \I''\ 


[■  coB^y  +  St-t  ■  cosi  sini  +  ^.  sin^i. 

axdy  rfy* 


Hence  by  addition  and  reduction 

R'  R,~dx^'^ 
Cor.  The  normal  sections  of  greatest  and  least  curvature  at  any 
point  of  a  curved  surface,  are  perpendicular  to  each  other. 

T.       .         1        1    ■  ^  ^ 

ror  since  -^  +  ■p'  '^  constant,  - 

least,  and  it  will  be  least  when  -^ 
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206.  The  sccllons  of  greatest   Bnd   le.ist  curvature   are   callinl 
principal  aeeltona,  and  the  corresponding  radii  are  called  priwipal 

207.  Prop,  To  determine  the  principal  radii  of  curvature  at  a 
given  point  of  a  curved  surface. 

By  differentiating  -=  with  respect  to  *,  as  aii  independent  variable, 

aud  placing  the  differential  coefficient  equal  to  zero,  we  get 


From  which  we  obtain  two  values  of  cotfl,  viz. : 


cott  = 


Substituting  this  value  in  the  formula  (P),  which  may  h 
thus 

1  +  cot=fl 


<Px      „   ,  .,  d^z        ,    ,  d^e' 


and  denotiDg  by  B^  and  H^  the  least  and  greatest  radii  of  curvature, 
there  results 

S,  = ^- '  (S). 

dx'  "•■  dy'!  ''■  V  Uy»      dxU  "•"     \dxdy} 

B,  = ^  —  (S). 
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208.  Prop.  To  express  the  radius  of  curvature  of  any  normal 
section  in  ti:rms  of  the  principal  ratlii  Bj  and  R^,  and  the  angles 
tunned  by  that  section  with  the  principal  section  of  greatest  curva- 

If  we  make  successively  d  =  0,  and  4  =  ~r  in  [/'J  we  obt^n 

J2  =  ^,     and      R  =  ^, 

and  these  will  be  the  values  of  B^  and  iij,  if  the  planes  of  xz  and 
ys  be  supposed  to  coincide  with  those  of  greatest  and  least  curva* 
ture.     Thus  we  shall  have,  upon  this  supposition, 

The  same  supposition  renders  -r—r-  =  0,  as  appears  when  we 
putfl  =  0  in  {§). 

These  conditions  reduce  {F),  when  fl  is  replaced  by  ?,  to  the  form 

D ^1-^  t  m-i 

~  Jjjcos^+fi.sin'p'  '      ■      I-    J- 

the  desired  formula. 

209.  Prop.  If  the  two  principal  sections  of  a  curved  surface,  at 
any  point,  have  their  concavities  turned  in  the  same  direction,  then 
every  normal  section  through  that  point  will  be  concave  in  the  samB 
direction. 

[n  the  formula  {T),  the  signs  of  R^  and  iJ,  depend  upon  those  of 

_  "-' 

tions  of  the  curvature  of  the  principal  sections. 

In  the  cose  under  consideration,  the  signs  of  R■^  and  R^  must  be 
alike,  and  therefore  if  both  be  +,  the  sign  of  R  will  be  +  also; 
but  if  both  be  — ,  then  the  sign  nf  B  will  likewise  be  negative. 

From  which  the  truth  of  the  proposition  is  apparent. 
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Mo.  Cbr.  If  fi,  Rnd  H^  be  also  equal,  then  S  =  Jl,  =  iij  for 
XI  ery  vd!;ie  iff  7,  aud  cvf ry  normal  section,  through  the  Eame  point, 
wil!  hive  t^o  sama  ^i-vatiire.  This  occurs  at  the  vertices  of  sur- 
faces of  revolution. 

211.  Prop.  If  oiie  principal  section  of  a  surface  be  concave,  and 
the  other  convex,  it  will  be  possible  to  select  a  value  ip,  for  if,  which 
shall  render  S  inRnlte,  or  the  section  a  straight  line ;  also,  between 
the  values  fi  =  —  9,  and  ^  -  -J-  f  „  the  signs  of  R  and  Jij  will  bo 
alike ;  but  from  9  =  9^  to  9  — -  v  —  ^ „  the  signs  of  R  and  R^  will 

In  the  formula  [T],  suppoao  Rx  negative,  and  it  will  become 

R^—-Jb'^— 

JijC03-v--fciStn»? 

in  which  transformed  esprcssion,  the  quaiiliLica  Rg  and  R^  are  to  be 
considered  essentially  positive. 

Now  suppose  (p  so  taken  that  R^  eos'ip  —  j?,  jia^^  =  0,  a  condition 
that  will  be  fulfilled  when 


9  =  9 


-m  -  —  [g* 


Ji,R^ 


Then  R  _ - 

Thus  there  are  two  sections  corresponding  to  the  argles  ^,  and 
-  iP]  which  give  straight  lines.  Also,  if  ip  >  —  pj  and  f  <  fij; 
then  i^acos^ip— JS,siii«9  >  0,  and.'.  ,fl<0. 

But  if  p>9i  and  p  <  «  —  91,  then  fijCos^(»  —  ,H,  sin*?  <  0, 
and  R>0. 

Ilfiice  the  surface  may  be  divided  into  four  parts  by  two  planes, 
and  if  llic  first  of  these  parts  be  supposed  concave  the  second  will 
be  convex,  the  third  concave  and  the  fourth  convex, 

212.  Prop.  To  determine  whether  the  principal  radii  at  any  point 
liiivc  the  same  or  contrary  signs,  the  co-ordinate  planes  not  being 
coincident  with  tho  principal  sections, 
16 
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The  general  values  of  R,  and  R^  may  be  reduced  to  the  forma 


p"  +  ?"  +  V(p"  +  ?"f  —  4(p'Y'  - 


m  which         /'  =  — -,     q"  =  -—.     and     s"  =  -j-j-. 

and  ihese  values  will  have  the  siime  sign  when  p"g"  —  s"^  >  0,  and 
contrary  signs  when  i'"g"  —  s"^  <  0, 

213.  Prop.  At  every  point  of  a  curved  Rurface,  a  paraboloid 
(either  elliptical  or  hyperbolic)  can  be  applied,  with  it'?  vertex  at 
that  point,  which  shall  have  contact  of  the  second  order  with  the 
given  surface. 

Assume  the  point  of  contact  as  the  origin,  the  normal  being  taken 
as  the  axis  of  e,  and  the  planes  of  xz  and  t/z  coincident  with  the 
principal  sections  of  the  snrfiice. 

Take  the  normal  as  the  axis  of  the  paraboloid,  itsvertex  being  at 
the  point  of  contact,  and  turn  the  paraboloid  abont  its  axis  until  its 
principal  sections  coincide  with  xz  and  yz.  The  equation  of  the 
paraboloid  when  in  this  position  will  bo  Ax^  ±  By^  =  Cz, 

which  may  be  written       r  =  —  ±  — — . 

where  HP  =  —  and  SP,  =  -^,  which  represent  the  parameters 
of  the  principal  sections,  are  entirely  arbitrary. 

Take       P  =  fi„     and     P,  =  R^.     Then     x  =  ~±  ^■ 

Hence  TT  =  "o^    *"'^     TT  =  ^  IT' 

and  therefore  A,  and  R^  are  ihe  principal  radii  of  curvature  of  the 
paraboloid  also.     Then,  for  any  other  normal  section  of  the  parabo> 
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loid,  we  shall  have  li  = 


t-R.A 


',  the  91 


us  that 
of  the 


ofthe  radius  of  curvature  of  the  corresponding  normal 
sur&ce.     (Art.  208). 

Cor.  It  appears  that  wheo  the  principal  eectionsof  two  tangent 
surfaces  have  contact  of  the  second  order,  every  other  normal  seo- 
tiona  made  by  the  same  plane  drawn  through  the  same  point  will 
likewise  have  contact  of  the  second  order, 

214.  Prop.  To  determine  the  radius  of  carvatiire  of  an  oblique 
section  of  a  curved  surface. 

Take  the  point  of  contact  as  the  origin,  and  the  tangent  plane  aa 
that  of  xy. 


Irft  OA",  be  the  trace  of  the  secant  plane  on  xg,  aOh  the  section 
of  the  surface  by  that  plane,  AOB  the  normal  section  by  llie  plane 
ZOX,  R  the  radius  of  curvature  of  AOB  at  0,  r  the  rjidius  of 
curvature  of  aOb  at  0.  Draw  OZ^  perpendicular  to  OXy  in  the 
plane  aOb,  and  refer  that  section  to  the  rectangular  axes  OX,  and  OZ^. 

Put  Od-^x^,  dp  =  x^,  X  =  angle  between  aOb  and  AOS, 
pD  =  z,  DE  =  y,   OE  =  x. 
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Tlien  at  the  point  0  wc  shall  have 


m 


But     B  =  z,cosX.     ,-.  ~i— =  -,—}■  oaX.      Also      ■— = -r~  =  t' 

.  • .  r  =  fl .  cos  X, 
SDd  consequently  radius  of  the  oblique  section  =  projection  of  the 
radius  of  the  normal  ecction,  on  the  plane  of  the  oblique  section. 
This  result  is  known  os  Afemnier't  Theorem. 

C"r.  If  B  spliere  be  described  whose  riidius  slmll  be  identical  with 
that  of  the  normal  section,  and  if  through  the  tjiugent  to  that  section 
anj-  plane  be  drawn  intersecting  the  sphere  and  the  given  surface, 
then  will  the  small  circle  cut  from  the  sphere  be  osculatory  to  the 
curve  cut  from  the  surface. 

Zims  of  Curvatitre. 

216.  If,  through  the  consecutive  points  of  any  curve  traced  upon 
a  given  surface,  nurmiils  to  that  surface  be  drawn,  such  consecutive 
normals  will  nul  usually  lie  in  the  same  plane,  and  thorefure  will 
not  intersect;  but  when  the  consecutive  normals  do  intersect,  the 
eorri'spoiiding  curves  (which  enjoy  peculiar  properties)  are  called 
lint'i  of  curvature. 

216.  Prop.  I'o  determine  the  lines  of  curvature  passing  through 
(Uiy  point  on  a  curved  surface.  ' 

Let  the  equations  of  the   normals  passing  through   any  point 

x_a-,  +  ((2-*,)=0=P...(l)  and  y-y,+*(3-i,)=0=«...{S), 
and  suppose  ihe  independent  variables  x  and  y  to  receive  the  incre- 
ments A  and  k. 
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Then  the  equationa  of  the  normal  in  the  new  position  will  be 

If  these  two  normals  intersect,  the  equations  (1),  (2),  (3),  and  (4), 

vill    apply  to  the  point  of  intersection  ;   and  if  the  co-oi'dinatca 

<,  y,  and  z  of  that  point  be  eliminated  between  the  four  equations, 

the  result  will  be  a  relation  between  the  increments  A  and  k  and  con- 

■touts,  it  beinff  observed  that  (  ^  — -  and  «  ^  ~,  are  constant  foi 

.dp   dp  , 
the  same  point,  and  the  same  is  true  of  -;— ,  -r-,  &c 

This  relation  between  A  and  jfe  implies  a  necessary  relation  between 
the  new  values  of  x  and  y,  in  order  that  an  intersection  of  the  nor- 
mals  may  be  possible ;   and  when    the  normals  are  consecutive, 


of  which  is  equal  to  zero)  in  (3)  and  (4),  then  dividing  by  A,  and 
finally  making  A  =  0,  those  equations  become 


or,  by  forming  the  values  of  the  partial  differential  coefficients, 

^  ^^...£ef„^(„„d(2), 


(0). 


(iy,'  tir,'  dy^' 

'zj     difi     dif    dZf   </y,     .  ' 
,du,    dx.     dx.    dii.    dx,        ' 


.  d'^■^     dz^      .  ,     (Pz;     d>J■^      ifz,    d^■^    dy^ 

''^'dr^~d^^'^^'~''"d^^ '  d^^~'d7^  'd^i'dXi 


(fej    efe|     rfy, 

dj/j^   dxi     dy^   dxj 


snd  by  eliminating  «  —  z,  putting 
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we  obtain 

|;-J'"(i+?'^)-AV'^] 

This  is  a  quadratic  equation,  giving  two  values  of  -,—,  the  tangMit 
of  the  angle  between  the  axis  of  z  and  the  projection  of  the  tangent 
to  the  line  of  curvature  pissiiij;  through  (i,  jiZ,),  upon  the  platie 
of  xi/.  Hfncc  there  will  be  two  lines  of  ciirvnture  passing  ihrmigh 
each  point  of  the  surface  ;  anti  if  p',g',  i&c.,  he  replaced  in  {C)  by 
tlieir  general  values  derived  from  the  equation  of  the  surliice.  ibe 
result  will  be  the  difTfrenttal  equation  of  the  projeelion  of  every 
pair  of  lines  of  eurvaturc  upon  the  plane  of  ny. 

217.  J'rop.  The  lines  of  curvature  at  any  point  of  a  curved  sur- 
face intersect  each  other  at  right  angles,  and  tliey  are  respectively 
tangent  to  the  sections  of  greatest  and  least  CTirvaturc, 

If  we  suppose  the  plane  of  *y,  (which  in  the  last  proposition  was 
assiinied  arliitrarily)  to  eoliieide  with  the  tangent  plane  at  the  point 
under  consideration,  we  shall  have 

''',  dz. 

Hence  the  equation  (U)  may  be  reduced  to  the  form 

Hence  if  ^,  and  fl,  denote  two  angles  determined  by  the  coriditioii 
that  tan  #,  and  tan  i^  shall  be  the  roots  of  this  equation,  we  sball 
have,  by  the  theory  of  equations, 

tan  S,  tan  ^i  =  —  I ,    or     I  +  tan  Sj  tan  ij  =  0, 
which  is  the  condition  of  perpendicularity  of  two  lines  in  tlie  plans 
of  j-y  forming  angles  d,  and  S^  "ith  the  axis  of  x.     Thus  the  tu>- 
gents  to  the  two  lines  of  cur^■atur6  intersect  at  right  angles. 
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218.  Again,  if  we  divide  equation  (F)  by -f^=  tan^i  and  replace 


{Q),  wiiich  serves  to  determine  the  two  angles  formed  by  (he  prin- 
ci[>al  seetions  witb  the  plane  of  xz,  and  hence  the  directions  of  the 
lines  of  curvature  are  tangent  to  the  eurves  of  principal  section. 

219.  Prop.  The  consecutive  normals  to  a  surface  drawn  through 
points  in  the  lines  of  curvature,  intersect  at  ihe  same  points  aa  the 
consecutive  norniala  to  the  priucipal  sectiojis  to  which  the  lines  of 
curvature  are  tangent. 

Regarding  the  tangent  plane  at  the  given  point  of  the  suriace  as 
still  coincident  with  tliat  of  xij,  we  shall  have 


'l  — 

"■2:= 

0  and 
1 

^r 

=  0  and  the  equation  (7), 
•          tanfl 

gives 

~$- 

tand 

'      *"■        d^z,         d% 

id 

Now 

if  the  plai 

leof  X 

■i  be 

supposed  coincident  with 

a  principal 

section, 

these  expi 

■essions 

■  will 

he  still  further  simplified,  s 

d% 

will  then  be  =  0 ; 

,  thus, 

1_  _  1 

'  ~  fgj    '*'"  '  ~  d% 

dxj^  dy^ 

But  these  expressions  are  precisely  the  same  as  those  previously 
found  for  the  radii  of  curvature  of  the  principal  sections,  and  hence 
the  centres  of  curvature  of  the  principal  sections  must  coincide  with 
the  points  of  intersection  of  consecutive  normals  to  the  surface 
through  points  in  the  lines  of  curvature. 
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CHAPTER    I. 


C  PKINCIPLKB, 


itegral  Calculus  is  to  determine  the  function 
I  dilTcrcntia]  has  been  obtained.  The  pro- 
wled is  called  tiitei/ralion,  and  is  indicated 
.  b«ing  called  the  iutegral  of  the  proposed 

en  differential  can  be  reduced  to  a  known 
the  function  by  simply  reversing  the  rules 

■.a.d{Fx)  =aF■^x.dx,  we  infer  that 
FjX.dx  =  afF,x.dx, 
any  constant  fiictor  from  under  the  sign  of 
a  factor  exterior  to  that  sign, 

f-F^x.dx  =  -fa. F^x .  dx. 

■oduoe  a  constant  factor  under  the  integral 
its  reciprocal,  as  a  factor,  exterior  to  that 

algebraic  sum  of  several  functions,  we  dif- 
eparately,  and  take  the  algebraic  sum  oftha 
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several  differentials.  Hence,  in  order  to  integrate  the  algebraic  sum 
of  several  differentials,  we  have  only  to  iiit^'giatc  the  several  terms 
successively. 

Thus     f{adx  +  bdy  —  cda  +  edv)  =  fadx  +/hdy  —fcdz  +■/«& 

6.  Again,  since  differentiation  causes  all  constants  connected  with 
the  variables  by  the  signs  +  and  —  to  disappear,  it  follows,  that  in 
effecting  an  integration,  we  should  always  adii  a  constant,  in  order 
to  provide  for  that  which  may  have  disappeared  by  differentiation  : 
thus  we  write 

fadx  =  aa-  +  c, 

in  which  the  value  of  c  will  be  arbitrary,  unless  fixed  by  other  con- 
ditions. 

Suppose,  for  example,  that  the  general  value  of  the  integral  is  X, 

X  =  ax  +  e; 
and  that  for  a  particular  value  x,  of  x,  the  integral  assumes  a  known 
value  X^i  then 

X,  =  (Wj  +  c,  and  . ' .  e  =  Xi  —axj. 
And  this  value  substituted  in  the  general  integral,  gives 
X  =  a{x-^,)  +  X,.' 

Integration  of  the  Form  (Fx)"dFx. 

7,  Prop.  To  integrate  the  form  {Fx)'dFx. 


1  iFx\'-^^ 

The  same  process  can  obviously  be  applied,  whenever  the  quan- 
tity exterior  to  the  parenthesis,  can  be  rendered    the  exact  dif- 
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fereiitial  of  that  within,  by  the  introduction  or  suppression  of  a 

IIgiioc  we  have  the  following  rule  for  the  integration  of  this  form, 

Divide  the  given  expression  by  the  differentied  of  the  quantity  vriUim 
Ike  (  ),  then  increase  the  ezponcnt  of  the  {_  )  by  unity,  aad^Holly, 
divide  by  the  exponent  thva  increased. 

EXAUFLBB. 

8,  1.  To  integrate  aafldx. 

faz>dx  =  afx^dx  =  ^/4x3dx=^  +  e. 

2.  To  integrate  -y/b^  +  > .  Zex^dx. 

3.  To  integrate  dy  =  {2a  +  3iz)3(ir. 
This  may  be  integrated  in  two  ways;  thus 

y  =  /(2a  +  abxydx  =/(8q'  +  atSa'^bx  +  51o6»ar»  +  zrb»j?)dx 
=  fBa^dx  +  fSda^bxdx  +  fbiab^x^dx  +  fflW>a?dx 

27 

=  »a^x  4-  l&a^bx>  +  ISafis*^  +  ^  4=^  +  c.  .  .  .  .  (1). 

Again 
y  =  /(2a  +  Uxfdx  =~  /4(2a+3i^)3. 3i<ir  =  -l-(2o+36i)»+ei 


"  36 


27 


The  formulic  (1)  and  (2)  arc  Identical.     For  if  yj  denole  fbe 
particular  value  of  y  when  «  =  0,  we  shiill  have  from  (1)     y,  =  c; 

«,dfr<,m(2)     y,  =  *^  +  c„     .■..  =  1?*  +  ,,. 
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4.  To  integrate    dy  =  3(44^=  —  2ri')'  {Ibi  —  3cx^)dx 


9.  In  each  of  thii  precodiDg  ctamples  the  proposed  difTerentinl  has 
Been  brought  to  the  required  furm,  viz. :  that  in  which  (he  port  ex- 
tci-ior  to  Che  (  )  is  the  exncrt  dilfureiitLal  of  th.tt  within,  by  intro- 
ducing a  coiialant  fiictur.  Tii  asccrtLiin  when  this  is  possible,  take 
the  last  example,  and  denote  by  A  tbc  required  unknown  feotor ;  then 

y  =  -i-y(46j'  -  2f:r3)*(12/li.r  -  9Acx^)dji, 
and  if  this  be  of  the  required  form,  we  must  have 

rf(4ia^  -  2ei^)  =  {l2Abx  -  HAex'')dx 
or  86*  —  Ccjr*  =  12A&X  —  9Aex\ 

and  since  this  condition  must  be  satisfied  without  reference  to  tne 
value  of  X,  we  must  hove,  by  the  principle  of  indeterminate  coefH 
cicnts,  the  two  separate  conditions 

86  =  l2Ab (1)     and     -  6e  =  -  9^c (2). 

From(l)      ^  =  ^=1     andfrom(2)     ^=|  =  | 

The  values  of  ^  derived  from  (1)  and  (2)  being  identical,  the  prtv 
posed  reduction  is  possible. 

The  next  example  will  illustrate  the  contrary  case. 

I.  rfy  =  (46=^  +  3ax^y(2b^  +  8ax)dx. 

If  possible,  let  A  be  the  required  fiictor.     Then 


,  rf(4J^j;  +  3oi=)  =  (26'^  +  SaAx)dx, 
4i«  +  6«*  z^  26U  +  8aAx, 
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which  gives  the  two  separate  conditions 

46"!  -  aiM {!)         and         Qa  =  SaA (2). 

I>om0)      A^§  =  2,     andfrom(2)     ^  =  g  =  |. 
These  values  <jf  A  being  different,  the  desired  reduction  is  impossible. 
2.  To  inti'gi'ate  dy  =  jt-j* 
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CHAPTER  11. 

XLBUBNTART  TRANSCENDENTAL  FORMS. 

Loyariihmic  For>n8- 

adx  ad(Fx\ 

10.  Prop.  To  integrate  the  forms  and  — ^ — '- 

Since  d{a  log  x)  = .  • .  /  =  a  log  *  +  c. 

Also  since  d(a .  Jog  Fx)  =  -^, —     .  • .  /  -^ —  =  a.]ogFx  +  c. 


11.  1.  To  integrate  rfy  =  v— p — ■ 


^  =7/t-^  =  r'**2f*  +  «)  +  C  =  log  [(6  +  cxy'\  - 


Iti  this  example  the  constant  introduced  by  the  integration  is  put 
into  the  furni  of  a  logarithm  (which  is  always  admissible)  for  the 
pnqHise  of  simplifying  tha  form  to  which  the  integral  is  finally 
reduced. 
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8.  To  integrate 

7  /■  —  Gxdx  ,      ,„         „  „,|       „ 


=  '[^  **  -  !08a«x  +  54a«  log  x  +  ^  -  ~]  +  C. 

Circular  Forma. 


b^3? 
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SimiUrlv,  since    /'         ''^  ■ 


13.  Prop.  To  integrate  the  form  rfy  =  ±  ---■■■■  ^- 
Tiikiiig  the  uppnr  sign,  we  have 


Comparing  the  expression  under  the  sign  of  integration  with  the 
weil  known  form   (?(tan~'«)  =:  ^   they   become    identical    by 

,.        hx 
making   —  =  b. 


«"■  /r?7.  =  - 


16 


And  similarly,  since    / =  cot— 'z  +  c. 

r    —dx  1  .hx 

14.  /*TOp.  To  integrate  the  form  dy  = 


Taking  the  upper  sign,  we  have 


/+  lie 
z-i/'b^x^  —  a^        \  lb-}?       ,         ^    \hx,     ilfix' 
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3.  To  integrate  rfy  =  yj^-fja" 

_  —  Ixdx  _       7  /•  —  Qxdx 


=  *[^  *»  -  108a=:r  +  54a*  log  *  +  1^  -  ||^J  +  C. 

Circular  Fortm. 

dx 
12,  /'rqp.  To  integrate  the  form     dy  =  ±.  ■• 

Taking  the  upper  sign,  we  have 


-/tI 


■/^  _  (p.^  ' 


+  </x  1        °  > 


M- 


Lct  the  quantity  under  the  sign  of  integration  be  compared  with 
the  well  kni>wii  form  rf(sin-'2)  =  ■  -,  and    it   will   be   found 

identical  therewith,  proviJid  we  make  -x=.z. 


v/' 
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Similarly,  since    /' 


.       -dx  1  1 

.' .  y  =  I  -  =  -7  ■  cos-'  - 

13.  Prop,  To  integrate  the  form  dy  ^  ±  - 
Taking  the  upper  sign,  wo  have 


Conipftring  the  expression  under  the  sign  of  integration  with  the 
veil  known  form 
mahing    —  =  7. 

/■    ''^ 
But      /  ^r— ; — ;  =  tan-'2  +  e. 

1  ,bx   ^ 


And  similarly,  since    /  ^  =  cot-'z  +  e. 


■J^  +  b'^X^       ab  a 

14.  Prop.  To  integrate  the  fomi  dy  ■=  ±  — -r^= 
Taking  the  upper  sign,  we  have 
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Comparing  the  expression  under  tlie  sign  of  integration  with  the 
known  furni  rf{sec~'z)=3  — ,  they  become  identical  bjr  making 


it  /* — =.'!^=  =  sec-'»  +  c 


bx    lli-x* 
-a\l-^- 


/—  ilx             1             ,  fti  , 
— — =  -  cosec~' he. 

15.   Prop.  To  iiiU-grut>;  the  f..rm  dy  =  ±  —^^.^^. 
Taking  the  upper  sifjtn,  we  have 


Comparing  the  expression  under  iho  sign  of  integration  with  the 

known  form   ^(versin-'a)  =  ,  they  become  identical    by 

V -^  —  z^ 
makmg   —^  =  a. 
But       "'  /- 


^--dx 


v^m-m 
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.  • .  y  =  T  versin-'  — j-  +  e. 
i  similarly,  since    /  -  .         —  =  coversiir-iz. 
•       -dt  1 


/       -dt  1  .     ,26»a:  , 

.   y  =    I  ■    -.      .rrr—.  =  7 COVeFBin-'  — ^  +  fc 


XXAHPLE9. 


16.  !■  To  integrate  tjy 


TV      2' 


2.  .To  integrate  iy  =  • 

1  rZx-'di      1^ 


1.  .    ,ai'  , 


A?-<u» 


=  V^I   ~ ■=4v^' 


*/ 2 . 6«*  -  6 .  Cz*  I y/ 2 . 6**  -  6 .  to* 

=  4  VS".  Tersin-i(6ar*)  +  e. 

17.  Since  each  of  the  trigonometrical  functions  can  be  expressed 
n  terms  of  any  other,  all  the  circular  forms  must  apply,  whenever 
me  is  applicable.    To  illustrate  this,  take  the  example 
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-?VS.'*'& 


-icor-iyfe  +  t,. 


-  =  ^  versin-'  (4*^)  +  4^ , 


1    /•      —  lix'dx  1  .      I  /*  «    1 

J  /— i^=;  =  -  s cover.iii-1  (4i>)  +  t. 


1  + 


(i-.) 


-5  Ws-" -'+'•• 

y  =  -  eotaii-W  o  «^— 1  +  ^ 
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Ti'ig(ynametrical  Forma. 
18.   Prop.   To   integrate   the   forms   Bmxdx,  coaxdx,  s&^xdx, 
oosec^xdx,  eeoxtsaxdx,  and  cosecxcotx(/.r. 

8iT>ixd{eosx)=—sinxdx,.\fsinxdx=—/—6inxdx=~coax+e. 
"    (f  (sin  x)  =     cos  xdx, . ' .  /cos  irf*  =  sin  i  +  c. 
"    <f(tao  r)^     aec'rtiF,  ,  • .  faec^xdx  =  tan  r  +  c. 
"    d(cot  «■)=  —cosec'atiF, .  ■ .  feosed'xdx  =  —  cot  i  +  c. 
"    rf(sec*)=     secitanziiF, .  ■.  fsecxUmxdx  =  sec*  +  e. 
"  (i(coseoa;)=— coaecaicotwii:,  .■,/coseCircotiK(ij=— coseCiB+A 

KlfAltPLBS. 

19.  1.  To  integrate  (fy^:  2 COB 3:1;. (£i;. 

y=/2ms3x.dx  =  ^fcos3x.d{fix)  =  ^sm3x  +  e. 

y=/5  8etf'(«').«srfi=|ysec^(^)3a:=(ii=^ysec*(*»)  <;(:«■■') 

=  ltan(*=)  +  e. 

3.  dy  ^  B  sec  4x .  tan  4x .  dx 

}/  =  -/  sec4x.tttn4x.d[4x)  = -secii  +  c. 

4.  rfj,  =  2  sin  (a  +  3^)*;, 

y  =  lf«'a(a  +  Zx)3dx  =  ^fsin(a  +  3T).d(a  +  3x) 
=  -|cos(a  +  ar)+e. 

5.  ''S'  =  2  cosec*(y^  .  j;~*(Ir. 

y  =  -7=  fcoKC^{^/^)  .-y/I.  x^dx  = =;C0tVS*  +  fc 
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6.                     rfy  =  2  coaeo  (nr) .  cot  (nar) .  dx. 
S  =  -y  cosec  {nx)  cot(ar).  d{na)  = cosec (na;)  +  c. 

ExpoTUTitial  Formt. 

20.  Prop.  To  integrate  the  form  rfy  =  <i*dx. 
Since      da*  =  log  a .  a'dx, .  • .  fa*dx  =  j /"log  a  .  a'dx 

IXUIFLES. 

21.  1.  To  integrate  dy  =  Se'dx,  where  e  is  the  Naperiaa  base, 
log* 

3.  iy  =  me"*(ir. 

y  =  -^fe"d{M)  =  ^t»+c. 

The  cases  which   hat's  now   been  considered    include  all   the 
elementary  forms. 
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RATIONAL  FRACTIONS. 


22.  Having  disposed  of  the  simple  and  elementary  forms,  or 
6uch  as  admit  of  being  brought  to  auch  by  some  veiy  obvious 
process,  we  shall  proceed  to  the  consideration  of  more  complicated 
expressions,  endeavoring  in  each  case  to  resolve  them  by  a  sys- 
tematic process  inlo  one  or  more  of  the  elementary  forms. 

23.  The  first  form,  in  point  of  simplicity,  which  we  shall  have 
occasion  to  consider,  is  that  of  a  rational  algebraic  fraction,  and  in 
such  expressions  we  may  always  regard  the  highest  exponent  of  the 
variable  in  the  numerator  as  less  than  the  corresponding  exponent  in 
the  denominator,  since  the  fraction,  when  not  given  originally  in  that 
form,  may  be  reduced  by  actual  division,  to  a  series  of  monomial 
terms  and  a  fraction  of  the  desired  form. 

84.  Pr^.  To  iotegrate  the  form  , 

.  to—'  +  ftt— ^ +lx  +  k 

^       Oi*"  +  6,j;— '  +  e^x'-^^ +  /,a:  +  *,     ' 

l»t  Caie.  When  the  denominator  of  the  proposed  fraction  can  be 
resolved  into  real  and  unequal  factors  of  the  first  degree. 
To  illustrate  this  case,  take  the  example 


°'  +  'ic 

ax 

+  '    1 

x>  +  bz^ 

■{' 

+  >)^ 

where 

A  and 
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cnnstants  whose  values  are  to  be  determined  b;  the  condition  tUt 
this  assumed  equality  shall  be  verltied. 

Reducing  the  terms  of  the  second  member  to  a  common  deni»iii- 
nator,  we  have 

ax  +  e  _  A{x  +  b)  Bx      _  Ax  +  Ab  +  Bx 

x^  ■{■  bx~    z"  +  6a;   "*'  as*  +  i«  ~         x^  +  bx 
Hence  ax  +  c  =  Ax  +  Ab -\-  Bx; 

and  since  this  condition  is  to  be  fulfilled  without  reference  to  the 
value  of  X,  the  principle  of  indeterminate  coefficients  will  furnish 
the  separate  equations 

c  =  Ab,     and     a  =  A+  B. 
Thus  we  shall  have  two  equations  with  which  to  determine  the  values 
of  the  two  constants  A  and  B.     Resolving  them,  we  find 

e  e       ai>  —e 

A  =  -r    and    B  =a  —  A  =  a  —  -  =  — 7 — 

Hence  by  substitution 

fax  +  e    ,         r-A    ,     ,    r   B      ,        e  rdx  ^  ah-e  f  dx 

_|log,  +  f^^Iog(*  +  J)+  C. 

As  a  second  illustration  take  the  followin);  example 

«*  +  6s       X      X  +  b 


Tien 


a       _  M'^  +  ^)  J.     -^■^      _  Ax  +  Ab  +  Bx 

■'  +  6*  ■"    a"  +  6*       *»  +  &F  ~         a?  +  bx 

,• .  a  =  Ax-^  Ah  +  Bx,  and  consequently  b^  the  principle  of  hide- 
terminate  coefficients 
a  =  Ab    and    Q=A-^B,    whence    A  =  -r  oaA.  B=—A=—r 
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And  by  Bubstitution 

/adz       /*     adx       _a   rdx  _^a   /*    dx 
Tx  "J  blx+'bj  ~lJ  ~x       iJ  x  +  b 

=  ^  log  «  -  I  log  («  +  6)  4-  log  e 
=  log  (/)  -  log  {{x  +  bf]  +  logc 


Here  the  factors  of  the  denominator  &re  x,2-\-  x,  and  2  —  x,  and 
we  therefore  assume 

2  +  3x~4x»      A         B  C 

4x  —  x>      ~x'^2-i-x2~x 

"  4x  —  x^ 

.■.Z  +  Zx-4x^  =  4A-Ax'  +  ZBx-Bx''  +  'iCx+  C^, 
and  by  comparing  the  coefficients  of  the  lihe  powers  of  x,  we  hare 

2  =  4A,    3=23  +  20,     -4=:-A-B+C. 
These  conditiooa  give 

A=^    £+C  =  %    and     £-C  =  4-J  =  ^. 
.■.A  =  l.     i,  =  |     <7=-.. 

''•^~2J   x^^J  Z  +  x'^J  2-x 

=  ^  iog  *  +  ~  log  (2  +  *)  +  log  (2  -  ar)  +  e. 

25.  A  similar  decomposition  into  partial  fractions,  each  integrable 
by  the  It^arithniic  form,  will  be  possible  whenever  the  denominator 
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Gftn  be  resolved  into  simple  and  uncqwtl  factors.  For  if  the  imm- 
ber  of  such  factors  be  n,  each  constant  numerator,  as  A,  B,  C,  iic, 
will  be  multiplied  (in  the  reduction  to  a  common  denominator)  by 
all  the  denominators  except  its  own  ;  and  since  each  denominator 
contains  only  the  first  power  of  the  variable  x,  it  follows  ihat  there 
will  appear  in  the  numerator  of  the  sum  of  the  reduced  fractions 
every  power  of  x  to  the  (n  —  1)(A  power  inclusive,  and  also  an  ab- 
solute term.  Hence  the  number  of  equations  formed  by  placing 
the  absolute  t«rms,  and  the  coefficients  of  the  like  powers  of  x  equal 
to  each  other,  will  be  n,  and  therefore  just  sufficient  to  determine 
the  n  constants  A^  £,  C,  die. 

26.  When  the  factors  of  the  denominator  are  not  immediately 
apparent,  we  may  place  the  denomhiator  equal  to  zero,  determine 
the  roots  7|,  x^,  &q.,  of  the  equation  so  formed,  if  practicable,  and 
employ  the  factors  x  —  Xj,x  —  x^,  &c 

Put  22"  —  4»  —  10  =  0     or     x^  —  2x  -5  =  0. 

Then  x  =  I  ±  y^S^  and  the  factors  of  the  denominator  are 
a;  _  1  +^6        and        *  -  1  -V^T 

f(4  +  '7x)<ie  _  1    r (4  +  7x)dx 


A  fk 


_  1    /■       Adz  ,\.f       ■P'^ 

.•.i  +  7x  =  Ax~A—A t/6  +  Bx~  B  +  £y^ 
whence    4=  -  A- Ay/6  — B  +  S-y/Q    mi    7  =  A  +  B, 
from  which  ve  deduce 
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_  Tt/B  — 11  ^  dx  ^  7v^ 


-11  ^         dx  7v^6  +  11  /.  dx 

^/6~J  ^-1+^      ~~Q^J  X  -  1  -^ 

7v^-lt,      ,       ,,     ^     7v^+ll        ,       ,        ^^^ 

27.  iW  C'a«e.  When   the  denominator  of  the  proposed  fraction 
contains  equal  factors  of  the  first  degree. 

To  illustrate,  take  the  example    dy  =  — p-^dx. 

If  we  attempt,  as  in  the  first  case,  to  resolve  this  into  three  frac- 
tions having  denominators  of  the  first  degree,  by  assuming 

a  +  bx  +  tx^  A       ,       B       ,       C 


(x  +  ky  x+A^x+h^x  +  k 

there  will  result 

a  +  bx  +  cx^  =  {A  +  B  +  0){x  +  k)% 
and  .■.a={A+£+C)li^  b={A+B+C)2k,  and  c=(A+B+C), 


whence 


"  2A  ~  A» 


Thus  the  assumed  condition  would  establish  a  necessary  relation 
between  the  constants  a,  b,  c,  and  A,  where  none  such  should  exist, 
those  constants  being  entirely  arbitrary. 

It  is  easily  seen  that  such  a  result  might  have  been  anticipated : 

f      ■  ^_L^,t^         A  +  B+  C    . 

for  smce  — — r  H tt  H tt  = n '  tne  proposed  ex- 

pression  — -. —      ,.  —  can  only  be  reduced  to  this  form  when  the 

numerator  is  divisible  by  (x  +  ky.  Henoe  the  decomposition  of 
the  proposed  expression  into  three  fractions  of  this  form  is  not  usu- 
ajly  possible,  and  when  possible  it  is  not  necessary  because  the  form 
of  the  fraction  can  be  modified  by  reducing  it  to  simpler  terroa. 
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But  if  we  put  x+h=e,  we  shall  have  dx=dz,  and  by  substitutioa 

(a  +  6j  +  cxi)dz  _  [a  +  h{z  -  k)  +  e{z'  -  2zA  +  A^)]tfe 

(x  +  ky      -  ^ 


ta  -  JA  +  cA'      6-2cA  c     T 

(;r  +  A)'     '^(:r+A)=''"a  +  Aj     ' 


Hence  the  proposed  fraction  can  be  resolved  into  three  fractious 
having  the  forms 

'  c     ■ 

r  +  A 

and  since  the  same  reasoning  would  apply  if  the  number  of  eciual 
factors  were  greater,  we  may  in  general  assume 

a  +  6j  +  eg'  ■  .  ■  ■  +  iJ^-^'  _       A  B  I 

{x  +  hy  -{x  +  h)''^{x  +  h)-^ '^x  +  K 

the  number  of  such  fractions  being  n. 


2-3ar  _       A  B{x  -  a)  _  A  ■\- Bx  -  Ba 

\-{z-af-{x-<,f^   {x-a)^-        {x-af. 

.•.2  —  Zz=A  +  Bx~Ba,  whence  Z^A  —  Ba,  and  —3  =  A 
.■ .  B  =  —Z     and     ^  =  2  +  ^a  =  2  —  3a,     and  consequently 

y=(2  -3«)/^-^  -  3/^  =  (2-3a)^  -3  log  {x-a)+c. 

When  the  denominator  contains  both  equal  and  unequal  factOTS 
of  the  first  degree,  the  two  methods  must  be  combined. 
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x>-4x  +  3    , 


Since      s[^ -- &fi  +  9x  =  x{x^  —  6x  +  9)  =  x{x  ~  S)'    we  assume 
x*-4x  +  B_A£  C  A(x~BY+Bx+Cx{a:-2) 

:^-Qx^+9x  ~  X  "'"{«-3f '*'  {x-S}  ~  x^-iix'  +  9x 

.-.  j^  -4x  +  Z  =  A{x^  ~  6x  +  9)  +Bx+  C(:^  ~  3x), 
wbwice    S  =  9A,     —4  =  ~QA  +  £-S0,    and    l=A  +  0. 

■  ■•A=~>      C=|     and     5  =  0. 

I    rdx      2  f   dx  1,  ,  2,       .         „,   ,    ,, 

=  llogz  +  ilog(T  -  3)^  +  |logc  =  llog[«{*  -  3)«1 
=  ]og[cr{r-3)»]* 

^  ''y  =  (.-2)H.  +  3)"- 

-  (.r  -  2f  ^  ;^-2  ^  (;.+3)^  ^  (*+3) 
.  ■ .  1  =  ^(«+3)2+5(;e-2)(*+3)^+  C(i-2)^+/)(i-2)^(«+3), 
or  1  =  J{a;a  +  &x  +  9)  +  B{7?  +  4z=  -  3j  —  18} 

+  C{^  -  4a:  +  4)  +  i)(a3  _  a;»  -  Sr  +  12). 
.-.  0  =  .fi  +  i>,  0  =  .4  +  45 +  (7- A    0  =  e^-35-4(7-8i?, 
and  1  =9,4-185  +  4C+  12i). 

Hese  equations  ^ve,  by  elimination, 

•'•  ""25^  (a'-S)*       125*'  «-2  "^25^  (a;+3f"'' 125/1+3 
=  -25(^)  -  4'"«(=^  -  ^>  -  25(iT3)+ li5''^^'+'^^^^ 
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But  if  we  put  x+h=z,  we  sh&ll  have  dx=dz,  and  hj  substitution 
(g  +  fa  +  cx^)dx  _  [a  +  b(z  -  A)  +  c(z'  -  gzA  +  ft')]^ 


^r-o-^-MA'      5-2CA       q,^ 


Hence  tbe  proposed  fracdon  can  be  resolved  into  three  rractioiiB 
having  the  forms 


and  since  the  same  reasoning  would  apply  if  the  number  of  equal 
factors  were  greater,  we  may  in  general  assume 

g  +  6j  +  M'  .  ■  .  ■  +  t J— ■ 
(^  +  A)- 

the  number  of  such  fractions  being  * 


{x^af  — 

2  —  33:  A  B 

Assume  :-  =  -. r^  H ■ 

(^  -  o}=       (x-<iy      x~a 

2~Sx  _       A  B{x  -  a)  _  A  +  Bx—Ba 

\-{x~af~(x-ay-^  (x~ay-       (^  -  a)» 

.• .  ^  —  Sx  =  A  +  Bx  ^  Ba,  whence  Z  =  A  —  £a,  and  —S  =  £. 
■  ■ .  B  =  —  3    and    A  =  2  +  Ba  =  2~Za,    and  consequently 

»=P-3-)/(r?^,  - 3/^  =  (2-3«)^  -Slog (—)+». 

When  the  denominator  contains  both  equal  and  unequal  factOTS 
of  the  first  degree,  the  two  methods  must  be  combined. 
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Since  4!»  —  6ir»  +  9*  =  «(*»  —  6x  +  9)  =  x{x  —  3)»  we  assume 
^-4x-\-Z^A  £  C      _A(x-SY+Bx+C!r(x-a) 

x^—fk^+9x       X  "*■  {x—Zf  "*"  (i— 3)  ~  a;3  -  tij;^  +  9* 

.■.*'-43;  +  3  =  ^(j:»-0x  +  9)  +  £*+  C(«^-3«), 
whence    3  =  9J,     —  4  =  —  6il  +  ^  — 3C,    and    1  =  ^  +  (7, 

.•.A=.\      ^  =  %     '^^     £  =  0. 

■••»=l/?+i/^B=5'"^'+l'°«('-^)+'' 

=  i  los  .  +  i  log  («  -  3)'  +  i  log  ,  =  1  log  [a(,  -  S)-l 
=  log[«(— 3)>)*. 

*"""»  (.  -  2)=(x  +  3)'  =  (I^Tiji  + 1=5  +  (J+3p  +  (J+S)' 
.  • .  1  =  ^(«+3)'+^(»-2)  (1+3)'+  C(a!-2)"+i)(»-2)'(i+3). 
or  1  =  A{x^  +  6i  +  9)  +  5(r>  +  4z'  -  ae  -  18) 

+  C'(«'  -  4l  +  4)  +  i)(i:>  -  l>  -  8a:  +  12). 
.-.  0  =  B  +  D,  0  =  A  +  4B  +  C-I>,    0  =  6^-3£-4C-8i^, 
md  l  =  9al-18£  +  4t7+122>. 

Hiese  equations  give,  by  elimination, 

A  =  ^      B  = —y      C  =  —y    and     i>  =  — - 

2?  125  25  125 

•'■  ^'"25^  (*-2)'      125'' iF-2"*'25/(4r+3)''*'i25/i+3 

>+3)+.. 
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29.  Case  3d.  When  the  eimpte  factors  of  the  denominator  Kra 
imaginary. 

These  factors,  which  correspond  to  the  imaginary  roots  of  an 
equation,  enter  in  pairs,  and  are  of  the  forma 

xdia  +  b  ■/^\,     and     s±.a~b  -^  —  \. 

and  their  product  gives  the  renl  ijuadratic  Ctcior 

i'  ±  2a/  4-  a*  +  t'  =  (x  ±  of  +  h^ 

Hence,  if  there  be  but  one  pair  of  simple  imaginary  factors,  or  a 

single  quadratic  factor,  in  the  denomin.itor,  the  corresponding  partial 

fraction  ■will  be  of  the  form  -. :-; —^  in  which  the  numerator 

{x  ±  uy  +  i^ 

must  consist  of  two  terms,  one  containing  the  first  power  of  x,  and 
the  other  an  absolute  term,  because  the  denominator  now  contains 
the  second  power  of  x;  and,  therefore,  if  we  introduced  a  constant 
only  into  the  numerator,  we  should  not  provide  for  having  the 
exponent  of  the  highest  power  of  x,  in  the  numerator,  only  one  less  , 
than  the  corresponding  power  in  the  denominator. 

But  when  there  are  several  equal  quadratic  factors,  the  denomi- 
nator being  of  the  form 

the  partial  fractions  will  be  of  the  forma 

^±B^__  ,  CJ  +  -P  Ex-\-F 

the  number  of  such  fractions  being  n. 

That  such  a  decomposition  is  possible  in  all  cases,  will  appear 
more  clearly  by  the  following  illustration.  Let  the  proposed  frac- 
tion be 

ftt»  +  tj*  +  /^  +  ffx'  -^  ^E  -t-  i 

{{x  ±  ay  + 1^^ 
Put  x±a  =  y,         and         a*  -|-  6*  =  z\ 
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Hien  the  fraction  can  be  reduced  successively  to  the  following 
forms 

c(y  T  «)■  +  «(i<  =1=  »)■  +/(y  T  g)'  +  <>(y  =F  a)'  +  >(y  T  «)  +  i 


_  fa  +  '.)(''  -»■)■+  (/.y  +  ?,)('■  -  >■)  +  *!?  +  ■•. 

_  MJ±<i)+>il(g'-2g'f+>')+[/i(»±»)+i>i](«'-i')+>i(j±«)+', 

Kii. )■+!.=]■ 
(-  2c  >■  +/,)» - 26%  ((^ .)  +/,(;. ± .)      cj  +  c(»,±.) 

which  is  of  the  form 

Ax  +  B  Cx  +  J)  Ex  +  F 

[{X  ±  af  +  b^Y  +  [(*  ±  «)^  +  i^p  +  {a.  ±  o)^  +  6=' 

And  a  similar  decomposition  would  evidently  be  possible,  if  thero 
were  n  equal  quadratic  fiictors  in  the  denominator. 

30.  It  appears  tiicrefur«,  that  when  the  denominator  contains 
siuple  imaginary  factors,  the  general  form  presented  for  integration, 
will  be 

(Ax  +  B)flx 
dy  =  -jY^ \a~/a>'  *'"'^^^  "  '"^y  "^  ^"^Y  mteger. 

Put  x±:a=is,     then 

,         (Az  =FAa  +  B)dz 

f    Azdz  f{B=p  Ao)Ji A 
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by  making  B  t  Aa=  Ay     Thus  the  proposed  integral  is  found  to 

depend  on  the  more  simple  form,  f^~L^^ 

h  will  now  be  shown  that  this  latter  can  be  caused  to  depend  on 

the  form    /  — ^ .- — -,  in  which  the  exponent  of  the  parenthesis  is 

diminished  by  unity.     Thus  we  have 


„  .i  !  \  dz  2{n-])rVz 

•  ■  •   y  (irq.  i.j.-  2(n—  1)/  (e*  +  6Y-'      2(»- 1 ) '  (2^+6»)-" 
which  value,  substituted  in  (1),  reduces  it  to  the  form 
/• & 1_  y        is 1  r        "^g 

_  B^_ gn  —  3      /•         A 

~  26*(»  -  \){f-  +  fi^)  —>  "*"  «i=  (n  -  1 )  y  (z«  +  i*)"->' 

Similarly,         /     ;" ,    ihi-i    *^''   ^*^  rendered    dependent   upon 

/  — 5,  &c,  BO  that  eventually,  the  original  integral  will 

depend  on  the  form    /  ^    -^  =  rtan-'-r- 

31.  We  infer,  therefore,  that  the  integration  of  a  rational  traction 
can  be  effected  wheuever  its  dcnotninator  can  be  resolved  into  simple 
or  (juadratic  factors,  and  that  the  integral  will  be  expressed  in  the 
form  of  Ic^rithms,  powers,  or  circular  arcs. 
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OEHEBAL    EXAKPLEfl. 

32.  1.  ^y=^ziT 

Since    («3  -  1)  =  (i'  4-  z  +  1)  (2  -  1),  and  «»  +  a:  +  1 

1  Ax+  B  C 

we  assume  -^ 


i^^  ~  iF«  +  *  +  1  "^  i^^' 
.  • .  1  =  ^»  +  £j!  —  ^«  —  £  +  Ci^  +  Cr  +  C. 
whence  0  =  .<1+  C,  0  =  B+C  —  ^and  \  =  C  —  B. 

'  and  if  we  put  «  +  -  =  «,  or  z* +  ;!!  +  -=:  a*,  «=:*— -  and  ia:  =  dt, 
there  will  result 


1   /•  i         1       (i  +  2)ii  1  1 


-5"*  I'-') -6  17^3 -y?- 


I  i„  = ^ . 
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1  A    ,    £z+  C        Px  +  S 

^""^"^  xia  +  bxr  =  V  +  («  +  bx-r  +  v+is^' 

l=Ja»,  Q=2Aab+B+I>a,  0=Al^+m,  0=C+£a,  (i=M, 

.-.  A  =  \,  B=  —~,  C  =  0,  J>  =  —\,  I!=0. 

1    rdx       b  f      xdx  b_   r   xdx 

-  ~^J  ~^~~^J  (a  +  bx^f  ~  a' J  a  +  bi? 

=  _l„ga:  + 


~  2o(a  +  bx")  ^  2o'     ■*  a  +  to»  ^ 

Put  X*  +  x'  —  3  =s  0,  and  resolve  with  req>ect  to  o^. 

.■.;.>=-i±|=l,or«>=-a, 

.  ■ .  («•  +  <•  -  2)  =  («'  +  2)  (i=  - 1)  =  (i>  +  2)  (I  +  1)  («  -  1), 
and  we  may  assume, 

Ci  +  P 

^    i>  +  2' 

x'=^(i>-j?+2i-2)+£(i'+i"+2«+2)+e(i'-«)+2)(i»-l). 
.•.0  =  ^  +  £+C,  l  =  -^  +  i  + A  0  =  2^  +  2* -O, 
0  =  -  2^  +  2B  -  i>. 

•'•  y  -  ~qJt+\^iJx-\  "'"3^*^  +  2 

=  -log(i;  +  l)*+log(«-l)*+^tai.-'-^  +  C 
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4-  ''y  =  -i :;■     Siuco 

1  —  *• 

l-j^=(\-x^)  {l+^)=(l-x)  (l+«+««)  (1+^)  {l-x+x'),  put 

1      _     A  B  Cx  +  D  £x  +  F 

1  -*«  ~l  +  x'^l-x'^l+x  +  x^l~x  +  T' 

.• .  1  =  A(l~  X  +  X?-  x^+  X*-  x>]+JHl+x  +  x^+  a?+  c^  +  3fi) 
+  C{x-x'+x*-x-'')+D(l-x  +  x^-x*)+i:{x+x^-x*-3^) 
-{.F{l+x-T>-x*). 
.■.l  =  A  +  B  +  £>  +  F,    (>=-A  +  B+C-D  +  B  +  f; 
0  =  A  +  B-C+£:,    0=~A  +  £+J}'-F, 
0  =  A+£+C— D-£~F,    0=—A  +  B—C  —  K 

''^  ~&J  l-^x       aJ  l—x      tiJ  \+x  +  x^      GJ    l  —  x  +  s* 
',      r.  .    ■.       'i      /I       »    ,     '    A^'+IH',    1    /•       Si 


12/  i-*+i=     12./  /  _U^ ,  3 


V3 


^j!H):,:i!H); 


=-««([S)'-H('±fg)^.^^--- 


+1  j-i-5^+1 


3   / 


_,2j-1\ 
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IRRATIONAL    FR ACTIONS. 


33.  The  differential  form  next  to  be  considered  is  that  which  is 
atil]  algebraic,  but  which  involves  irrational  or  surd  quantities.  As 
the  general  mode  of  treating  such  expressions  is  the  same  in  prin- 
ciple, whether  presented  in  the  entire  or  fractional  form,  they  will 
be  considered  in  the  latter,  which  is  of  very  frequent  occurrence, 
and  which  presents  some  difficulties  peculiar  to  itself. 

34.  When  an  irrational  fraction,  which  docs  not  belong  to  one  of 
the  known  elementary  forms,  is  presented  for  integration,  we  en- 
deavor to  rationaliie  it,  that  is,  to  traii3l<>rm  it  into  a  rational  form 
by  suitable  substitutions.  The  following  are  the  principal  '  cases 
in  which  this  is  possible. 

36.  Case  1st.  When  the  fraction  contains  none  but  monomial  terms. 
As  an  example  to  illustrate  this  case,  suppose 


Put  X  =  z"™  OT  X  =  z',  where  I  is  any  common  multipls  of 
the  denominators  n,  m,  e,  and  e. 


/  ia  a  multiple  of  n. 

Similarly     ar"  =  aPi"",    x^  =  e«i"™,    and    x'  =  a^"". 
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Also  dx  =  nmc« .  z""«-'(fa. 

az"!""  +  h^V"   ,  ,  ,  , 

Hence  ay  =  ~ir  mh.".!.' a  an'n™  t""***  •  «™""*imX 

which  ia  a  fraction  entirely  rational. 

si*-  3^* 

Ex.  To  integrate         dy  =  -       ■■  ■       lir, 

3x'  +  X* 

Assume  x  ■=  z^^:  then  a:    =  z^,  a;    r=  z^,  a    =  z",  «    =^  a*, 
and  dx  =  I2z".&. 

22«  — 32\„  „    ^       242"-36z«, 

=  (24z«  -  723'  +  2162*  -  64a!»)rfz 

+  lOOSCz*  -  323  +  9?*  -  2Tz  +81  -  -^^^  &. 

+  IQOafis*  ~3^  +  fo^  -  27?  +  81  -  —^'i'' 

+  1908  [l2'-|«'+3a>- ^s'+8l2-2431og(2+3)] +e 

+1908  Q^^- |»*+32;*- ^x*+81:r^-243  log(*"+3}] +c. 

36.  S(/  (7iu«.  When  the  surds  which  enter  the  given  e:ipressioD 
contain  no  quantity  within  the  (  )  but  one  of  the  form  {a+bz). 
As  on  example,  take 

J,  ^  ('  + '^r +(«+'■)"  fe 
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Put  a  +  iz  =  z""  where  the  exponent  of  a  is  a  multiple  of  all 

the  denominators  n,  m,  and  c, 

±i  ^  ,  'J. 

Then  (a  +  bx)'  =  a*'"',  (a  +  bx)""  =  z-'«%  (a  +  bx)'  =  z'l"-, 

and-  dx  =  —r-  ■  £**'-^d2, 

and  by  substitution 


""-biz'^-^  +  h) 
vhich  form  b  entirely  rational. 


Assume  1  +  4z  =  z^.     Then 

»i 1  ,  J,  I  « 

«  =  — j-^,  ''»  =  -2-,  i'  =  5j(j'-3z<  +  3z!-l),aiia(l+4»)'=i'. 

1    /2»       ,        3  ^   1  \  ^ 

'-"*■-      '  (l+fc)»     3(1J-4«)*J 

Put  1  + 1  =  z*.    Then  i  =  a*  —  1,  rfa-  =  'izdz,  and  yT+T=  t 
,   _      2grfz     _   2i/a    _    dz    _    fh 

■'■ '" (i'-i)z~«"-j~2-i   «  +  r 

.-.  y  =  log(»-l)-log  («+!)+., 

,     z  -  1               ,      t/1  +z  —  1 
or  y  =  '•'SrXl  +  ^  =  'og    , = 1-  "=• 
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38.  Owe  3d.  When  the  proposed  fraction  contains  no  surd  except 
one  of  the  form 

y'a  +  ii  ±  e^'^=  e  </~  +  —  ^  ±  ajS. 

When  the  last  term  b  positive,  assume 
^4-  +  -?*^  +  ^  =  ^  +  *'     *-^^^   ^ +-T*  +  'r'=z'  +  2zi  +  Je». 


The  values  of  x,  -^a  +  hx  +  c^i^,  and  rf.r,  being  all  expressed  ra- 
tionally in  terms  of  z,  the  proposed  dilTerential  when  transformed 
will  also  be  rational. 

Again,  if  the  term  involving  **  in  the  surd  be  negative,  denote 
by  z,  and  x^  the  roots  of  the  equation 

bz        a       .        ,  ,      ft*       a*        ,  , , 

and  therefore     -j  +  -j  —  x^  =  {x-i  ~  x)[x  ~  z,). 


Now  assume    y'(zj  —  x)(x  —  x^)  =  (z  —  z,)  .x. 

.■  .x,~x  =  (x  —  x.)t\     whence     x  =  — hr- 

'  V  1'      I  1  +  2« 

Hence  the  several  expressions  which  enter  into  the  proposed  dit 
fercnlial  will  be  rational,  and  therefore  that  differential  will  become 
entirely  rational. 

39.  1.  To  integrate     ify  = 


l/r+T+a? 
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Assujne  ^l  +  x  +  x'  =  z  +  x;  then  l+x  +  x^  =  ^+2zx+x' 


iO-^+^),, 


I  — »       J  ^\'  —'-r>^  I  ,         ,      /r~, — 't — ?     '  —  *  -r  * 

■•»=-/ r:j+pxil3T]^<'-=-yS3T=-l°8(*-l)+' 
1  ' 


2^1  +  z  +  i^  -  {ar  +  1) 


=  log  [2  /r  +  T+V'  +  (2*  +  1)]  -  log  3  +  e 


=  log  [2  v/i  +  a:  +  *»  f  2;r  +  1]  +  q. 

a.  .??=  ^ =• 

yT+  a:  —  a;^ 
Put  1  +  a;  —  le*  =  0,  and  find  the  roots  ar,  and  x^,  thus 

«,  =  -+-  -\/5     and     x,  =  ~  —  -\  T',      Now  assume 
2     2^"'''       *~  1  +  z» 

2VK:ii!  /— ^ 5  y^I 


2   a' 
1    1 


^..vT+^r^: 
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•/  a'— iV     a'+i'a*  (26^2)'  •/  a^  ■ 

\    f  hdi  \    r-bth        1  ,      a  -  6?  . 


=  -~-log- 


-bx+y/a'+b'^x'' 


40,  The  other  irrational  forms  which  admit  of  being  rationalized, 
are  chiefly  those  belonging  to  the  binomial  class,  which  it  is  proposed 
to  consider  carefully  in  the  next  chapter. 
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41,  Prop.  To  determine  the  conditiona  under  which  the  general  fonn 

rfy  =  *"  (a  +  fci " )  ^dx,  can  be  rendered  rational. 

If  we  put  x=z'",  there  will  result*"*  =  z"i",  xf  =«"i"     and 
dx  —  mn.  z™-'ife. 

.  ■ .  dy  =  i^>-'{a  +  iz-i")'  nm2"-'ab, 
so  that  the  form  will  be  equally  general  if  written  tlius 

dy  =  !X^(a  +  bx'ydx (1), 

in  which  p  is  the  only  fractional  exponent. 

Assume       a-^bx*  =  g;  then  3:  =  | — 7— 1 

(z  _  a\~^  1  "^-i 

—r — 1      and    a^dx  =  — ^^+7  (e  —  a)  "      .dt, 

and  by  substitution  in  (1), 


quantity  (z — a)  '        can  be  developed  in  the  form  of  a  series  of  mo- 
mlals  (with  a  limited  number  of  terms],  a  rational   fraction,  or 
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jnity,  and  thus  the  value  of  dy  can  bo  rendered  entirely  rational. 
For,  although  j»  is  a  fractional  expoiient,  the  expression  can  be  so 
transformed  as  to  remove  the  fraction,  by  the  method  explained  in 
tbe  first  case  of  irrational  fractions. 

Again,  since  i"{a  +  6i'')P  =  »«+"p(ojr-"  +  by,  if  we  put 
at—  +  b  =  X,  there  will  result, 

1  m+np+l 

.  =  (!=-»)  -,^^.=(1^1?)  -. 

,  ■ .  *~+^Pii;  = (z-J)     "  d:?. 

.■.dy=—- (z  — ft)     *  .if.d3. 

And  this  can  bo  readily  rationalized     when 1-;>  is  a  positive 

or  negative  integer  or  zero. 

We  conclude,  therefore,  that  there  arc  two  cases  in  which  it  will 
be  possible  to  rationalize  the  general  binomial  differential,  viz. : 

Ist.  When  the  exponent  m  of  i  exterior  to  the  parenthesis, 
increased  by  unity,  is  exactly  divisible  by  the  exponent  n  of  x 
within  the  (  ) ;  or 

2d.  When  the  fraction  thus  formed,  increased  by  the  exponent  p 
of  the  (  )  is  an  integer  or  zero. 

42.  These  two  relations  are  called  the  eondiltons  of  inUgrahilily  of 
binomial  differentials. 


and  the 

espreasion 

ican 

be  rendered  rational. 

Put 

o  +  »' 

=  z. 

.  =  (.-.,»  ^  = 

=  (- 

-.)■ 

..=■ 

;(«—)'&, 

aad 

d,= 

|(->=-'*-4 

(/- 

..=»-,..= 

■h^ 
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but 


*  = 

dz 

=  :^l+;.0- 

... 

'Kl+i 

7= 

>»  = 

-2,    » 

=  2 

and      p  =  - 

3 
-2 

m  +  1 

=  - 

^,  a  fraction  j 

+  '+. 

1 

3 

. 

veil 

teger, 

— rp 

2 

2~ 

:  —  2,  a  uegati 

and  the  expression  can  tlierefore  be  rendered  rational  by  IJie  seiMnd 
trannformation. 
Put         i-"  +  l=s,    .-.  I=(i-1)"',    ^sCe-l)" 
ir-* .  <fo  =  -  ^(2  —  l}dz,    and     Jy  =  -  ^(2  —  l)z~*<iz. 
or,  rfy  =  — -z  *rfz4--z  *(iB. 


l/.-**  +  l/r«.= 
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TOBUCLiE'OF  KEDUCTION. 

44.  When  a  binomiul  diRi^rentJal  satisfies  either  of  the  cunditioQS 
of  integrttbiiity,  it  is  possible  to  transform  it  into  n  rational  expres- 
sion; but,  instead  of  applying  this  proc<^ss  of  rationalization  directly, 
it  is  often  more  convenient  to  employ  certain  formulof  <if  reduction, 
■which  render  the  proposed  integral  dependent  upon  others  of  simpler 
form,  or  such  as  have  been  previously  integrated. 

45.  Such  formulae  are  deduced  by  employing  another  known  as 
the  formula  for  integration  by  parts. 

Thus,  since  (/(uv)  =  vdv  +  vdu,  we  have 

fvdv  =  uv  —  Jvdu (1). 

By  this  formula,  ftidv,  is  made  to  depend  upon  fvdv,  which 
latter  integral  nnay  be  more  simple. 

46.  Prop.  To  obtain  a  formula  for  diminishing  the  exponent  m 
of  X,  exterior  to  the  (  ),  in  the  general  binomial  form 

y  =  /*■(<!  +  bi^ydx.  ' 
Put  (a  +  bx*)fx'^^dx  =  dv,    and    a;"~*^'  =  «. 

Then  V  =  ("  +  ^^'?-J,    and    du=(m-n+  l)3f—'dx. 
nli{p  +1) 

But    y  =  /x''-'+^{a  +  bx^yz^-^dx  =  fvdv  =  uv  —  fvdu. 
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The  formiilft  (2),  effects  the  object  of  dinitnishiiig  the  exponent  m 
of  X,  but  ii  iiiL-roasea  by  unit}'  the  exponent  p  of  the  (  ),  nud  as  this 
would  often  be  an  inconvenience,  we  must  endeavor  to  modify  (2). 

Now  /j-"^— (a  +  bx*)r*-^dx  =  fi^-^ia  +  bx*)r{a  +  bx*)dx 

=  a  faf^ia  +  bfydx-\-b  fa^a  +  bf)rdx. 

Transposing  the  last  term  to  the  first  member  and  reducing,  ve 
have 

Hence     y  =  /x'^a  +  bx'ydx 
_  a*— ■'-'(g  +  fij«)y^-'  -  (m  -  «  +  l)a  ftf^ja  +  bx')fdx 
~  b{"P  +  w  +  1) 

*  47.  By  this  formula,  the  [iroponed  integral  is  made  to  depend 
upon  another  of  a  similar  form,  but  having  the  exponent  m  —  nof 
X,  exterior  to  the  (  ),  Icb?  than  the  orij^'inal  exponent  m,  by  n,  the 
exponent  of  x  within  the  {  ). 

48.  Prop.  To  obtain  a  formula  for  diminishing  the  exponent  p 
3f  the  (  ),  in  the  general  integral 

y  =  /j*(a  +  bx')Pdx. 

Since     /i^a  +  bx'ydx  =  /X«(a  +  bx')P-\(i  +  bx*)dz 

=  afx"{a  +  bx')!^^dz  +  fi/a"*«(a  +  bjfy-^di; 
and  since  by  applying  formula  {A)  to  the  last  integral,  replacing 
m  by  {m+n),  and  p  by  (;>— 1),  we  get 

/«*t-{a  +  bx*)r--^dx  = 


•  {jy 


x^'(a+bx'y-{m  +1  )a  f3f(a+bx')r-^ 
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■+■(«  +  ^»')^ 


y  =  /afia  +  bx')rdz  =  afx'ia  +  hx')P-'dx+    ^ 


7,p  +  »,.  +  !-' 
_  J^'C"  +  ^a^)''  +  pig  /a"(a  +  iz'j'^'ito 

«;>  +  ™~+i 

49.  By  the  use  of  this  foi-niula,  the  proposed  integral  is  made  to 
depend  upon  n  similar  integral,  but  having  ihe  exponent  of  the  (  ) 
diminished  by  unity. 

50.  When  tJie  exponents  m  and  p  are  negative,  and  numericftUy 
large,  it  is  gcnciiilly  convenient  to  increase  them,  so  as  to  bring 
their  values  nearer  to  zero,  and  hence  we  require  two  additional 
formula;,  '.me  for  inercasing  the  exponent  of  the  variable  exterior  to 
the  (  ),  and  the  other,  for  increasing  the  exponent  of  the  (  ). 

51.  Prop.  To  obtain  a  formula  for  increasing  the  exponent  —  m, 
of  the  parenthesis  in  tie  general  integral 

y  =  fx-"{a  +  hx')rdx. 
From  forniuift  (j4),  wc  obtain,  by  transposition  and  reduction, 

,,— I.  I  ,     ,,j^^»--^'(»  +  ''-)f^'-i("f+''+l)/l-(»+fa')''<':' 
■"  IT)  «(».-„+  1) 

/x-"i(a  +  bx'ydx 
__  g-'i+'(a  +  hi')!^^  -  b{nj)  +  n  -  ni)  +  l)/jr-«.+"(a  +  bx^)rdx 
-     ^  a(-,»,+  l) 

or  by  omitting  the  subscript  accents  and  reducing, 
y  =f3r~{a  +  bx')Pdx 

-  =^ii^r) (<"• 

62.  By  tlio  use  of  this  formula  the  exponent  —  m  of  a;  exterior 
to  the  (  )  is  increased  by  n  the  exponent  of  *  within  the  (  ). 
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53.  Pr<^.  To  obtain  aformukli^r  increasing  the  exponent —f 
of  the  (  )  in  the  general  integral 

Fro.n  formula  (£)  we  obtain,  by  transposition  and  reduciioii, 

/^(.+6«.)^.i.  =  '^■(°+»^)'-('y_+'»+i)/-^(-+t'-)M-. 

Now  making  p  —  1  =  —  pj  or  p  =  1  —  pi,  there  res>ult« 

_  3r^\a  +  ii-)-fi+'  +  (wp,  -  n  -  m  -  l)/3f(a  +  6j')-^+'rfr 
~  ■  -»«!(-;>, +  1)  ' 

or  by  oitiitting  accents  and  reducing 

_g'^'(a+tj-)-iH-'+(np-ii— ni-I)/a-(a+6a;«)-»^'<te  .    , 

«a(p-l)  ■'■■*    '■ 

64.  By  the  use  of  this  formula,  the  exponent  —  p  of  the  ( )  ii 
increased  by  unity. 

Applwaiwns  of  Formulae  (A),  (B),  (0),  and  (D). 

55.  1.  To  integrate  dt/  = where  m  is  an  odd  integer. 

-y/l  —  x^ 

Put  m  successively  equal  to  1,  3,  5,  7,  &e.,  and  apply  (A).     Thiu 

/-- =  — -y/l  —  z^  +  C,  by  the  rule  for  powers. 

/- :=  —-^z^-/!  —  z^+  -  I  ■  by  formula    (J),  a 

which  f»  =  3,  rt  =  3,  and  p  =  —^ 
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^^^_1      ^j— ^      4   /-^    by    formula    {A),    in 
which  m  =  5,  n  =  2,  and  p  =  —  y 
/  ^ .  =  —  =  as'-y/l  —  a:*  +  -  /  ■  ;   and  generally 


Hence  by  substitution, 


J^:^ 


■  +  o)vT^+''» 


/.  ^*(ii:  /I     ,        1.4,       1  . 2 .  4\     /, „ 

y)f^  =  -  (5  ♦■  +  3:3 '"  +  raTs) v^' -  "  + ''■. 

j.x'dx  a    ,      1.6    ,       1.4.6,      1.2.4.6\    , „ 

and  generally 

y,A^r3-     U"^  +(»-2).,»'^+(„.-4)(»-2)„.  '^+^ 


1.3.5.7 (». 

s"<£r 


=  0,  2,  4,  6,  &c.,  and  apply  {A)  thus 

~'ir  +  Oq  by  one  of  the  circular  forma. 

-x<y/i—T'  +  ~J  —     by    formula    (A), 

which  m  =  2,  n  =  2,  and  y  =  —  ~ 


/i 
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f -^==  =  - -:  xUl  -  x» -^  ■- I -~=    by   formula    (A),   id 
which  m  =  4,  b  =  2,  and  p=  —  ^ 

Hence  by  substitution. 


and  generally 

+  (»-2),«'^+(.,,-4)(»-2)m 
^    1.3.5.7...(m-3)(w-l)' 


—(-*"-' 


'  a. 4. U.S..  .('rt 

l-  3.5.7. ..(» 


-3)(™ 


li).l 


Z. 

Muke  r 


=  +  3,  y  =  - 


.(™-2).. 


J  x'Ji^ 


J  n  =  1,  and  apply  { C) :  then 


;TT^_i  y dx 


.y  Google 


APPLICATIOira  or   PORMCUJ.  289 

Now  put  I+j  =  «>,  tha,«  =  2>_l,  ix  =  aa4«id  tA+~'='. 

■    /"— S=  =  f    ^'^    -  /"-it  _/■''«       /■  ''» 

=  !<«  ^  +  C  =  log  jJS=^  +  C 

Pot      •!  =  _  1,      „  =  1,      „i     y  _  I      „j  ,pp,j,  j^j  .   ji^^ 

4  «      ' 

/•(£+j£)^_j>  +  wl       S"  , 

/  i  -  "3 ^  +  -3-/«-'(«  +  ««)  i»- 

2+'-"        2 

No»  put    i»  =  _  1,    „  =  1,    „a 
the  last  integral ;  thus 

Now  put    a  +  6*  =  e* ;     then      a 


;>  =  g,    and  apply  (5)  to 


+  Y/*^'(«+ft:»)  V 


.-.  /^.(a+ j.)-*&=  /-j^^  >_5^f_    /■  :i^* 

and  by  substitution, 
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/- 


Put    »»  =  —  1,     »  =  1,    P  =  n,     and  apply  (-D),  then 


_»5i  +  fc)_ 


.(l  +  2,)»      i.(2-i) 


1 


-/»->(i+a»)  'fc 


unple. 


'•/r+lto 


+  log- 


1  +  2a:  +  1 

TTS-l , 
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56.  We  shall  now  proceed  to  the  integration  of  those  forms 
-which  involve  transcendental  functions,  beginning  with  the  case  of 
logarithmic  functions. 

67.  Of  the  logarithmic  forms,  only  a  very  limited  number  c.in  be 
integrated,  except  by  methods  of  approximation.  The  priin'ipal 
integrable  forms  will  be  examined. 

68.  Prop.  To  integrate  the  form  dy  =  X Aog'x .  dx,  ia  which  X 
is  a  given  algebraic  function  of  x. 

Put  Xdx  ^  dv,  and  lug'.r  :=  u,  and  apply  the  formula  for  inte- 
gration by  parts.     Thus 

V  ^  /Xdx,  and  da  ;=  n  ,  log"-'* .  — ,  and  since  fudv  =:  up  —  /'"''', 

.-./X.  logV .  dx  =  log'x  ./Xdx -An.  log--'a: .  /{Xdr) .  —1 

or,  by  making  /Xdx  =  X^ 

y  =  JTj  log"!  —  n  /  — '  ■  log"-'* .  dx. 

It,  therefore,  it  be  possible  to  integrate  the  algebraic  form  Xdx, 
tbe  proposed  integral  will  depend  upon  another  of  the  some  general 
form,  bnt  having  the  exponent  of  the  logarithm  less  by  unity. 

Now  put  /  — '(tr  =  Xg,  and  by  a  similar  process,  there  will 
result 


/^'l„g-.».i=:S',l,.g-->j:-(»-l)/i'l0B- 


:.ilje. 
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If  n  be  a  positive  integer,  the  repeated  applicalton  of  this  formula 
will  cause  the  proposed  integral  to  depend  ultimately  upon  the  alge- 
braic form  /  -—  rfj,  provided  we  can  int^rate  Xdx,  —  dz,  —  dx, 
&c,  obtaining  in  each  an  integral  in  the  algebraic  form. 

£x.  To  integrate  dy  =  °^''      ■ 

Here  X  =  ^-^,  =  (1  +  *)-». 

.-.  fXdx  =  /{I  +  z)-^dx  =  -  :^^  =  Z,. 

Also.    n=.,    and    .•.,=  - Ml +  /_^. 

But /^=/^-/rf-.=>'>8'-'«i(i+')+ ^- 

'-loga:-log(H-*)+C. 


59.  Prop.  To  integrate  the  form    dy  =  x".  log"! ,  dx,    in  which 
n  IS  a  positive  integer. 

Put     a-  =  X;    then     X^  =  f  Xdx  =  f  X'dz  z=  •^^. 
And,  therefore,  hy  the  last  proposition, 

y  =  /af .  log'jT.  dx  =  — — y 
and  similarly, 

— w         ^ 

^- 

Ac.  &C, 

Hence  by  successive  substitutions, 
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«"^'  r  n  nin  —  i) 

.(.-1)(.-2X— 3)--..3.2.n       ^ 

Cor.  This  formula  ceases  to  be  applicable  when  m  =:  —  1,  as  the 
terms  become  infinite ;  but  we  then  have 


Ex.  To  integrate         dy  =  s^  .  log'x .  dn. 

Here    m  =  8,    «  =  3,    m+l=4,    »-l=2,    t.-2  =  l. 

.■.y=/^.log'a:.<&=^[log3*-|log^:r+?^log:.-^:^]  +  C. 

2.  f'y  =  ■■  ■".  ■  ■  til  =  «     log*a: .  dx. 

Here  m  =  —  ^     and     «  =  5. 

.■.»»4-l  =  -i,  B-l  =  4,  n-2  =  3,  n-S  =  2,  n  —  4  =  1. 
.  • .  y  =  -  -|;  [log»ar  +  5.2  log*a'  +  5.4.  g^log'* 

+  5.4.3.2%g2i  +  5.4.3.2.2*Iog*  +  5.4.3.2.1.a*]+  0. 
Remark.   If  we  suppoae  n  to  be  a  positive  fraction,  the  same 
formula  will  apply,  but  the  aeries  will  not  terminate. 


tive  mteger, 

_  _,  \        dx 

Put  af^' =  «    and    ^ • —  =  A*,  then 

log"iE    X 

da  =  (m  +  tSi'dx,     and     v  =  -, -r-; -r- 

(tt-l)log^l* 
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Applying  the  formula  fud«  =  uy  —  fvdu,  we  obtftiu 


-, m ;-H T  I  -. ;-!  and  siiDilarlj 

(n  -  1)  log"-"*       n  -  1  ^   log"-'r 


/Tfdx <^^  m  +  I    r  3fdx 

Ioj4"-'i  ~        (»-a)~log«-«a:  "*"  IT^^J  log— »*■ 

Iog"-=*  ~"  ~  (n  -  a)  log— «^  ■•"  ^^^y  log—^z'       ■ 

■'■^~J  ]og"j:  ~       ^^n'  Llog'-i*  "^  n^2  ■  log—^a: 


+  _i"i±J): 


.+ 


(»-2)(«-3)  iog-3^' 


I'logJ 


(«-2H«-3)(«-4)...3.3. 


■    (n-l}(»-2)(H-3)...3.2Tiy  log*       - 
The  last  integral  admits  of  only  an  approximate  determination, 
but  its  form  may  be  simpiified ;  thus, 
put   z  =  t^^,  then  dg  =  {m  +  I'yif'dx,  and  (m  +  1)  log*  =  log». 


/±"dx         P  dz 
log*       •'  logz 


This,  also,  can  only  be  integrated  apptonimately  by  expanding 
the  expression  under  the  sign  of  integrntion  into  a  series,  and  then 
integrating  the  terms  separately,  a  method  which  will  be  considered 
more  at  length  in  a  future  chapter. 

3.  To  integrate  approximately  dy  =  ^ — ^ 

Here  m  =  4  and  n  =  3,  .  •.  m  +  1  =  5,  n  -  1  =  3,  n  -  2  =  1. 

'    '  ^  "J  \og^z~  ~"2"Llog22       T'logJ       2-'    log*' 

Now  put        a*  =  2,  then   /  -; =  /  , ; 

'  v    logz       •'  log r 
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and,  making     log  z  =  2,  we  have  z  =  e',  dx  =  e*  .dt. 

=log[loga:»]+loga^+^-^jlog»j:»  +  i  2  p'°g'^H&C' 

••■''=-2^.-^+ft'°«ttog^>+»<>«^+r^^»°8"* 

.Ss^XTn^n/^d^  FujicUont. 

61.  To  integrate  the  form  dy  =  a*,!^.dx,  when  nt  is  a  positivs 
integer. 


logo         log  a  •■ 


Hence,  by  substitution, 

,     _  ,      a'  r      »«^' 

y  =  fa*  .iif.dx  =  ■ 3f  — . 

logoL  log  a 


log-o  J 
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62.  J'rop.  To  integrate  dy  =  -^dr,  when  m  is  a  positive  ioteger. 
Puta^-•^£^!=rf»and  a'=«j  then  p= — -  and  du  =  \og  a .  a*dx. 

/a'dx                   a*           ,     log  a    Pa'dx        ,    .    .,     , 
=  —  ; TT ;  H ^  / ;,  and  similar  y, 

/a'dx  _  o"  1     '^S"      /*a'i^ 

Hence,  by  substitution, 

/n^i/j!  0^  r.    ,    log "  log*''  5  .  . 

•••■^(m-2)(»i-3)...2.1         J 
log"-***  fa'dx 

+  (m_l)(m-2}...a.iy    :r 

The  last  integral  can  only  be  found  approximately. 

1.  To  integrate  dy  ^a'.  x^dx. 

Here  m  =  3,    to  —  1=2,    m  —  2  =  1.    Hence 

_    a'   r  Sx^  6«  ^   ~\.n 

2.  To  integrate  dy  =  «*.x*.dx. 

Here    m  =  4,     m-l=3,    »»  — 2  =  2,    m-3  =  l,Iog<  =  l. 
.  ■ .  y  =  e'(**  —  4x»  +  12a!*  —  24*  +  24)  +  C. 

3.  rfy  =  e-'iNx  =  <-«{-  «)Vii:  =  —  «-'(—  x)'W(-  a). 
Here  ffl  =  2,  m  —  1=1,  ]og«  =  l,  andx  in  t^e  general  forniula 

Is  to  be  replaced  hj  —  x. 

.■.s=fe-*.x'.dx=:  -d-*(z»  +  2ar  +  2)+  G. 
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4.  dy  =  ^tL. 
Here                       »»  =  4,    m  —  1=^    &c. 

the  Ust  integral  being  found,  approximately,  as  in  a  previous  exam 
pie,  by  expanding  a*. 

5.  To  integrate  dy  =  jr-^ — 71  *'  ■  '^• 
Put  1  +  *  =  r. 

.'.«=«— 1,    l+*»=:l+z>— 2z+l=z*— 2z4-2,    dx=dg,   «»=<»-'. 

or  by  integrating  the  lost  term  by  parts 
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TRIQOKOMBTKIOAL  AND  CIRCOLAB  FDNCTIONS. 

63.  Since  the  tangent,  ootangent,  secant,  cosecant,  veraed-sine.  and 
coversed-uue,  can  all  be  expressed  rationally  )d  terms  of  the  sine 
and  cosine,  it  will  only  be  necessary  to  investigate  formulffi  for  the 
integration  of  expressions  involving  sines  and  cosines. 

64.  Prop.  To  obtain  a  formula  for  diminishing  the  exponent  m  of 
sin  X,  in  the  general  integral 

y  =  /sin"* ,  cos"x .  dx,     when  m  is  an  integer. 

Put  C08*x .smx.dx  =  dv,     and     sin'^'x  :=  u ; 

then     c= — !-•     and     rfu  =  (m  —  l)8in"-*af.oos*.di. 

n  +  1  ^  ' 

and  by  the  formula  for  integration  by  parts 

•-'a.coa"''"'^      m—\ 


y=/sin"ar.cos"*.(£i!= 


.■.y  =  - 


+  1 

X  =  cos% .  COS"*  =  (1  —  sin'*)  oc 
[■-'ir.oos*^"** 


f  1 

+  ^J/sia^ ' ^+1- 

IVanspo^ng  the  last  term  and  redudng,  we  obtain 

.si 
fame .  oos*j;  .ax  =  ——  . 

'  »»  +  »  m+n 
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And  similarly, 

sin"-3j'  cos»+i:r        m  —  3 
/ain*-** .  008"*  .<ig= '   _       H — -——--faitt''-^x.cos'x.dx, 

ftin"-**. cos*2.(£e=  — —-'- : (-  -— .; ;/sin'*-*a:,cos"j  dx, 

'  m  +  n  — 4         m+n— 4 


Hence  hy  successive  substitutions, 

y  =  /sin"* .  COS"*  .dx  =  — — — - —  [sin"-'a:  +  - 


.  +  « 


(>»-l)(m-3) 
+  {m+n_2K,«+n-4)""      ^  +  ^"^ 

(»,-l)(»,-3}(w-5)....4or8 
"^(»«+n-2X'«+«-4X™+"-«)---(«+3)  or  («+2) 

.  ("'-  l)(m-3)(»»-5)....2or  1 

"^(m+"X'»+n-2X'«+»-4)--.("+3)  or  (»+2) 

X /sini.coa"a:.rf«     or    fcos'x.dx {£). 

66.  This  formula  renders  the  proposed  integral  depeudcDt  upon 
tlut  of  the  form 

sinz.cos'i.iii:    or    coa"j:.(/«, 

according  as  m  is  odd  or  even,  the  etfoct  of  the  formula  Rrst  ob- 
tained being  to  diminish  by  3  the  exponent  m  of  sin  x,  at  each 
application. 

Also  the  lirst  of  these  two  final  forms  b  immediately  iutegrable 
by  the  rule  for  powers  :  for 


Hence  we  have  only  to  obtain  a  formula  for  the  integration  of  the 
form  COS** .  dx,  in  order  to  effect  the  complete  integration  of  the 
proposed  differential. 
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66.  Prop.  To  integrate  the  form  dy  =  cos'j:  .  dx  where  n  is  ao 
integer. 

Put  coax.  d3:  =  dv,     and    cos"-'*  =  u  ; 

then  »  ^  sin  a:     and    da  =  —  (n  —  1)  cos"~^a;  sioz  rfj". 

Hence  by  substitution  in  the  formula  fudv  =  we  —  fvda,  we  obtain 
t .  cos"-'i!+  (n— l)/coa"-^'x,  sin^a:.  dx 
:.  co8"-'ar+  (n— l)/eos''-'x(l  — cos'*)iit 
t.cos"-ijt+(n-l)/cos"-22;.rf*-(n-l)/cos"j!.(i«. 
Transposing  the  last  term  and  reducing,  we  get 

/cos'x.dx  = '■ 1 / cos'-^x .  dx,  and   Nmilarl} 

foos'-^x .  dx  = '—— 1 ~fcos'-*x.dx. 

/cos"-*! .  dx  = '—— 1 —jfoos'-'x.dx. 

&C.  &C  &C. 

Bence  by  successive  substitudons, 

y  =  f<Ma*x.dx= [cos"-'aiH ^  cos"-^ 


p  COS*] 


(„_2Xn-4X«-6)  ...  3  or  2 

This  formula  renders  the  proposed  form  dependent  upon  one  of 
two  known  forms,  viz, ; 

/Gosx.(£E  =  sinir  +  (7,    when  n  is  odd, 
or,  fdx  =  x-\-  0,    when  n  is  even. 
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67.  The  two  propositions  juat  given  effect  the  complete  integra- 
tion of  sin'z .  cos'.E .  dx,  when  m  and  n  are  integers,  by  first 
diminishing  the  exponent  ni  of  the  sine,  and  then  the  exponent  n 
of  the  cosine.  But  it  is  often  preferable  to  reduce  n  first,  and  for 
this  purpose  we  require  the  following  proposition. 

68.  Prop.  To  integrate  dy  =  airTx .  cos"a: .  dx,  by  first  dimia 
labing  the  exponent  n  of  the  cosine. 

If  in  the  formula  {E ),  we  make  x  =  -if  —  x^,  m  =  nj,  and 
n  ■-■=  m,,  then 

ain  X  ^  oos  z„     cob  z  =  sin  Zj,     d!z  =  —  dXf, 
and  by  substitution  we  shall  obtain 

/Bin"x .  C08"a:  .dx=  —  /eos"ia;, .  Bin"i«,rf«, 

= — — ^  [cos'"-'k,  4-  iiC-]) 

or  by  omitting  the  accents  and  changing  signs, 

-1 

-cos^-'a; 


/9in"x .  C0B"a: .  dx  =  — -- —  [cos"-' 


(.-1X.-3) 
+  (,.+«-2X«+»—l)  +^ 

(.-1K.-3) (—5) 4  or  3 

-f  („+„-a)(.+,„-4J(»+™-6).  .  (m+3)  or  (»,+2) 
X  cos^jc  or  coai] 

. ("-')("-3)("-5) a  on  

^(w+w)(»+™-S)('.+m-4)..(m+S)  gr  {m+2) 
x/cosr.sin-x.d*  or  fsitir'x.dx.  ....  ((?). 

But    /co8a:.sin'':ir.<ii;  =  /sin-*.rf(sinT)=^-j-^+  C. 
which  will  be  the  required  form  when  n  is  odd. 

We  have  therefore  only  to  provide  a  formula  for  the  integration 
of  the  form  Bm*'x.dx,  which  will-be  necessary  when  n  is  even. 
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This  may  be  readily  effected  by  substituting  in  formula  (F),  n 
br  n,  imd  -  <  —  z  U>t  x,  and  changing  the  signs.     Thus 


™_1V™_!I\ 
\"'—*]K"'—') 
,  (,.-l)(«-3X»-5)  ...  4 


(„-lXm-3) 

(~-»X»— 1) 

'i  or  sini] 


(m--JX.»-4)(,«-0)...3 

69.  The  formultc  {G)  and  {H)  effect  the  same  object  as  (£)  and 
(.f),  reducing  the  integral  /ain'°i.cosV.(iE  to  one  of  the  known 

fdx=.x+C,  /cOBx.dx  =  Binx+C,  or,  /sinx.tfa  =— cos j+C, 
the  exponent  m  or  «  which  is  first  reduced  being  an  even  integer, 
«nd  the  other  exponent  an  even  or  odd  integer. 

But  if  m  be  odd,  (E)  alone  will  effect  the  integration,  whether  n 
be  an  integer  or  fraction;  and  similarly,  if  n  be  odd,  (<?),  alone 
vill  suflice. 

70.  /Vop.  To  integrate  the  forma dx,  and   -; dz,    where 

m  and  n  are  integers. 

By  the  formula  {£)  the  first  of  these  forms  may  be  reduced  to 

,    or    '■ — ,  and  by  (0\  the  second  may  be  reduced  to 

cos"i'  COS",*    '  J    \    /'  J 

dx               cos  K ,  dx 
-:-=-,     or     — r-r 

Sin"/  sm"« 

B„.  /•!!i£i^=!2!r::^+c,„d/'2?-'_:^=-?5:^'+K 

if       co3*.F  n  —  1  J      sm"x  m  —  1 

Hence  there  will  remain  to  be  integrated  the  forms 

oos—x.dx (1),         and         sin-^x.dx (2). 
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Putia(l),     coax. dx  =  dv,        and        cos-"-'i  =  w, 
then        »  =  am*,        and        du  =  {n+  l)c(yfr*-^.  sin  x.dx, 
and  by  substitution  in  the  formula  for  integralion  by  parts, 
fcotr'x.dx  =  sin  X .  cos-"~'a;  —  (»  +  \)  /  sia'x .  oos-'^^x .  dx 
=  sin  a; .  cos-*-»a:  —  (n  +  I)  fms-^^x.dx  +  (n  +  1)  f  coa-'x .  dx. 
Transposing  and  redudng,  we  get 
f    dx  sinar  n       f  dx  ,,  , 

/  ^-^  =  (n  +  Ijcos"-^'..  +  ^TlJ  ^^x  '  ""^  ^y  """'"^y 

f  dx                 sin  ar            ,   n  -  2  /•     <&:  ..... 

J  — r  =  (    _  i\ — ;;=r  ^ in  y  — S^^*  ^     similarly 

/</i      _  Bin  X  n  —4   J'    dx 

coiF^  ""  (n  -  3)cos"-^a:      ^^^/  cos""**" 

&c  &o.  &C.        Hence  by  substitution 

''  ~ ^  eoa-i!  ~  n - 1  Lcos«-i* "*■  (n-3)cos"-3« 
(n-2K»-4)(n-6)  . 


^  („_3)(„_5)(„_7) 2  or  1  .coe^x  or  cosarj 

^  („-2)(;.-4X«-G)....l  or  0  /-^ 
+  („-l)(„_3)0,_5)  ....-ZorJ^x'^'-^'^----  (^>- 
The  second  of  these  integrals,  fdx  =  x  +  C,  will  never  be  re- 
quired, because  its  coefficient  is  zero,  and  therefore  we  stop  at  the 
preceding  term.    For  the  first  we  have 

/dx    _  rvaax.dx  _  fcosx.dx  _1    /•cosx.dx      1    /'ccsx.dx 
easx~J      oos'ic     "•'  1  —  sin'j:  ~2«'  1 +sinx     2*'  1— sini 

=  ^"o«(l+«in*)-|log(l-sin«)+C=log[|±J|^]^+C 

i-L-^* i-'      -.-"=logt.r.(jr+i,:)+(7 
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71.  To  obtain  a  formula  for  «  =  /  ■-  ;,-,  replace  in  (/),  n  by  m, 
«  by  5*  —  x,  and  y  by  z.    Then 

/lie      _  C08;i:  r       1  Wl— 2 

Bin"*  —  ~  m  —  1  Lsin"-»jr      (m— 3)siii*-3* 


(ro-ax»— 4)(^-6) ...  3  or  a 


iina;J 


^(m-3)(7H-6X'»-l)...2  or  l.siii^x  or  sin 

(»-2K.-4X»-0)...l.rO/-J. 
+  („_1X».-3X™-S)  . .  .  2  or  l/  STI  "  -f '^    ■  ■  •  '^>- 
The  second  integral  has  a  coefficient  equal  to  zero,  and  therefore 
will  never  be  used.     For  the  first  we  have,  by  replacing  *  by 
-  *  —  X  in  (/,),  and  changing  signs 

cot-«^ 

72.  Prop.  To  integrate  dy  =  -:-^ —  where  f»  and  «  are 

integers. 

Since  ain'*  +  cos*j;  =  1. 

=  /•        ^ +  f '^ 

J  9in"-^j: ,  cos'*      •'  sin"J^ .  cos*-'* 
^    /•  (8in^-f_co9^£        y'(sin'*  +  cos'x)& 

"      sln"-% .  cos"*  J      sin"* .  coa"~'a; 

__    /•  dx  r  2<^r  /*  (6: 

•^  Bin""** . cos"*      •/  sin'"-^i.cos'~**      i"  sin^.oos""**  ' 
and  by  continuing  to  introduce  the  factor 
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ve  obtain  finally  one  or  mora  of  the  fullowing  known  forma 

/dx       C  dx        rs\n%.dx      rcosx.de       l^&'mx.dx      Pcosi.dx 
sin"*  •'  cos'a  •'     cos'j:      •'      Biii"J!       •'      COS*      •'      sin  a 

Aj^lications  of  Formulm  (E),  (F),  (G),  (H),  (I,)  and  (K). 

73.  1.  To  integrate    rfy  =  sin'/ .  cos'jr ,  rfa;. 

Here  ra  =  5,  and  t*  =  5,  and  since  both  are  odd  we  may  'pply 
{E)  or  (6^)  with  equal  advantage.     Emfjloying  (£)  we  hare 


-  [sin*s  +  - 


:_^[si. 


^  + 


— /sinaj.eos'ar.oti: 


'-']- lore  "»■'+'' 


2.  rfy  ^  sin"/ ,  cos^j .  d!z. 

Here  m  =  6,  «  =  3,  and  since  n  is  odd  we  apply  (£?). 

.-.  y  =  -^[co8'ii]  +  u/oosi.ain«x.<ir  = -^Icoa^ic 

3.  (j'y  ^sin^z.diir. 
in  (H)  make  m  =  6. 

cos*,.  ,     ,  5   .  ,     ,   5.3   .      ,    ,  5.3.] 

4.  rfy  =  Bin** .  COS** .  dx. 

In  (.£)  make  m  =  8    and    n  =  0. 

"<  ■»   ^  7.5.3 

*  ''*  I 'J   in  M 


v^^.c. 
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and  hy  applying  {F)  to  the  last  term,  we  get 

cos'*  ,    '^    ■  i     I'-a     ,'''■      1 

6.  rfy  =  — —  dx. 

In  {E)  make  m  =  5.  and     n  =  —  2.     Then 

-I    ,  .  ,     ,  4    .  ,  ,    ,   4.2  fsmx.dx 

''■^ 
In  (£^  make  m  =  5.    Then 

"  ~  4     Lin*j:      2  sin^jrj  "*"  4 .  2  •/  ain  a; 

In  (/)  make  «  =  6.    Then 

•iniri         4      1      .4!!in,„ 


3iii*r .  C0B*x 
Introducing  the  factor  sin^*  +  cos's,  we  obtain 
<-(.in%  +  e..-x),i,^/-        Jx  /-^ 

■/         Bin** .  cos'*  •'  sin'j: .  cos'*     J  sin'* 

/i/a:      ,    f  ^    J.  C  '^' 
COS**     »'  sin'*     •'  Bin'* 
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74.  When  m=  —  n,  formulte  (E)  imd  (ff)  cease  to  be  applica- 
ble, but  we  then  have  ' 


=/S'^=-^"^"*-'^  *"  y=/SS 


(ix  =  cot"*  dx. 


To  integrate  the  first  of  these  expressions,  put  sec^  —  1  for  tan*, 
and  in  the  second  put  coseo*  —  1  for  cot'.     Thus 
/tau"«.  (ii:=/tan^x .  tan"-*x.  tix=/sec*j; ,  tan»-'j: .  dx—ftan'^x.dx 
=  ———  tan"-'3:  —  /tm'-^x .  dx 

= tan"-iz  —  /  (sec^a;  —  I )  tan"~*«  .dx 

= -■  tMi"-'a; tan"-^3r  +/tan"-*« .  dx 

= tan*-'* tan*-'j  -\ z  tan"-*!  —  Sio,, 

ft  —  ]  n  ~i  n  — 5 

the  last  term  being 

/tan  x.dx  x  /  — — '—  =  —  log  cos  *  +  C  =  log  sec  a;  +  0 

•f        Cjax 

when  n  is  odd  or  fdx  =:  x  +  C  when  n  is  even. 
Similarly,  /  — ^—^ —  =  /  cot"* ,  dx 


The  last  term  being  /cot  x.dx  =  log  sin  *  +  (7,  or  fdx  =  *  +  C. 

7S.  When  the  pniposed  form  \a  fsiu^x  .co^'xilx,  in  which  tit  and  it 
are  integers,  the  integration  may  be  conveniently  effi-cted  by  con- 
vening the  product  sin""* .  cos"*  into  a  serios  of  terms  uiTolving 
sines  or  cosines  of  multiples  of  *.  The  integration  can  then  bo 
performed  without  introducing  powers  of  the  sines  or  cosines. 

The  proposed  transformation  can  always  be  accomplished  by  the 
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repeated  application  of  one  or  more  of  the  three  trigonometrical 
formula;. 

8inacosfi  =  i8in(«  +  b)  +  l^inCa  -  6), 

sin  a  sin  6  =  -  cos  (a  —  6)  —  -  cos  (a  +  6), 
cos<ico96  =  gcoa{ffl  — 6)  + -cos  (a +  6). 
To  illustrate  this  process  lake  the  following  example, 
rfy  =  sin'j: .  cos^xdt 
8m^«.cos'«  =  9m*{s]ni.coBi)'  =  sinj;  (— ~ — I 

=  _sm.(— ^-j  =  gsm,-gsm..cos4« 


=/a- 


76.  Prop.  To  integrate  the  form  dy  =  6".  sin"*, di. 
Put     sin x.dz  =  dv,  and  6<"sin*~'i  =  w,  then  v  =  —  cos », 
and     iu  =  {n  —  1  )i°'sin"-*« ,  cos  xdx  +  a  .  Ing  6  •  6«^lii"-'a: .  dx. 
.-.  y=/4"sin".r.(iir=:-t"sin"-ij.cosx+(»-l)/6"siii— ifcos^j-rfj: 
+o.logfi./6'"sin"-'.r.cosK.<£r. 
But,  by  applying  the  formula /wrfw  =  wt;  —  fvdu  to  the  last  integral, 
making  Bin"-'a:.co8i;,dx  =  </v  and  fr«  =  «,  we  get 

/fr**8in"-'a:  .cosx.dj:=-  sin  V .  b" —  a  \i>gbfBin'x  .b".dx, 
and,  by  replacing  cos'iF  by  1  —  sin^r,  wc  have 

fb*Hm—^ .  cos'* .  dx  =  /6"ain--'«ir  —  /ft"8in"».  dk. 
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Hence,  by  Gubstitution, 


—  (n  —  1)  fb"aia'x .  dz. 
Iransposipg,  collecting  like  terms  and  reducing,  wc  obtain 

fb-,\„; .  i,  =  (^^^  («  log  6 .  .in  «  -  »  CO.  ,) 
By  repeated  applications  of  (i)  we  obtain  the  final  integral. 


Jh"s\ax  ,dx,  wliieii  is  given  by  (Z)  without  an  integration,  since 
the  last  term  then  contains  the  factor  n— 1=1  —  1=0,  and 
therefore  that  term  disappears. 

11,  Prop.  To  integrate  the  form  dy  =  b"co9^x.dx. 

Put  X  =«,  —  -*,  then  cos  «  =  sin  i,,  sin  r  =  —  cos  iB,, 


.y=b^'^fb^''^m*x^d^^=^-^-^-~■~\a\ogh.mix^-nii:>sx;i 


x■^dx■^,  and  by  substitution, 


fb"oo&'x .  dx  =  J— — --^-—  (a  log  i .  cos  z  +  n  sin  x) 

-^x.dx (JO- 
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Here  the  final  integral  will  be  fb"dx  =  - 
even ;  and  when  n  is  odd,  / J**cos x.dx,\a  which  (J/)  applies  witt 
out  an  integration. 

1.  To  integrate  dy  =  t*' .  cos  x .  dx,  • 
In  (if)  make      6  =  «,  n  =  1,  log  i  =  log  e  =  1.    Then 

y  =  ^^[aco8^  +  5inarJ+a 

2.  (iy  =:e*.sin>i.(ti. 

In  (£)  make    6  =  «,  a  =  !,»  =  S,  It^i  =  1.    Then 

=  jQ  «*  [s'n^J:  -  3  Bin»r .  cos  a]  +  — .  -  e'{sin  at-cos  «)+  C 

or,   y  =  jn  ('[ain'a;  +  Scos'j:  +  Bsin  x  —  Ccos  z]  +  (7. 

a  dy  =  (-••sin  ia; .  da:  =  -  r-"sin  ks .  d{kx). 

In  (Z)  make      b  =  t,     x  =  kx,     a  =  —-,     Then 

—  _  '-"(''  si"  *^  +  tcostz) 

78.  Prop.  To  integrate  the  form  dij  =  X.v\a~^x.dx,  invhii^X 
is  an  algebraic  function  of  x. 
Put  Xdx  =  dv,        and        8in~~'x  =  u ; 

then        V  =  /Xdx  =  Xj,        and        du  =  — -^ — 


-Xain-'a:-  f       '    ■ 
.   .  y  _     ,am   a:     y    A-3^' 


and  the  proposed  integral  is  thus  caused  to  depend  upon  another 
ffboae  ibrm  is  algebraic. 
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79.  Prop.  To  integrate  the  form  dy  =  Xeoa-'a; .  dx,  in  which  X 
is  an  algebr^e  function  of  x. 
Put  Xdx  =  dv,        and        cos-'*  = « : 


V  =  /Xdr  =  Xi 


tfu^  - 


y  =  X,cos-'iF  -\-    C- 


/I- 


,  an  algebraic  form. 


Cfff,  The  same  process  will  apply  to  each  of  the  forms 

XtMr'^xdt,     Xcot-'idr,     X^^xdsy  &c, 
Biuce  the  difierential  coefficients  of    tan-'j;,    cot-'«,    secr-'ar,  &o., 
are  all  algebraic 

1.  dy=  a;^ain~'a! .  djf.  ■■ 


Here  'jr=:a^, 
XJbi 


=  fXdx  =  ««!&  = 


■   ■      y-  3  sin    »       3\3=^^3yV»        -^    T  ^■■ 


Put     (fw  = 


x^dx 


1  - 


and 


dx 


.  • .     »  =  a;  —  tan~iai         and         tiw 
.  y  =  « tan-"*  -  (tan-*)^  -  J  y^^^+  J  -yq:- 


tan~'a; ,  dx 


1, 


,  1, 


=  *tan-'*  -  (tan-ix)»- -  log(l  +  a:')  +  ^(tan-'a;)*  +  C. 
=  tan-'a;  (*  -  s  tan"'*}  —  log  yT+^  +  C. 
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80.  When  a  given  diflcrentinl  cannot  be  reduced  to  a  Tonn 
exactly  integrable,  we  may  expand  the  diffi^rential  coefficient,  either 
by  Maclaurin's  theorem,  by  the  common  binomial  theorem,  or 
otherwise ;  then  multiply  by  dx,  and  fii)ally  integrate  the  terms  suc- 
cessively. If  ihe  resulting  series  bo  convergent,  a  limited  nuuiber 
of  terms  will  give  an  approximate  value  of  the  integral. 

81.  This  method  may  also  be  employed  with  advantage,  when  an 
exact  integration  would  lead  to  a  function  of  complicated  form. 
And  the  two  methods  can  be  used  jointly  to  discover  the  form  of 
the  developed  integral. 


82.  1.  To  integrate   di/  =  y^-  dx,  in  a  seriea. 
Expanding  by  actual  division,  we  have 

-— —  =1— i  +  i*  — (tS  +  iE*  — to 
l+x 

.'.  y  =  f{l~x  +  T'-:^  +  x*-  &c)dx. 
the  required  series. 
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Ag«in  /r^*^  =  ^"8(1  +  ^)  +  Ci 

where     «  =  <7  —  (7,. 

But  when     *  =  0,     ]og(l  +  i)  =  log  1  =  0,     .•.  e  =  0, 

Jill 

.  ■ .     log(l  +  x)  =  x~-x'- 

a  v«ll  known  formula. 


-«:•  +  -**  —  &C. 


Expanding  '    (1  —  x'^)       by  the  binomial  theorem, 

■.y  =  /'\^-l''-l--r,''-m''-'"-^'^- 

<^ 


■•■»=/(' -l^+rl'^-jl-l-'  +  io-H"^ 


"        2.3     ^2.4.5  2.4.6.7 

ut  f'7==  =  log  (i  +  VI  +  '')  +  C,. 

.  log(»+v1+5)=.-  5^5.'+; 


273-^245- -Sn^''+ '""+''-'''■ 
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Now  when  x-0,  log(z+  \/i+x^)  =logl  =0.    .*.  C— C,=0. 
1-3.5     ,  .   , 


.  log (;.  +  v/l+^=a:- ^ «^  + - 

To  intp 

fKJwers  of  X. 

-J—  =l~a^+x*-±'+&c.  and  -^  =  -L  _i..+  ^  _^4.j„," 
1+x^  x'+l       x^       X*       ^      z^ 

.-.y  =/p^  =  tan-ij;+  C  =  /{1  -  a?  +  x*  ~  x^ &.c.)<lx 

=  x-^-x^  +  ^x^-^x'  +  iic+C. 
Also  y  =  /(i._l  +  i.-2.  +  &c.)<i< 

a;      ar*       53^      Ij;'  ' 

The  two  results  become  equivalent,  b;  selecting  the  constants  C 
and  (7,  such  tfiat  C,  —  C7  =  -*. 

For,  the  first  series  =  tau-'j  +  C 
And  the  second    "     =  —  tan~'  -  +  C,  =  —  oof'a:  +  (T,. 
.  • ,  In  order  that  the  two  seiica  may  be  equal,  we  must  have 
tan-'*  +  C  =  —  cotr^x  +  C„ 
or  tau-'a!  +  cot-'*  =  C,—  C,     or    -  r  =  £7,  —  £7, 


6,  dy=  \  -^  dx. 

/l  —  af* 

Expanding  the  numerator  we  have 
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.-.  y  =  /(l -l^x--fji;^^_J^ ,...&.)  - 


2.4.0 

a)l  the  terms  of  vbich  are  of  the  form  /  r. ;    &nd    have    been 

■f  •/!  —  *' 

already  integrated  in  the  chapter  relating  to  binoniial  dilferentialB. 

We  might  also  expand  (1  —  «')       by  the  binomial  theorem,  then 

perform  the  multiplication  indicated,  and  finally  integrate  the  terms 

in  succession.     Adopting  the  first  course  we  have 

y  =  sm-'.  +  -e^(-.Vl^^-^sm-'.j 

83t  Prop,  To  obtain  a  series  which  shall  express  the  integral  of 
every  function  of  the  form  Xdt,  in  terms  of  X,  its  differential  co- 
efficients, and  X, 

Put      X  =  u,  dx  -^  dv:     then     du  =  -;-  ■  dx,     uid     v  =  2, 
dx 

Now  substituting  in  the  formula  fudv  =  uw  —  fvdu  we  get 

fXdt  =  Xx~  f~  ■  xdz. 

Next,  put  -^  =  M    and    xdx  =  dv, 

...  J       fP^   J         ^  1      , 

tnen  ait  ^  -.-—  ■  dx    and     v  = x\ 

dx^  1.2 

-       /^   dx-—    —-  ff^  —  A- 
'    '  J   dx"      ~   dx   '  i.^      J   dx^'l.i 

„.    .,    ,      /\PX    x'   ,       d-^X      x^  fd^X      a?     ,   .     . 

hy  aubstiution 
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TTiis  formula,  called  BcniouilH's  series,  shows  the  possibility  rf 
expressing  the  integral  of  every  functioii  of  a  single  variable,  id 
terms  of  that   variable,  since   the  several   differential   eoeffieients 

-;— 1  -r-TT"  •Sjo.,  cao  slwavE  be  formed.     But  the  series  is  often  diver- 
dz    dr^ 

gent,  and   then  of  no  use  in  giving  the  value  of  the  integral  ap- 

proximately. 


CHAPTER   X. 

BBTWBEK    LIMITS    AND    SUCCESSIVE    INTEORATIOK. 

84.  The  integrals  determined  by  the  methods  hitherto  explained 
are  called  indefinite  integrals,  because  (he  value  of  the  variable  x, 
and  that  of  the  constant  C,  both  of  which  appear  in  tlie  integral,  re- 
main undetermined.  But  in  applying  the  Calculus,  the  nature  of  the 
question  will  always  require  that  the  integnil  should  be  taken  be- 
tween given  limits.  Thus,  suppose  the  integral  to  originate,  (or  lis 
value  to  reduce  to  zero)  when  x  =  a:  this  condition  will  fis  the 
value  of  the  constant  C.  Then,  to  determine  the  value  of  the  entire 
or  defiitile  integral,  we  replace  x  by  6,  the  other  c.\treino  value  of 
the  variable. 

£U.  To  integrate  dt/  =  Zx^dx,  between  the  limits  x  =:  Xj  and  x=x^ 
y  =  fZi?dx  =  se^  +  C.     But  when     x  =  Xj,     y  =  0. 
.  ■ .  0  =  1,3  +  (7    and     C  =  —  a,', 
and  by  substitution  in  the  indefinite  integral 


Not  make  z  =  n^,  and  there  wlil  result 
the  complete  or  definite  integral. 
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A  slight  e;inininalion  will  show  thut  ihe  desired  result  will  always 
be  obtained  by  substituting  in  the  indefinite  intc}i;rnl  for  the  variable 
z,  first  the  inferior  limit  Zj  and  then  the  superior  limit  x^,  nnd  then 
subtracting  the  tirst  result  from  the  second.  In  these  substitutions 
the  constant  C  may  be  neglected,  since  it  will  disappear  in  the 
subtraction. 

85.  The  integration  otSx^dx  between  the  limits  *,  and  ij,  when  x, 
is  the  inferior  limit,  or  that  at  which  the  integral  originates,  and  x, 
tbo  superior  limit,  is  indicated  by  the  notation. 


/:■ 


Sx^dx. 


86.  The  precise  signification  of  this  definite  integral  will,  perhaps, 
be  better  understood  by  the  aid  of  the  following 

Prop.  The  definite  integral  /„  Xdx,  (where  JT  is  a  ftinction  of  3\ 
wluch  docs  not  bceome  mfintle  for  any  \.(lue  of  x  between  iht:  limits 
X  =  a  and  x  =z  b,)  is  the  limit  of  the  sum  of  the  values  assumed 
by  the  product  Xk,  as  i  is  cau'scd  to  mtrcaso  by  successive  equal 
increments  (each  =  h)  fiom  x  =:a\.o  x  =:  b;  the  value  of  h  being 
continually  diminished  and  lonsequetitly  the  number  of  these  incre- 
ments bcmg  indcfinilcl}  increased 

iTius,  if  .Xj,  X^  Xj  X3  X.-i  be  the  values  assumed  by  A',  when 
*  takes  succcf.su clj  the  values  o,  a+b,a+2!i,  a+3A,. . .  a+(n-l)h, 

then  will  /T^tic  be  the  limit  to thoTalue(X|,+-V",+A'2...+;r,_,)A, 

provided  nk  =  b  ~  a,  and  A  be  diminished  indefinitely. 

Proof.  Let  z  and  j  +  A  be  any  two  successive  values  of  *,  and 
denote  by  Fx  the  general  or  indefinite  integral  J  Xdx. 

Then  by  Taylor's  Theorem, 
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which  may  bo  written,  /"{.r  +  h)  =  Fx  +  Xk  +  Ph\  . . ,  (1),  where 
P  is  a  ruiiction  of  x  and  k. 

Suppose  the  diflercnce  b  —  a  to  be  divided  into  n  equal  parts, 
each  equal  to  A,  so  that  J  —  a  =  nA. 

Now,  putting  successively  a,  a  + A,  a  +  2A  . . .  a+  (n  —  1)A  furz 
in  (1),  and  denoting  the  corresponding  values  of  P\)y  Po,  Pi,  &c., 
we  get 

F(a  +  k)  =  Fa  +  X^  +  PJi^ 

F{a  +  2A)  =  F{{a  +  A)  +  A]  =  F{a  +  A)  +  X,fi  +  P^K' 

F{a  +  3A)  =  F[{a  +-2A)  +  A]  =  /"(a  +  2A)  +  X,A  +  i*^* 

&c.  &c,  &c 

JXo+"A)=^[(a+("-l)A)+A]=-f[a+(n-])A]  +  X^,A+/'.-,A= 

adding  these  equations,  and  omitting  the  terms  common  to  both 
members  of  the  sum,  there  results  • 

F{a  +  nh)  =  Fa  +  h{X^  +  Xi  +  X,....+  X^,) 

+  h%P„  +  P^  +  P^....  +  p^,). 

But,  since  every  value  of  X  is  finite,  none  of  the  values  of  P  will 
become  infinite.  If,  therefore,  we  denote  the  greatest  value  of 
P  by  P,  we  shall  have 

i>o+/'i+i's.. .+P,_,<Pn,  and  since  ii;a+nA)=/'6,  and  nA  =4-8. 

.  ■ .  Fb-Fa-  A{Xo  +  X,  +  X, . . .  +  X^,)  <[b-  a)P .  h. 

But  b  —  a  and  P  are  both  finite,  and  therefore  by  diminishing  A,  the 
second  member  can  be  rendered  less  than  any  assignable  quantity. 
Hence  Fb  —  Fa  must  approach  indefinitely  near  to  equality  with 
h{Xn  +  Xi  +  X2  .  .  .  .  +  Xn~i)  when  A  is  continually  diminished. 
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■   Successive  Integration. 

87.  If  the  second  diflerential  coefficient  — ~  =  Xhe  given  instpad 
of  the  first,  two  successive  integrations  will  be  required  to  dttcr- 
mine  the  original  function  y  in  terms  of  x.  Thus,  multijilj  ing  lij-  Uj: 
and  inicgrating,  wo  get 

Multiplying  again  by  dx,  and  integrating,  we  get 

or  y  =  Xj  +  C^x  +  Cj. 


tegrations  would  give 


y  =  iTa  +  j^  C.^  +  (V  + 


c;. 


And  if  there  were  given       -5-^  =  X,      then 

''  =  ^-  +  i.a.a''!'>-i) 

+  0:3^9^ +  '"■■•+ ''-'  +  ''■• 

the  number  of  arbitrary  constants  introduced  being  n. 

89.  The  result  obtained  by  performing  the  above  integrations  may 
be  indicated  thus 

S^Xdx*  =  y : 

it  b  called  the  n"  integral  of  Xdx\ 

90.  Prop.  To  develop  the  n"  integral  f'Xds^  in  a  series. 
Employing  Maclaurin's  Theorem,  we  hare 
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The  terms  within  the  [  ]  qfo  the  arbitrary  constants  C,  C^C^...  €^ 
as  far  as  [fXi/r]  indiisivc,  but  tukfii  in  nii  invurtcd  order. 

91.  Prop.  To  deduce  the  devebpnicHt  lyi  f^Xdj'  from  that  of  i'. 

By  Maclfluriii's  Thcoreni,  we  have 

and  this  may  be  converted  into  the  series  [J2]  by  muitiplying  each 
term  by  i",  then  dividing  the  successive,  terms  by  1 . 2 . 3  . . .  n, 
by  2  .  3  .  4  .  .  .  (n  +  1),  by  3  .  4 .  5  .  .  .  (n  +  2),  &c.,  and  finally 
annexing  terms  of  the  form 

1.2.3..  .(n-1)'     1.2.3. ..(»-2)'  '' 

• 


'^2  4  2  4    B 


r«  +  &c 


Also  n  =  4.  Therefore  multiplying  by  ar*  and  dividing  Buocessiveiy 
by  1 .  2 .  3  . 4,  by  3 . 4  .  5  .  0,  &c,  and  finally  annexing  the  temu 
containing  the  constants,  we  get 

•'  VT^^~  1    ^1.2       1.2.3^1.2.3.4^2.3.4.5.6 


.4. 5. 0.7. 82. 4. 6. 7. 8. 9. 10 
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■ ' '  Ili  ^=S  CA.     or    y  =  C*,*  +  C»     a  atrwght  lint 
»a..f        0  =  0,    .hen    l%^=%^0. 
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RECTIFICATIOiN   OF   CURVtS.    QUADRATURE   OF 
ARKAS.    CUBATURE  OF  VOLUMES. 


CHAPTER    I. 


RfiOTlPlCATION    OP    CURTEB. 

92.  To  rectify  a  curve  ia  m  determine  a  straight  line  whose  length 
shall  be  equivalent  to  that  of  the  curve,  or  simply  to  obtaiu  an  ex- 
pression for  the  length  of  the  curve,  in  terms  of  the  co^irdinatea  of 
its  two  extremities, 

93.  Prop.  To  obtain  a  general  formula  for  the  length  of  the  arc 
of  a  plane  curve,  when  referred  to  rectangular  co-ordinates. 

Let  AB  be  the  proposed  are,  F  a 
point  in  it,  O^and  OF  the  co-ordi- 
nate axes. 


,  DP  = 


y,  AP  = 


Put  02)  = 
Then  nnce  d» 
we  shall  have  by  integration 

.=/(.+g)t... ..(.). 


94.  To  apply  (S)  we  replace 


d„^ 


tne  required  formula. 
by  its  value,  in    terms  of  9 


deduced  from  the  equation  of  the  curve,  and  then  integrate  between 
the  limits  x  =  OS  mi  x  =  OF. 
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96.  Ag&in  ify  be  taken  as  the  independent  variable,  we  shall  have 


s  =  f(l  + —y  dy  .  .  .  (Sj),  a  second  formula. 
This  wiU  be  applied  by  substituting  for  ^-^    its  value,  in  terms 

of  y,  derived  from  the  equation  of  the  curve,  and  then  integrating 
between  the  proper  limits. 


96.  1.  To  find  the  length  of  the  para- 
bolic arc  AB,  included  between  the  ordi- 
nates  6,  and  b^. 

The  equation  of  the  curve  is  y*  =  Hpx. 

which  substituted  in  (S^)  ^ives 


But  hy  formula  {B), 


.,*., 


ri^ 


To  integrate  the  lost  term,  put  (p^  +  y')*  —  z  +  y. 


•(!)• 


.p»  +  y'  =  e»  +  22y  +  y»,     y  = 
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And  hy  BubstttutioD  in  (I), 


To  determine  the  value  of  (7„  put  y  =  fij  and  9  =  0,  since  the 
arc  IS  supposed  to  comnience  at  the  point  A. 


-  ''^"^a^''*''  +  Ip  H[{y'  +  V)*-  M.    "«i  '7 


■ultstitution 

'  +  y')*y 

when  y  ^  6j 


(j>'  +  V)-», 


_  (P'  +  V)*t,  _  (f'  +  V)*t,  _  1  y  ,^,  (p'  +  V)*-i, 


%> 


(/■■  +  *,')'-», 


If  the  arc  be  reckened  from  the  vertex  0,  the  ordinate  4,  =  0, 


3.  The  cycloid       y  =  y'2r.x  - 

Here  -/-=*/ ,  and 

ax     \      X 


■  ••1  +  ^  =  1  +  - 
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HeDce  by  substitution  in  formula  {S). 

X* 

But  when    a:  =  0,    s  =  0,    .-.    0  =  0,     and  hence     <  =  2v'^r*i 
or,     the  cycloidal  arc  OP  =  2  chord  01  of  the  generating  circle. 

When        a:  =  2r,    s  =  arc  0£A  =  2diameter  OC. 
. ' .    arc  A  OB  of  the  entire  cycloid  ^  4  diameters  of  the  generating 

3.  The  circle  y^  =  r»  —  *».  ^    „ 


This  result  involves  a  circular ' arc,  the  very  quantity  we  wish  to 
determine,  and  is  therefore  inapplicable. 

To  obtain  an  approximate  result,  expand  the  differential  coefficient 

(r*  —  x^)      and  integrate :  thus 

-•^Lr+sTaH+sTTTs  7^+274767^  7'+^'J+''- 

But  if  »  =  0   when  «  =  0,    then    (7  =  0,  and   .  ■ .  when  x  =  r, 
/,  1      ,      1.3     ,     1.3.5     .  .    \ 

the  value  of  the  arc  APB  of  the  quadrant. 

^273"''2.4.5  '  2.4.6.7  "^ 
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4.  The  ellipse 


oV  +  JV  = 

«=J«. 

u'fa'b'  . 

-b^x- 

■)  +  6'i> 

«V-*') 


or,    1+  f^ 

tricity, 

/•  (a=  -  e^x')^  ,          /•  (1  -  e'J,")*  .    .  ,  .      « 

.  ■ .     <  =  /  ^ ^  ^  =  J 1  ""i  by  making  -  =  ar,. 

(.■-.')»  (i-V)* 

This  expression  has  already  been- integrated  approximately. 
5.  To  determine  what  curves  of  tlie  parabolic  class  are  rei'tifiable. 
The  equation  of  this  class  of  curves  is  y"  =  aa?",  in  which  n  and 
m  are  positive  integers. 


d,_ 


and  this  can  be  rationalized,  when  — - — — —  —  r,  an  integer,  that  is, 

when     "^  =  1:^  (Art.  41). 

Hence,  if  one  exponent,  n,  be  even,  and  the  other,  m,  greater  by 
unity,  the  curve  will  be  rectifinble;  that  is,  an  exact  expression  for 
the  length  of  the  curve  can  bo  obtained  in  terms  of  the  co-ordinates 
of  ita  extremities. 

The  term  rectifiablo  is  sometimes  restricted  to  those  curves  whose 
lengths  can  be  expressed  algebraically,  or  without  employing  tran- 
scendental quantities;  and  with  this  restriction,  the  value  of  r  must 
be  positive,  otherwise  k  would  be  transcendental. 

Now  applying  the  other  condition  of  integrability,  wo  havB 
n  mteger,  whence  — =  — ~ 


=(")" 
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Hence,  if  one  of  the  exponents  be  an  even  integer,  and  the  other 
less  by  unity,  the  curve  will  be  rectifiabJe. 

Combining  the  two  results,  we  find  it  simply  necessary  that  tii 
and  n  should  differ  by  unity. 

97.  Pcqp.  To  obtain  a  formula  for  the  rectification  of  polar 

Here  we  have  to  express  «  in  terms  of  r  or  6,  and  for  this  pur- 
pose we  must  transform  the  formula  [5],  by  means  of  the  relations 

»  =  ^+l''---<'>-  "='«»•. ■■■i^y  j  =  r.i««...(3), 

the  quantity  S  being  taken  as  the  independent  variable. 
Then  (2)  and  (3)  give 


.  ■ .   ■Tr~  =  r^sin'fl  —  2t  sin  *  cos  S  -rr  +  cos'J  -r 

dr  di 

+  r^coa,''i  +  2r  sin  «  cos  fl  -jr  +  sin"*  ^ 
dd  d 

■•■•=/[--S> <n 

1,  The  It^arithmio  spiral  r  =  o*,  between  the  limits  r  =  r„  and 
-J-  ^  log  a .  a*  =  — ,  where  m  is  the  modulus. 
.  • .  d6  ■=  —dr  =  —  dr,  and  by  substitution  in  {T), 
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2.  The  spiral  of  Archimedes  r  =  ad,  from    tlie  pole  to  the 
point  r  =  r,. 

This  expression  is  entirely  similar  to  that  integrated  in  rectlf/ing 
'the  parahola. 

3.  The  leraniscata      r^  =  akosZS, 


^)- 


■■■'-•'(^_^,*-       '■•'U.  +  2-a.  +2.4... 

which,  integrated   from  r  =  a  to  r  =  0,  gives  for  the  arc  BIA  or 
one-fourth  of  the  entire  length  of  the  curve. 

Ft    ,      1      .      1-3     ,       1-3-5      .1 

'  =  ■^1^+2:5  +  2:4:9  +  2.4. tf.lS-H 

98.  When  the  curve  is  characterized  hy  a  relation  between  ibe 
radius  vector  r  and  the  perpendicular  p  upon  the  tangent.  To 
obtain  a  formula  for  the  reclitication  in  this  case,  we  assume  the 
value  of  the  perpendicular  found  in  the  Differcn. Calculus, p.  1 54vii.: 

V  —  ■   , ;    whence     -rrr  =  — ^ — ^— .  and 

v'-^+^ 
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,'.  «  =  / J  •■■((/),  the  required  formula. 

Ex.  The  involute  of  the  circle  from  ^  =  0  to 
Here  the  equation  of  the  curve  is  r^  ^a^  -\-  p^. 


•■•=/" 


i^  +  p\ 


But  when  ^  =  0,  (  =  0.     .■.(7=  —  7 
when  p  =  lira,        >  =  2*^0. 


CHAPTER    II. 


OF  PLANE  AREAS. 

99.  ITie  quadrature  of  a  pJano  curve  is  the  determination  of  a 
Bqimre  equal  in  area  to  the  space  bounded  in  pnrC  or  entirely  by  ihnt 
curve.  The  problem  is  regarded  as  resolved  when  an  expression,  for 
the  area  in  terms  of  known  quantities  has  been  obtained,  the  number 
of  terms  being  limited. 

100.  Prop.  To  obtain  a  general  formula  for  the  value  of  the  plane 
area  ABCD,  included  between  the  curvp  DC,  the  axis  OX,  and  the 
two  parallel  ordinates  AD  and  BC,  the  curve  being  referred  to 
recUngular  co-ordinates. 

Put  OE=x',  EP=y,  EF=h,  FPj=yj, 
and  the  area  AEPD=A. 

Then  when  x  receives  in  increment  h, 
the  area  takes  a  corresponding  increment 
EPP^F,  intermediate  in  value  between  the 
rectangle  FP  and  the  rectangle  FS. 
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But 


y  + 


rfy    A        rfV     *' 


-  + 


1.2 


+  &0. 


=  1  +  5 


+  4tc.  =  1,  when  A  = 


.  !=!fS  ^  y,  X  A ^_ 

□  /'P      y  X  A        y 

,  ^  A      fiV  _A^ 
dx'y       <£e«"l.2.. 
Hence  at   the  limit,  wheu  A  is  taken   indefinitely  small,  the  ares 
SPPiF,  which  is  alwaj  s  intermediate  in  value  between  FP  and  FS, 
must  Iweoine  equal  to  each  of  these  rectangles,  or  equal  to  y  X  A. 
.  ■ .  dA  =  !/dx,  and  consequently 
A  =  fydx (  V),  the  required  formula, 

101.  If  the  area  were  included  between 
two  curves  DC  and  D^C^j'^n  should  find  by 
a  similar  course  of  reasoning 

A  =  f{Y-y)dz {FO, 

in  which  Y  and  y  denote  the  ordinates 
EP  and  EP^,  corresponding  to  the  sarae 
abscissa  OE. 

102.  To  apply  ( F)  or  ( F,),  we  eliminate  y,  or  y  and  T,  by 
employing  the  equation  of  one  or  both  curves,  and  then  integrate 
between  iho  limits  x  ^  OA  and  x  =  OB. 


103.    1.  The  area  ABCD,  included   between   the  parabolic  arc 

DC,  the  axis  of  x,  and  two  given  ordinates  AD  and  BC. 

Put    OA=a^,  AD=b^,   OB=a^  BC=b,,   OE=x,  and  EP=y. 

Then,  from  the  equation  of  the  parabola, 
we  have 

ff^  =  2px,     or    y={2p)\A 

,  ■ .  And  by  substitution  in  formula  (  F), 


I    A     E  B 
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2 
But        A=  0,  when  x  =  aj  and  y  =  6„  .  ■ .  C=  —- a/, 

.-,  A  =  ~{xy  —  fliii)  =  ADPE;  and  when  a;  =  oj  and  y  =  6j 

Cor.  If  the  area  ODVB  of  the  semi-parabola  were  required,  we 
should  hare 


«,  =  0,  6i  =  0,    and    .-.  A=~aJ>^  = 

and  fur  the  entire  area  of  the  parabola 

''  4  2  2 

2^  =  g  ff  A  =  3  «j  ■  2fi,  =  3  circumscribing  CH 

2.  The  drcle    y^  =  r'  —  «^,   or    its    seg- 
ment ACB. 

Here    ^  =  fydz  =  /(r*  -  x'fdx, 

or  by  employing  formula  {£), 

Suppose  the  area  to  be  reckoned  from  A. 

area  ^  =  0     when     x  =  OA  =  —  r. 


And  when  a;  =  +  7-,  jd=-*r*  =  area  of  semicircle  AEB. 
.  ■ .  area  of  entire  circle     AEBD  =  ■xt'. 
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To  find  the  area  of  the  segment  A  CD,  make  x=  0G=  —a,  then 

^i,[rr_,.co.-.(-!)]-la(r'-a>)* 
=  ir(^Ci!-CT)-l.(r' -<■■)* 
=  \r.AC-\-<i.Ca. 


.-,  segment  CADC  =  r.  AC  ~ 
3.  The  elliptic  Begraent         ACiHi- 
Here  the  equation  of  the  curve  ia 


.eg. 


,  =  '(«.-.',*. 


.>i. 


A=/sd.  =  "-/(a'~i 
Bp-imcnt  ACiD^  =  -  .  segmsnt  ACB  of  a  eirclo  described  . 


Hence  the  area  of  the  entire  ellipse  =-'area  cirde  = 

4.  The  cycloid         y  =  {2rx  —  a!^f+  r .  versin->- 

Put     OJ)  ~x,    DP  =  y. 
Then  the  area  OPD  =  fydx. 
But   since  y  is  a  transcendental 
function  of  x,  it  will  be  preferable 
to  integrate  this  expression  by  parts.     Thus 

A  =  fydx  =  ly  —  fxdy. 


■-tab. 
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QUADRATURE   OP  PLANE   AREAS. 
1  the  equation  of  the  curve  we  have 


.'.  A  ■=  xy  —  J  ■^%-x  —  x^ .  dx. 

Now  /  ■\/2rx  —  x'^dx  =  Svidx  where  y^  is  the  ordinate  DP^  of 
the  generating  circle,  corresponding  to  tlic  abscissa  OD  =  x, 
or  f\/-Xrx  -x^dx  =  area  0/",^). 

.  ■ .  area  OPJ>  =  xy  ~  area  OP^D,     and  when     x  =  00  =  3r. 

area  semi^ycloid  OAC  =  OC  y.  CA  —  area  semicircle  OP-^O 

.  ■ .  area  entire  cjcloid  =  S^r*  =  3  area  generating  circle, 

104.  Prop.  To  determine  a  general  formula  for  the  quadrature  of 

polar  curves,  their  equation  having  the  form  r  =  F&. 
Let  QX  be  the  fixed  axis,  QP  the 

radius   vector,  Rirming  with    ^X  an 

angle  measured. by  the  arc  d  described 

with  radius  equal  to  unity. 

Let  fl  take  the  increment  i,  convert- 

inif  r  into  r,  =  F{(i  +  ')'  """^  adding 

the  sector  QPP^  to  the  area  QIP=A, 

previously  swept  over  by  the  radius  vector.     Now  ^PP^  >  ^PK, 

but  <  QP^O.     Also  the  ratio 

qPK      1  r» 


=  1     when     (  =  0, 
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Hence  at  the  limit,  when  t  is  replaced  by  dd,  and  QPPi  bpeomw 
a  A,  the  value  of  QPP^  will  be  equal  to  QKP  or  QPjO.    l^us  we 

^lull  have  dA  =-r'^.d6. 

.  • .  -^  =  5  /'^''^  . . . .  ( Fj),  the  required  formula. 
1.  The  spiral  of  Archimedes  r  =  ai. 

A  =  l  fr^di  =1  a^/i^di  =  1  a!fl3  +  C  =  J  -  +  C. 


\{  A  =  0  when  r  =  r„  then  0 
.       l/r^- 


C  a 
lr,3 


I ^1 ;     and  when     r  =:  r^,  j1  =  -  j-^ -'-V 

Fur  the  area  of  one  convolution  estimated  from  the  pole,  we  have 
the  limits  r,  =  0  and  r~  =  2ra. 


a.  The  logarithmic  spiral  from  r  =  r,  to  r  =  r^ 

Here        r  =  a  .     .-.  dr  =  \osa.a  .dS     and     di  =  i ■  — 

^  log«     r 

'       ■'  +  (7. 

—  7  '"(V  —  't^)'  between  the  limits  r,  and  r^:  the  quantity 
M  denoting  the  modulus 
3.  The  hyperbolic  spiral  from  r  =  r,  to  r  =  r,. 


-fadr 


drt^-—,      di= dr=- 
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4.  The  lemniscata  r*  =  a^cos2fl. 

A  =  ^/r^dS  =-  o»  /cos  -ZSdi  =  -aSsln  26  +  C. 
Put  ^  =  0  when  S  =  0 ;    then   C  =  0,  and  -d  =  -  a'sin  2i, 
which  (iives,  when     r  =  0,     or     fl  =  -«,     ^  =  -a^, 
.  • .     Entire  area  =  o'  =  square  described  on  semi-axis. 

106.  ^rop.  To  find  u  formula  for  the  quadriiture  of  a  plane  curve, 
whei.  its  equation  is  given  by  a  relation  between  the  radius  vector, 
and  thu  perpendicular  upon  the  tangent. 

1,     The  involute  of  the  circle 


-^/^  =  i^-'*'^' 


and  this,  between  the  limits  p  =  0,  and  p  =  Zva,  within  which  the 
entire  circumference  is  unwound,  gives 

Cor.  The  area  included  between  the  involute  ABS,  the  circle, 

and  the  tangent  AS,  is  equivalent  to  that  swept  over  by  the  radius 

p> 

vector,  and  therefora  equal  to  ■~- 

6a 

c2(r»  —  fl'l 
2.  The  epicycloid  p'  =  -^ j-i,  where  e  =  a  +  2S,  a  and  6 

being  the  radii  of  the  lixed  and  generating  circles. 
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A  = 

2a^ 

i-l  —  ffl! 

^ 

Put    ( 

>»  -  a*; 

:**  +  a« 

=«fe, 

.-.    A  - 

1~/('' 

'  -  a"  -  7>)"  W 

= 

,_!('! 

4«              "^ 

4a 

^' 

_!(£l 

-tr-^^ 

(c»  -  a'] 

"..»- 

■Lfe 

S]*^ 

4a 

Thiii,  between  the  limits  r=a  and  r=c 

v^ 

giv« 

i 

^ 

A  = 

1=(- 

■< 

i 

A 

But  OIL  =  5  *a6. 

1  6V 

.  • .   //•  ri  =  ^  epicycloid  =  —  {3a  +  2i), 

and,     IVI^LI  =  — (3a  +  26)f  the  entire  epicycloid. 

If  h  =  -a,  then  epicycloid  =  4*6^  =  'a^  =  area  fixed  circle. 
If  &  =  a,    then  epicycloid  =  Sri^  =  Sca^  =  6  area  fUed  circle^ 
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CHAPTER    III. 


QUADBATURB    OF   CDRVSD    BtTRFACXa. 


e  quadrature  of  • 


106.  Prop-  To  obtiun  a  genera]  formula  for 
mir&ce  of  revolution. 

Let  AB  be  the  arc  of  a  plane  curve 
which  revolves  about  the  axis  OX,  P  and 
Py  poJDta  taken  oii  the  curve  so  near  to 
each  other  that  the  arc  PP^  may  present 
its  concavity  to  OX  at  every  point. 

Put      0D  =  7!,     I>P  =  y,     DI>i  =  h 

The  surface  generated  by  the  arc  PPi,  is  intermediate  in  magni- 
lude  between  those  generated  by  the  chord  PPi,  and  the  broken 
line  PTPi-     Denoting  these  surfaces  by  C  and  B,  we  have 

hpD  +  riJij2*pr+  (r/>,»  -  p^d^^)* 

^  ^{PI>  +  PiD{)PP,.2r 

_  {2PD  +  VT)PT+  {ZP^Dj  +  P^T)P,T 

Dividing  numerator  and  denominator  by  A,  and  then  passing  to 


.(' 
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the  limit,  we  obtain  -^  =  1,     And  hence  the  limit  to  the  value  of 

the  surface  C,  generated  by  the  chord,  will  be  a  proper  expression 
for  the  elementary  surface  generated  by  the  are  PPi,  when  that  ai-c 
becomes  indefinitely  small. 

But  at  the  limit,  when     k  =  dx.     C  =  2*y/l  +  ^W^. 

Hence  we  have  fbr  the  difTerential  of  the  surface, 
dA=''i<,yl\+'^^dx,     and     .• .  A  =  2^fy{\ -\-^^^dx,..(^W). 

or,  A  =  2ff/yrf» (IT,). 

107.  To  apply  {  W),  we  eliminate,  by  merihs  of  the  equation  of 
the  generating  curve,  y,  and  ■—-,    and  then  integrate   between    the 

given  limits.  Similarly,  we  apply  ( IT,)  by  expressing  y  in  terms 
of  i,  or  da  in  terms  of  y  and  dy. 


108.   1.  The  surface  of  the  sphere. 
Here  the  generating  curve  is  a  circle  whose  equa- 
tion is 


y 

if 

^t- 

.-.  A  = 

J       y 

=  2*1 

.fiz: 

=  2*r^  +  (7. 

^=0, 

when    «  = 

_,. 

then 

C=2*r». 

Put 

.'.  j4  =  2*r(r  4- *),  which,  when  «  =  +  r,  gives  for  the  sur&ce  of 
the  entire  sphere  A  =  4*r*  =  4  great  circles. 

For  the  zone  whose  height  \%h  =  x^  —  ar„  we  have 
A  =  2*r(a;j  —  x^  =  arrA. 


.y  Google 


QUADRATURE  OF  CUBVED  SUEFACE3. 


1.  Hie  paraboloid  of  revolution, 
'       ^'  di      y'  ^dz'     ^  y'         f 


If  the  surface  be  reckoned  from  the  vertex,  we  shall  have 

2.  The  surface  generated  by  the  revolution  of  the  Catenary  about 
its  axis. 
The  equation  of  the  curve  is    »^  =  i'  +  2ax. 


.■.  dtz 


(^ 


w 


Now,  applying  formula  (  W^),  and  integrating  by    Ar- 
parts,  we  have 

A  =  2*/yrf^  =  2^{s»  -  f'dy)  =  ar(y.  -  d/dz) 

But  when       x  =  0,  y  =  0  and  3  =  0,  .  ■ .  C  =  0. 
.■.A  =  2^(i/-^/x^  +  %ix  —  ax). 
3.   The  surface  generated    by  the  revolution  of  a  semi-cycloid 
about  its  axis. 

/■lr~x 


Here         dy  = -J- --dx    and    *  =  'iy/%^  =  y/^. 

.■.A  =  2*/yd*  =  ai{y*  -  /«rfy)  =  2«{y»  -  /2y/^yJ^^^-dx) 
=  2*(yv^  -  VS^v'^r-x.rfa;) 

=  &r[y  V^+  v^.  I  (2r  -  tA  +  C. 

32 
But  when       ar  =  0,  ^  =  0,  .  ■ .  C  =  —  -tt-  Tr». 
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32 
and  when  t  =  Sr,  j4  =  Sf^r*  —  "q"*''*i  ^^^  entire  sur&ce. 

4.  The  surface  generated  by  the  revolution  of  the  cycloid  about 
its  base. 

Ill  the  formula  A  =  2r/yds,  the  quantity  y  denotes  ihe  distance 
of  a  point  in  the  revolving  curve  from  the  axis  of  rftvolution,  and 
must  therefore  be  replaced  in  the  present  instance,  by  2r  —  x. 


.  A  =  2r/(2r  -  ^)d,  =  2*/(ar  -  X). 


-dx 


=  2«-y/ir{4rx^ 


i_?J- 


But  ^=0,  when  a; 


.  A  = 


32 


Mid  the  entire  surface  2A  - 


rr*. 


109.  J'rop.  To  obtain  a  general  funnula  for  the  quadrature  of  any 
curved    surface,  whose  equation    is 
referred  to  rectanguliir  co-ordinates. 

Lot  CAl'B  be  a  portion  of  the 
iurface  included  between  the  planes 
of  zs  and  yz,  nnd  the  plant's  JiJ\, 
AFj  drawn  parallel  thereto. 

Put  OA,  -^  X,   OB,  =  AiP^  =  y, 
I'yP  =  z,  A  CBP  =  A,  and  let 

«-/'(»,i/)...{l)  betheequatlon   ■, 
of  tiic  surface. 

ITien,  since  the  value  of  J  will  be  determined  by  the  assumed  values 
of  the  independent  variables  x  and  y,  wo  shall  have  A  =  ?(i,y). 

Now  when  X  receives  an  increment  A^a-^  =  A,  the  area  A  takes  tl» 
increment  A  I},  becoming 


A 

tI 

7f\ 

./ 

/y^- 

/         V' 

=  p(i-t-/<,y)  =  J-f-j^.~4. 


dA    h    ,   rfM     A»     ,    d^A       k" 


dx     I  ^  dx^  '1.2"^  dx^'l.Z. 


+  Sk. 
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SiiuiUrly,  when  y  alone  takes  an  incremeat  B-fi-i  =ik,  A  takes  the 

increment  BG,  becoming 

,      dA     k    ,   vPA    Je'        d?A       I? 
^.  =  p(.,y  +  *)  =  ^  +  ^.^  +  ^.-j^+^-j-^  +  &c. 

But,  when  z  and  y  increase  simultaneously,  A  takes  an  increment 
AD  +  5ff  +  PI,  becoming 

_    cPA       h?       ,     (PA      h?k    ,     rfM      AF    ,   d^A       i' 


.  ■ .  PI=  A3~A-{A-^-A)-  (^  -  A) 

tPA    kk        d^A      h^k        d^A      AF 
~  (irafy  '  1  "'"  d/Vy  '  1 .  3  "*■  d^i/^^ '  i  .  2  "*" 

PI      d^A        d'A      h  d'A        k        , 

which,  at  the  limit  when  A  =  0  and  i:  ^  0,  reduces  to 
PI  _  d'A 
PJi  ~  dxdy  ■ 

Now  this  quotient,  which  results  from  dividing  the  elementary- 
surface  PI  by  its  projection  P^Ij  on  the  plane  of  xy,  is  equal  to 

,  where  v  denotes  the  angle  formed  bv  the  tanseut  plane  at  the 

cost  -  c         r 

point  P  with  the  plane  of  my. 

But  from  the  theory  of  surfaces  (Diffi  Cal.,  Art.  1T7),  we  hate 


.{I). 


d>A 


e  the  second  diflerential  coeffteient  -5 
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difTcr'ntiating  ibe  function  A  oi'x  and  y,  tirst  as  though  x  were 

alone  variable,  and  then  as  though  y  only  varied,  we  shall  obtain 

d:'A 
the  value  of  A  by  nitiliiplyjng  the  value  of  -t—f  ^y  <^^y^  (""S  thea 

performing  two  successive  integrations  with  respect  to  x  and  y,  the 
order  of  these  integrations  being  ImmHterial,  since  that  of  the 
difrerentiations  is  arbitrary. 

This  double  integration  is  indicated  by  the  symbol  //,  and  the 
result  is  called  a  douUe  tnlegral.     Thus 

A  =/fU  +  ^  +  T'if'^'^^ t**^')'    ****  required  formula. 

The  limits  of  these  integrations,  in  the  case  represented  in  the 
diagram,  are  y  -  0  and  y  =  OB,  =  b,  x  z=  0  and  x  =  OJ,  =  a. 
But  if  the  surface  were  terminated  laterally  by  a  cylinder  (inijicad 
of  by  planes  parallel  to  xz  and  yz),  the  elements  <>{  this  cylimliT 
being  parallel  to  ihe  axis  of  g,  and  its  bnse  in  the  pliine  of  xy  repre- 
sented by  the  equation  y^  =/r,  then  the  superior  limit  of  the  fir>t 
integration  would  be  y  =  y,  :=/x,  the  inferior  limit  being  still  zero. 
This  will  be  rendered  plain  by  an  example. 

110.  1-  Required  the  surface  of  the  tri-reclangular  triangle  j1£C. 

From   the  equation   of   the   surface  ^ 

*'  +  y^  +  si^  =^  ''*,  we  obtain 
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=  1,   and    9itt-i(l)  =  ^ 


tr  Jdx  = -trx -Jr  0  =  ^*r^ 

between  the  limits  z  =  0,  and  i 

2.  The  axes  of  two  equal 
circular  semi-cylinders  in- 
tersect at  right  angles,  form- 
ing the  figure  called  the 
(TTuin.  Required  the  entire 
sui'fiice  intercepted  upon  the 
two  cylinders. 

Assuming  the  axes  of  the 
cylinders  as  those  of  x  and 

y  respectively,  the  equation  of  the  cylinder  whose  axis  coincides 
with  z  will  be  y^  +  ^'  =  '■^,  and  that  of  the  cylinder  whose  axis 
coincides  with  y  will  be  i'  +  «'  ^  r^ 

The  entire  surface  to  be  estimated  is  projected  upon  xij  in  the  rec- 
tangle ABCF,  aDd  the  triangle  OOF  is  the  projection  of  one-eighth 
of  this  surface.     To  compute  this  portion   to  which  the  equation 

wScb  the  limits  of  integration  are  y  =  0  and  y  =  x,  x  =  fi  and  x  =  r. 


x^  -\-  t^  =  f^  applies,  we  have  A 


=ff{ 


1  +  ;; 


But  from  the  equation    x^  •^-  z^  =  j^,  we  get 


di 


z,dy- 


=  r  /*  ,  =  r  I  between  the  given  limits. 

or  j1  =  ry^— 


'  +  C=r^  between  the  limits  x  =  0  and  x  = 
=  8r\    the  entire  surface  of  the  groin. 
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CDBATtJRE  or  VOLDMBS. 

111.  Prop  To  obtain  ft  general  formula  for  the  volume' generated 
by  the  revolution  of  a  plane  figure  about  a  fixed  axis. 

Let  OX,  the  axia  of  x,  be  the  axia 
of  revolution,  ABCF  the  generating 
area.     Put 

01}=x,  DP=y,  D2>j=h,  i>,/',=y„ 
and  let  y  ^  Fx  be  the  equation  of  the 
bounding  curve  AB. 

The  volume  generated  by  the  revolution  of  the  small  quadrilateral 
DPPiDj  is  intermediate  in  magnitude  between  the  cjlinders  gene- 
rated by  the  rectangles  PD,  and  £Di.     But 


cylinder  ED^  _  ■ry^^k  _ 


(y  + 


dx-^  '  1 . 


^     dx   y^     dt'   1.2. y^  -..     , 
=  1     when     ft  =  0. 
Therefore  at  the  limit  the  volume  generated  by  DPPjDi  =  cyl 
inder  PD^,  ox  dV  =  ^i/^dx,  and  consequently  V  =  *fy^dx . . .  (X) 
the  required  formula. 

To  apply  {X),  we  substitute  for  y*  its  value  in  terms  of  x  derived 
from  the  equation  of  the  bounding  curve  AB,  and  then  integrate  be 
tween  the  given  limits. 
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112.  1.  The  Sphere. 

Here  the  equation  of  the  circle  which  bounds  the  generating 
irea  is  ars  +  y!^  =  t\ 

.-.  V=firy-^dx  =  *f{T^  -  z^)dx  =  ■<i{r'x  - -x^)  +  C. 
Put       F  =  0    when    x=  —t. 


g--)= 


r'HT^. 


.•  .V  =  tiy^x  —  -i^)  +  5*'^    ""^  when    x  =  -{-t,  V  =-=«r'. 

2.  The  ellipsoid  of  revolution,  generated  by  the  revolution  of  the 
Bemi-eilipse  about  its  greater  axis  2a. 

He,.  ,'J^S''-'')-    ■■■  F=5/(«'-«=)<fe=5(.'x-i:^)+a, 

which  gives  between  the  limits  x  =  —  a  and  x=-  ■\-  a. 

4  2  2 

F  =  -  irS'a  =  -  (2o .  »i^)  =  5  circumscribing  cylinder. 

3.  The  paraboloid  of  revolution 

y'  =  Zpx.     V=  2*pfxdx  =  tpx^  +  C. 
If      F  =  0  when  *  =  0 ;    then    C  =  0   and    F  =  irpa;' ; 
which  becomes,  when  a;  =  *,  and  y  =  y,, 


4.  The  parabolic  spindle  generated  by  the  revolution  of  the  pari^ 
bolic  area  AQB  about  the  double  ordinate  AB. 

Put  OQ  =  a,  0A  =  b,  OD  =  jt,  DF  =  y.  Then  QC  =  a-y. 
^=2p(«-y)  and  F=»/(a-gy^=  ^y(4ay- 4a;;^^+^)rfr. 
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But  if  V  =  0  when  x  =  0,  then  (7=0;   and  when  x=  OA  =  b. 
V  = 


OTsmce 


=  0. 


It 


V  =  fa>i>(l  —  3  +  5)  =  15  *'»^*  =  volume  ^go. 


■,  volur 


-  •ra'l,. 


5.  The  ToluRte  generated  by  the  revolution  of  the  cycloid  about 

Put     Or=2r,     OB-x,     J)P=y,     IV  =  z  =  Zr-y. 

Then  from  the  equation  of  the  cycloid, 


and  since    ds  = 


-dy. 


■   -dy-       \      z      ) 

W  - »/ 

But  by  formula  {A), 
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Put  r  =  0  and  y  =  2r.     Then  C  =  -r>wi,  and  when  y  =  0. 

r=^rM  =  volume  £F0. 
.*.  volumeSVA=  5r^' = 'iirr-irr^  =  -  circumscribing  cylinder, 

C  The  volume  generated  by  the  revolution  of  the  cycloid  about 
its  axis.     (See  last  Fig.). 

Put  VI  =x,  IP  =  y,  VO  ^  2r,  and  to  facilitate  the  integrntion, 
introduce  the  variable  angle  VC£  =  i. 

Then     «  =  r(l  —  cos  6),  y  =  r(-sin  i  +  i),  dx  =  r.  sin  m. 
.-.V  =  vfy^dx  =  vr^ /(sin^d  +  23  .  sin^  +  fl* .  sin  i)di. 

But/sin*a.ifl=:  — -sin'i.cosfl  — -cosfl  =  ",  from  i  =  0  to  *=*. 

2y3.sini»a.<C=y3.rfa-/d.cos2flJfl 

=  -i'— -flsin2S+  -/sin  2fl.rffl  by  integrating  by  parts. 

=  laa_lflsin2fl-lcos2fl  =  ^<2,froma  =  0toa=*, 

and  y3=.sinfl.(fl  =  — aacosfl  +  a/fl.cosMJ 

=  -a=C09«  +  2^siiia  -2/9inS(/3 
=  — fl2cosa  +  2asinfl  +  2co8fl 
=  «»  —  4,  frocn  a  =  0  to  i  =  «■• 

.  '.  Entire  volume  ^  irH  l,-;'''^  —  rr 

113.  /■'■op.  To  obtain  a  genera!  formula  for  the  volume  of  aJI 
solids  which  are  symmetrical  with  respect  to  on  axis. 

Such  solids  may  bo  generated  by  the  motion  of  a  plane  figure,  as 
ABCD,  of  variable  dimensions,  and  of  any  form,  whose  centre  0 
remains  upon  the  a.xis  OX,  its  plane  being  always  perpendicular  to 
OX,  and  its  variable  area  X  being  a  fuuction  of  x,  its  distance  from 
the  origio. 
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By  a  melh<>d  entirely  similar  to 
that  npplii'il  to  solids  of  revolutloD, 
we  may  sIk^w  that  dV  =  Xdx, 

and      .-.  y  =  /Xdg (Xi), 

the  requireJ  formula. 

To  apply  (X)  we  must  express  the 
value  of  the  area  X  in  terms  of  x,  and  then  integrate  betveeii  the 
proper  limits. 

Cor.  The  same  formula  ia  applic.iljle  to  any  solid  generated  by 
the  motion  of  a  section  of  variable  dimensions  parallel  to  a  given 
plane,  when  the  arua  of  the  section  can  be  expressed  in  functions  of 
its  distance  from  the  fixed  plane. 

114.  1.  The  ellipsoid  with  three  unequal  axes. 

Here  we  have  -r-  -|-  yr-  +  -=  =  1, 

a'       0^       c* 

or  fcVa:*  +  aVy^  +  a^lV  =  a'b^. 

Make  CC,  =  t,  and  put  successively 

y  =  0    and    a  =  0. 

Then  when 

and  when 

«  =  0,  y  =  -/a'  -  J!'  =  I>^C^. 


1. 

c    \^ 

J' 

/ 

tie  , 


r(«' 


.x>); 


.  • .  area  BjD^F^E^  =  X  = 

and  this  value  substituted  in  (X,)  gives 


V  =  -«iea  =  entire  ellipsoid  =  ^  circumscribing  cylinder. 
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2.  The  elliptical  paraboloid  afl  +  by'  =  a'x. 
Put  succeasively  y  =  0  and  a  =  0 ; 

then  CB==a(^\^,     and     CZJ  =  «/|\* 


Then 


And 


when    X  =  0,    then    C=0,    and 


'^~2v^' 


.  When  x=  OA  =  x,    V -. 


If 


1^ 


1 


-  ,,     ^—^  —  ~ -Xia^i  =  ~  circumaeribiiig 
*  /Ac         *  * 

3.  The  groin  or  solid  formed  by  the  intersection  of  two  cylindera 
whose  axes  are  perpendicular  to  each  other, 

1st,  Let  the  bases  of  the  cylinders  be 
equnl  semi-circles. 

'ITien  the  generating  section  A^ByCxI^i 
will  be  a  square. 

Put    OG=QE=EA=r,  OQ^=.x, 
O^E^  =  y  =  J",  J,. 

Then    A^B^C^D^  =  Ay'',    and  from  the 
equation  of  the  circle  EOF, 

But    r=  0  when  x  =  Q,  .•.  C  =  0,  and  when  x  =  t. 


F=  K  *^=  s 


.2i-,2r=-    circumscribing  parallelopipedon. 


2d.  Let  the  bases  be  unequal  parabolas. 
Then  the  generating  section  will  be  a  rectangle. 
Put  00  =  a,   OE-b,  EA=\,  OG^  =  x,   ff,£,=y,  E,Aj  =  tft 
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ITien       y'  =  2pz,  y,'  =  2pjX.  .  ■ .  X  ^  2y .  2y,  =  8.r-vWi- 

V  ^  fXdj:  =:^S^/l>p[fxdi:  ^:4x^'^pj>^=.2x.i/i/^,  and  when  x  = 

V  —  2abbj  =  -  a .  26 .  26,  =  -  circamstribiug  porjiUelopipcdon. 
4,  The  Conoid,  with  ft  circular  base.  ,       p 
Put     J) A  =  a,   DE=  2r,    DG  =  x,    GI  =  ij. 
Then  the  gcneratiiip  triangle  IFH  =  X  —  ay 

.-.    V  =  fXdx  =  af^/^-x'.dx 

^=a.~  segment  DON. 
'  and  when      it  =  2r,    F  =  a  ■  (semi-circle  DHK). 
or  volume  conoid  =  -  volume  circumscribing  cylinder. 

Cot.  a  similar  result  will  be  obtaiiipd  if  we  suppose  the  base 
to  have  any  other  form,  the  generating  triangle  being  still  perpen- 
dicular to  the  base. 

115.  Prop.  To  obtain  a  general  formula  for  the  volume  of  asolid 
bimiidcd  by  any  curved  surface,  whose  equation  is  referred  ta 
rectangular  co-ordinates. 

First  suppose  ihe  volume  bounded  liy  [he  co-ordinate  pl.ir 
xy,  xs,  and  yz,  by  planes  parallel  to  xi  and  yz,  respectively,  a; 
the  curved  surface  Calh,  whose  equation  is 
^,  =  F{x.y). 
Put   OA^^x,OB^=A^P^  =  v, 

P,p^  =  Z,    P,P  nz  z„ 

Ala^  =  dx,  P^Q^=(/!f.  p,p  =  'b. 
Let  the  volume  be  intersvcted  by 
planes  AGj  and  al^,  painllcl  to  ya, 
and  including  between  tlicrii  the 
lamina  or  slice  J,/:  let  this  la- 
mina be  cut  by  planes  &/,  BDj,  &,c., 


s  of 

md  by 
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dividing  it  info  prirnns  siioh  as  /"/„  &c  ;  nnd,  finally,  let  each  prism 
be  subdivided  into  elementary  paralluiopipedons,  such  as  x^d  by 
planes  parallel  to  xy,  the  successive  planes  being  at  distaiiiies  from 
em-h  other  denoted  by  dx,  dij,  and  dfe,  respectivfly.  Then  the 
volume  of  one  of  these  elenientnry  pBrallelopipciions  will  bo 
expi-i'-^irt  by.rfari/yrfs;  and  if  this  be  intpgroted  with  rcspyct  to  «, 
regni'dinp;  x  and  y  as  constant  between  the  limits  3  =  0  and 
z  =;  2,  =  P^P  =  F{x,y),  the  result  obtained  will  represent  the  sum 
of  ali  llie  parol] el opipedons  contained  in  the  prism  PT^.  A  second 
integration,  with  respect  to  y,  between  the  limits  y=0  and  y=A-^G.^, 
will  givi>  the  sum  of  the  prisms  eontnined  in  the  lamina  AI^ ;  and  a 
third  inlcgration,  with  respect  to  r,  between  the  limits  a-  =  0  and 
X  =  Oa-y,  will  give  the  sum  of  the  lainiiue,  which  constitute  the  entire 
volume. 

Hence  the  required  formula  is 

y  =  fSJdxdydz (1). 

The  symbol  ///denotes  three  successive  integrations,  with  rcspert 
to  the  variables  «,  y,  and  2,  and  the  result  is  called  the  trijiU  iiileyral 
of  dxdydz. 

Cot.  If  the  voltime  were  bounded  on  every  side  by  the  ctirved 
surface,  the  same  formula  (1)  would  apply,  but  the  limits  of  inte- 
gration would  be  diifcrent,  those  of  the  first  integration  being 
«  =;  z,  and  z  —  Zj  where  z,  and  z^  are  the  two  extreme  values 
of  z  corresponding  to  the  same  values  of  x  and  y,  and  derived  from 
the  equation  of  the  surface;  those  of  the  second  integration  being 
y  =  y,  and  y  ■=  y^,  the  extreme  values  of  y  correspond  ini^  to  the 
same  value  of  x,  and  derived  from  the  equation  of  the  section  per- 
pendicular to  OX;  and,  finally,  those  of  the  third  integration  being 
X,  and  Tj,  the  extreme  values  of  x. 

116.  1.  The  tri-rectangular  spherical  sector. 

Here  the  limits  of  the  integration  are  2=0  and  P-^P-^-^T^—iy^—y^j 
y=Q  and  y=DyE=-^r'^—x^,  *=0,  and  %=OA=t. 
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-  ff^r^  —  x^  —  yl-.  didy.        But 


d;, 


+.(^' 


1 


(r' — i')  between  the  liinits given. 


I  the  limits. 


2.  The  volume  cut  from  a  paraboloid  of  revolution,  the  equation 
of  whose  geiiemting  curve  is  y^  =  'ipx,  by  a  right  cylinder  with  a 
circular  base,  its  axis  pa«i,ing  through  the  focus,  and  the  diameter  of 
its  base  being  equnl  to  p. 

The  equation  of  the  paraboloid  being  y^  +  2^  =  'Zpx,  and  that  of 
the  cjlinder  y^  ■=  px  —  a',  the  limits  of  integration  id  the  present 
ease  will  be 


i  —  4-  i/'Zpx  —  y'    and     z  =  —  V2/ia; 
y  =  +  y^z  —  x^     and    y  =  —  -v/par  — 


.-.  r=//fdxdyd!=/fid2dy=/fii{2,>x-y^)^dxdy.    ° 
But  fi2px-y^)^dy=l,j(2px~y^)^+pz  fy^M= 

•'y'^px—y 
=z-y{2pz~yY+pz.s\a- 


between  the  limits. 
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,4  .  ,      Iv  —  x  r     x^dx 


117.  Prop.  To  obtain  a  general  formula  for  the  volume  of  a  solid 
b<>unded  by  a  surlace  whose  equation  is  referred  to  polar  cO'OrdiDates, 

Lft  the  volume  be  divided 
into  elementary  wedges  such 
as  OiDjCO  by  planes  drawn 
through  the  axis  OC.  Let 
eaeh  wccige  be  subdivided 
into  elenient.-iry  pyramids, 
such  as  FGDEO,  by  eoni. 
cal  surfaces  gtiieratod  by 
the  revolution,  about  the 
axis  OC,  of  lines  OD,  OE, 
&c.,  inclined  to  OC  in  con- 
sliint  angles,  Finally,  let  each  pyramid  be  subdivided  into  elemen- 
tary parallelopipcdons,  such  as /i/]  by  concentric  spherical  surfaces 
with  their  centres  at  the  origin  O. 

The  co-ordinates  of  a  point  d  are  Od=.T,  dODi^i,  and 
A  ODj  =  V ;  and  (he  three  edges  of  the  elementary  parnllelopipedon 
JU.  arc  i/'/,  —  dr,  de  =  rdi,  and  di  =  r  cm  i .  dc ;  the  last  expres- 
sion hein-.'  obtained  by  observing  that  when  the  line  OD  revolves 
around  the  axis  OC,  the  point  d  describi^a  a  small  arc  dt  whose 
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centre  lies  upon  the  axis  OC,  and  whose  raJiua  is  the  perpen- 
dicular distance  of  d  from  that  axis,  and  therefore  expressed  by 
r.einZCW  =  rcosi. 

Hence  the  volume  of  the  parallelopipedon  will  be  expressed  bj 

T^  cos  ids.  didr,     and     .  ■,  V  =  fffr^ooaBdv.dS  .dr (1) 

will  bo  the  requiryd  formula  for  the  entire  volume. 

The  first  integration,  if  performed  with  respect  to  r,  while  v  and  * 
remain  constant,  will  give  the  sum  of  the  parallelopipedons  con- 
tained in  the  pyramid  BEFGO,  the  limits  of  the  integration  beJDg 
r  =  0  and  f  =  OD:^  F{v,i). 

A  second  integration  with  respect  to  i,  while  v  remains  constant, 
will  give  the  sum  of  the  pyramids  contained  it 
and  the  third  integration  with  respect  to  v  v.-'i 
wedges  which  constitute  the  entire  volume, 

118,  1.  The  hemisphere  with  radius  equal  t- 

Here  the  limits  of  the  integrations  are 


wedge  G^D^CO, 
e  the  sum  of  the 


r  =  0  and  r  =  a, 

,-,  V=  ///r'^cose.di;. 


md  i  =  ^,  f  =  0  and  t>  =  2*. 
ffr^  cos  i.dvdS  =  -  a*// cos  i.dtt.dt 


3.  The  volume  cut  from  a  sphere  whuse  rodiu 
with  a  circular  base  whose  radius  =  4,  the 
centre  of  the  sphere  being  on  the  axis  of  the 
cylinder. 

Here  we  shall  have  for  half  the  required 
volume  or  ABGDE, 

I V  =fSf'r^  COS  * .  dvdidr, 

Ae  limits  of  integration  being 


s  a,  by  a  cylinder 
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r  =  0  ftnd  r=  OI=baeal, 
*=0  and  *=cos-*-i     ti  =  0  and  o  =  2*. 


1 


=  0  and  «  =  Sf. 


2d.    r=0  and  r^^a,     J=:cos-*-  and  t  = 
The  first  set  of  limits  give 

=  ^b^/fseo^  .dvdS  =Uv^tii  -dv 

And  the  second  set  of  limits  give 
f//r'<xiBBdv.<iidr=^//r^.oosi.<lv.d6^^a^/fco9S<iv.<ii 

_j.'s,n.jVA--<..„„(.„.      —;—)/* 
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PART  III. 

INTEGRATION   OF  FUiN'CTlONS   OF  TWO   OR  MORE 
VAKIABUS. 


CHAPTER   r. 


OF  IXPBE8S10N8   CONTAINING   BEVEBAI.  INDBPBNDBNT 
TAniABLBS. 

119.  When  a  differential  expression,  containing  two  or  more 
independent  variables,  can  be  obtained  directly  by  differentiating 
some  function  of  those  variables,  it  is  said  to  be  an  exact  differtiilitil. 

Thus  zdy  -\-  ydx  is  an  exact  dilTiTcntial,  being  equal  to  d{ey)  \  so 
also  is  ^^dy  —  'Aydx  +  lizydjc  —  'Axdy,  being  equal  to  d(_&x^—Zxy) ; 
but  x^y  —  Zijdx  is  not  an  exact  differential,  there  being  no  expression 
which,  when  differentiated,  will  produce  that  proposed. 

120.  If  a  differential  be  exact,  its  integral  can  be  determined  in 
all  cases  by  nielhinis  which  will  be  explained,  but  we  shall  first 
establish  whereby  to  distinguish  exact  differentials. 

121.  Prop.  To  determine  ihe  conditions  which  indicate  that  any 
proposed  differential  is  exact. 

I^et  the  proposed  expression  be  Pdx  +  Qdy,  in  which  P  and  Q 
may  be  fuuolions  of  one  or  both  variables. 

If  thif,  fxpi-cusion  be  the  exact  differential  of  some  function  ti  of 
X  and  y,  we  shall  have 

du  =  Pdx-\-  qdy (1). 
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But  by  the  general  process  for  differentiating  a  function  of  two 
independent  variables,  we  have 


And  since  (1)  and  (2)  must,  from  the  nature  of  the  supposition,  be 
identical,  the  following  conditions  will  exist,  viz. : 

^  =  ^ (^).  «  =  | w-      ' 

Now  differentiate  (3)  with  respect  to  y,  and  (4)  with  respect  to  x, 
9nd  there  will  result 

rfP_  rf%  dQ  _  dhi 

dy       dxdy  dx       dydx 

But  it  has  been  shown  that  the  result  of  differentiating  m,  with 
respect  to  x  and  y,  successively,  is  the  same,  without  reference  to 
die  order  of  the  differentiations,  or  that 

rf^_^        .    ^_^ 
didf/       dydx      '    '   dy        dx 

Hence,  when  the  proposed  differential  I'dx  +  Qdtj  is  exact,  the 
condition  (5)  will  be  fulfilled.  The  converse  is  equally  true,  as  will 
appear  fully  when  we  attempt  to  inti'grate  such  expressions,  and 
hence  the  condition  (5)  is  called  the  test  of  inttgrahility. 

122.  Now  let  the  proposed  expression  be  Pdx  +  Qdy  +  iW«, 
involving  three  independent  variables. 

If  this  be  an  exact  differential  of  some  functionuof  x,  y,  and  z,  then 
dit  ,     ,  dii  ,     ,  du  , 


.(5). 


dji  = 

-m-^  +  T/'  +  T. 

dx  = 

Pdx  +  Qdy  + 

Rdx; 

-|. 

Q-- 

du 

S  = 

dP 

-dxdy' 

dP 

dz  ~ 

~  dxd^ 

dQ 

dx 

dhi 
-dydx' 

dQ 

d2  " 

~  dyde' 

dR 

~  dxdx' 

dR 

dy 

'-d^y 
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tPu  _  <Pu        dht  _  (fu        <Pu  _  iPw 
dxdy      dydi'     dxdz      dzd£     dydz      dzdi/ 

Hence  we  have  three  following  conditions  of  integrability, 

^„^      ^-^      ^_rffi 

dy        dx*      ds        dx'      di        dy 

Similarly,  if  the  expression  were  Pdx  -|-  Qdy  +  Rdx  +  Sdi  +  Aic., 

involving  n  independent  variables,  there  would  be  -  »  (n— l),eon. 

dmons  of  the  forms 

dP_dQ      dP_dR     ^„_^.      ^„^     ^_^&c 
dy  ~  dx'      dz       dx       di  ~   dx  '       '    dz         dy''     dx        dy 

123.  1.  Is  ahjdx  +  x^dx  +  Pdy  +  a^xdy  an  exaet  differential  ? 
Here  P  =  a^y  +  ^  mi  q  =  b^  -\-  a^x. 

dP        .     dQ        .  dp       dQ       ,  ^. 

.  ■ .  —7—  =  a^.    —r-  =  a',    .'■  — r-  =  ~-  and  the  expression  v 
dy  dx  dy  dx 

integrabic. 
S.  I.  — ^^  +  ^ !*-j  .n  exaet  dlfTcr.MWl 


..■^ ^_,, 

8.  Is  Sxdy  —  4y*(£r  an  exact  diflercntial  1 

and  since  Sy  and  3  are  not  equal,  the  expression  is  not  integrable. 

124.  Prop.  To  obtain  a  general  formula  for  the  integration  of  the 
form  rfu  =  Pdx  +  Qdy,  when  the  condition  of  integrability  is 
satisfied. 
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Since  the  term  Pdi  has  resulted  from  (he  differentiation  of  the 
function  u,  with  respect  to  x  only,  y  being  regarded  as  iDvariable,  it 
foIh)W3  that  u  will  be  obtained  by  integrating  Pdx  with  refcrenee  to 
X  alone;  but  as  u  may  have  eontamed  terms  involving  y  nlone, 
whieh  terms  necessarily  disappear  in  n  differentiation  with  reference 
to  X,  we  must  complete  the  integration  of  Pdx,  not  as  usual  by 
adding  a  constant  C,  but  by  adding  a  quantity  Y,  which  is  some 
unknown  function  of  y  and  constant,  and  wc  thus  provide  for  the 
reappearance  of  such  terms  as  may  have  disappeared  in  the  first 
differentiation.     Thus  we  get 

i^  =  fPdx+Y, (I), 

in  which  the  value  of  Y  remains  to  be  determined. 

Differentiating  (1)  with  respect  to  y,  there  results 


dy  dy  dff  dy     ■ 


-      d,     -• 

dT     „      dfPJx  dr.       /„     dfPdi^ 

••*  =  « — IT-  w*'!* — drr'- 

and  by  integration 


=/[^ 


'-W\^'. 


This  Talue  reduces  (1)  to  the  form 

.=/P^+/[«-^'> (,), 

which  is  the  required  formula. 

I25>  It    is    necessary    to  prove,   however,   that    the   coefficient 

Q i_ of  dy,  does  not  contain  x,  since  otherwise,  the  second 

dy 

integration  would  he  attended  with  the  same  difficulty  as  the  first. 

Differentiating  that  coefficient  with  respect  to  x,  we  obtain 

dq       d^JPdx  _dQ      d^/PdxdQ      dP 
dx  dydx    ""  dx  dxdy    ""  dx        dy 
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and  this  is  equal  to  zero  by  the  condition  of  intcgrability,  which  ia 
supposed  to  be  satisfied.  Hence  the  coefficient  of  dy  in  (2)  cannot 
contain  x. 

126.  This  proof  also  establishes  the  truth  of  tlie  converse  of  the 
first  proposition,  viz  ;  that  when  the  condition  —  =  -j-  is  sati*. 
fifid,  the  integration  is  possible. 

127.  By  a  similar  process  we  obtain  a  second  formula 

„  =  /«*  +  /[/. -i^'Ji. (3). 

in  which  the  coefficient  of  dx  does  not  contain  y. 

Cor.  ]f  there  were  given     du  =z  Pdx  +  Qdy  +  Bdz,     we  would 

u  =  J  Pdx  +  V, 
in  which  F  is  a  function  of  y  and  z. 

Then  differentiating  with  respect  to  y,  we  obtain 
dV  _  dit      dfPdx  _  dfPdx 

dy       dy  dy  dy 


?^-/[«-^1^'. 


and  by  integrating  with  respect  to  y  and  adding  a  function  Z  of  s, 
we  get 

Now  differentiating  with  reference  to  2,  we  obtain 

dZ_dti       dfPdx      d/Qdy       d  f  fdfPdx     T 

in  wtuch  the  coefficient  of  <h  is  independent  of  x  and  y. 
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128.  In  practice  it  will  bo  found  usually  more  convenient,  aud 
ftlways  more  instructive,  to  apply  the  method,  rather  than  the  form- 
ula explained  above;  especially  where  there  are  three  variables. 


129.  1.  Integrate     du  =  (3a^  +  '2ax>j)dx  +  (**»  +  Zy'^)dy. 

Here  P  =  Zx^-\-  2axy,         Q  =  ax^  +  3y'. 

dP  dO 

—  =  2iw:  =  --j^,  and  the  expression  is  integrable. 

But  f£dx  =  f{Zx>  +  2axy)ds  =  «»  +  ax^y, 

TTiese  values  reduce  (2)  to  the  form, 

»  =  »"  +  o."j  +  /Sfdy  =  i>  +  oi'y  +  y"  +  (7. 
2.  Integrate     rfa  =  (Siy^— *2)rfJ!  —  (l+6y=-3j:V)rfy. 

dQ 


"    '  "  •      "  • "     "  •         -l-0»». 


-dy-  6fdy,     and     F  =  -  y  -  2/  +  ^. 
»  =  i'V-;i'-J-2y'+(7. 
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du  =  (sill  y  +  y  cos  xyh:  +  (sin  z  +  i  cos  yyiy. 

dP  ,  dq 

^  =  co.y  +  cos.  =  ^^. 

=  f{^my  +  ycasx)dx  =  xsmy-\-ysMX+  Y, 

dr      du  ■  t,  V      If 

dy       dy 

u  =  x  sill  y  +  y  sin  a  +  C. 


rf„  =  _i^  + 


yiiir  arrfy     ,      xydz 


«-.^    (a-z)» 


rif  _      1      _dQ      dP  _        y        _dR      dQ  _        x        _dB 

dy~  a  —z~  d£     dz  ~  {a  —  zY  "  dx^      tfg  ~  (a  —  «)*  ~  dy 

I'a  —  a       o  —  a  dy       dy      a  —  z 


dZ       du 


130.  tn  practice  the  preceding  process  may  be  abridged  by  first 
integrating  Pdx,  then  integrating  the  tcriiis  in  Qdy,  which  do  not 
contain  x,  and  finally  integrating  those  terms  in  Mdz  which  do  not 
contain  cither  x  or  y,  and  adding  the  results.  That  the  complete 
integral  will  be  given  by  this  process,  appears  immediately,  from  the 
consideration  that  the  integration  of  Pdx  nccess.irily  gives  nil  the 
terms  in  the  integral  sought  except  such  as  contiin  y  and  z  without  x. 
Hence  in  integrating  Qdy  we  must  not  consider  any  term  which  con- 
tains X,  as  otherwise  we  would  introduce  into  the  integral  new  terms 
containing  x.  Similarly  the  integr.itlon  of  the  scjecled  terms  in 
Qdy  gives  all  the  remaining  terms  except  such  as  contain  a  only,  and 
therefore  in  integrating  Sdz  we  must  neglect  ■]]  terms  involving 
both  X  and  y. 
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xdx  +  ydtj  +  zdz      tdx  —  a^z 


(:.=  +  J-  +  >')* 


This  satisfies  the  conditions  of  iottgrability,  and  by  taking  the 
terms  in  Pdx  tve  get 

Kow  taking  the  terms  in  Qdy  which  do  not  contain  *,  we  get 
SQdy  =  fy^dy  =  \y', 
and  finally  taking  the  terms  in  R  which  do  not  contain  x  nor  y, 

SRdz=fzdz  =  ^z\ 


»  =  (j^  +  y»  • 


nia 


z^S" 


SoTnogeneotis  Exact  Differantiah. 

131.  Although  the  methods  of  intogi'atlon  just  explained  apply  to 
all  exact  differentials,  yet  another  and  simpler  process  can  be  used 
when  the  expression  belongs  to  the  class  called  homogeneous.  A 
differential  expression  is  said  to  be  homogeneous  when  the  sum  of 
the  eiponents  of  the  variables  is  the  same  in  the  coetficient  of  ^v&ry 
term.     Thus 

x'^dx  —  hy^g 


*^y  +  y*'*!     '^idx  +  XZ^dx  —  xyzdy. 


..>» 


are  homogeneous  differentials.    Tlie  degree  of  the  tei'nis  is  estimated 

by  this  sum  of  the  exponents  ;  thus  in  the  first  e.\pression  it  is  1,  in 

123  97 

the  second  it  is  3,  and  in  the  third  it  is  3  — nr  =  ~  tw 
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132>  Prnp.  !f  an  exact  differential  be  hoin<^neoug,and  the  teriF» 
of  anj-  dcgii-i'  except  —  1,  its  integral  may  be  obtained  by  simplj 
replacing  rf.',  dij,  and  dz,  &c.,  by  x,  y,  s,  &o,,  respective!)-,  and  di- 
viding the  !  I'.ult  by  n  +  1,  when  n  denotes  the  degree  of  ihe  terms. 

Proof.  L.-1-  du,  =  Pdx  +  Qdy  +  Rdz  +  ifcc,  be  homogeneous  and 
ex^iet,  in  which  F,  Q,  R,  &e.,  are  algebraic  functions  of  J,  y,  z,  &c, 
of  the  degree  n. 

This  mnst  have  resulted  from  the  diflercntiation  of  a  homogeneous 
algebraic  function 

«  =  P,a:  +  C,y  +  JJjr  +  &c  . .  .  .  (1), 
of  the  degree  w  +  1,  since  difforentiation  diminishes  by  unity  one 
of  the  exponents  in  the  term  dilTcrentiated  at  every  step. 

Put  y  =  y,r,  i  =  z^x,  &c.,  and  substitute  in  P^,  Q„  5„  &c., 
which  quantities  contain  x,  y,  x,  iic.,  involved  to  the  n'*  degree. 
Keplace  also  y  by  y,z,  e  by  z,i,  &c.,  in  (1)  ;  then  each  term  in  the 
value  of  «  will  contain  the  factor 

1-+.,     .nd     .■..  =  />^-« (2), 

in  which  P^  is  a  function  of  y^,  z^,  &c.,  but  docs  not  contain  x. 

Different  ialing  (2)  with  respect  to  x  we  get 

^  =  (»  +  1)7^^  ....  (3). 
A  similar  substitution  in  the  value  of  du  gives 

da=Pdx+  Crf{yi*)  +  Rd{ziX)  +  &C. (4); 

and  therefore  the  partial  dlflerential  coefficient  —  derived  from  (4) 

by  differentiating  the  products  y,jr,  z^x,  lie,  with  respect  to  x  only,  i> 

J  =  /'+  $y, +  i?2i,&e (5). 

Multiplying  (3)  and  (5)  by  x  and  equating  the  results,  we  get 
(»  +  l)P^'*'  =  Px+  Qy^x  +  Rz^x  =  Px -h  Qy  +  Rz -\- iio. 
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Pi  +  Qy  +  &  +  to. 

•'■"-^'' iT+l  ' 

as  stated  in  the  enunciation. 

133.  When  n  =  —  I,  this  formula  woulci  make  v  =  m.  In  this 
case  it  is  easily  seen  that  the  formula  ought  not  to  be  applicable, 
because  it  is  not  then  true  that  the  desired  mtegral  is  an  algebraic 
function  of  the  degree  n  +  1  ;  but  on  the  contrary  it  is  tran- 
scendental. 

1.  To  integrate  du  =  (2y*«  +  3g')dx  +  (2x^1/  +  9iy»  +  8j/=)rfy, 


.  the  differential  is  exact ;  it  is  also  homogeneous,  and 


Sor»4-l=4,    it  =  ^~^  +  C=y^t''  +  3'/x+2j^  +  C. 


dti  = 


ydx      {x  -^i^      {y^  -_  xyyg 


rfP_l__rfe     dr y_£^     rfg  _  2y  -  ^  _dS 

rfy    ~  Z         dx        dz  2^       dj:        (fe   "~        z'  dy 

.  • .  The  diflVrential  is  exact ;  and  being  also  homogeneous  and  of  the 
order  0,  we  have  n  +  1  i=  1. 


_xy  - 


-+C. 


134.  \^"hen  there  are  three  or  more  variables,  the  application  of 
the  test  of  intcjtrabiiity  will  often  be  very  troublesome.  In  such 
cases,  if  the  diflercntial  be  homogeneous,  it  will  be  found  more  con- 
venient lo  apply  the  preceding  process  a?  though  the  differential 
wore  known  lo  be  exact,  and  then  to  ascertain,  by  actual  trial, 
whether  the  given  expression  can  be  reproduced  by  difTereutiation. 
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2s»v^       a^-v/y  *'  ** 

This  being  homogcneoua  and  of  the  degree  —  „,  its  integral,  if 
possible,  must  be 

assy's       2»=Vy  *'  *^ 


-2^»'- 


or.u 
This,  differeutiat«d,  gives 


-a:y'+4iy'— 4e.r'+  2zz' 


a_l„ 


*)*^'»"*i»   gfa*--Ai.   .*A 


which  is  identical  with  the  proposed  expression  (1). 

It  must  bo  distinctly  understood  that  in  the  differential  ea^tsatom 


here  considered,  the  variables  i,  y,  z,  &c.. 
of  each  other.  If,  then,  the  conditions  of 
fillud,  the  integration  must  be  impossible,  t 
between  the  variables,  by  the  aid  of  which 
form  the  given  differential  into  another  of  i 

It  would  he  otherwise  if  a  relation  boL 
given  in  the  form  of  a  diflereiitial  equation,  such  Pdi  +  Qdy  =  0. 

Here  the  form  of  the  first  member  may  be  greatly  modified  by 
the  introduction  of  a  variable  factor  (or  by  other  methods),  and  tJio* 
the  integratioD  may  be  facilitated. 


ire  wholly  independent 
itegrability  be  not  ful- 
ce  there  is  do  relation 
e  might  hope  to  trans- 
integrable  furm. 
sen  the  variables  were 


.y  Google 


CHAPTER    II. 

DIFfBRENTIAL    B4DATIOIIS. 

135.  .\  differential  equation  between  two  variables  x  oiid  y  is  a 
relat'wi  involving  one  or  more  of  the  differeiilial  coofficienta  such  aa 

^g.g,..o,«,po...g)^g)',(gy,.. 

Sntii  equations  arc  arranged  in  classes  dependent  upon  the  order 
and  dtffree  of  the  differential  coefficient.     Thus,  when  the  equation 

involves  only  the  first  powers  or  — ,  — ^ .  •  ■  ■  -— ,  it  is  said  to  be 
of  the  B**  order  and  1st  degref. 

When  it  c.intflins  only  the  powers  of  the  1st  differenlini  coefficient, 
/_?l      ;•  ;^  ul'  the  1«(  ordtr  and  n'**  de'jrte. 

And  when  it  contains  the  n'*  powers  of  one  or  more  differential  co- 
effident^,  and  a  coclHcient  of  the  m'*  order,  the  equation  is  of  the 
n<ti  degree  and  m'''  order. 

136.  The  resolution  of  n  differential  equation  consists  in  finding 
a  relation  between  i  and  y  and  constants.  This  relation,  called  the 
primitive,  must  be  such,  that  the  given  differential  eijnation  can  be 
deduced  from  it,  either  by  the  direct  process  of  difll-rentiation,  or  by 
the  elimination  of  a  constant  between  the  primitive  and  the  direct 
differential  equation.  Hence  the  same  primitive  may  have  several 
differential  equations  of  the  same  order.     Thus  the  equation 

ay  4-  6«  4-  c  =  0  .  .  .  .  (1) 


dx 


■  dx'  {dx)  '     "  '  \dx/  ' 
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and  by  climinatiou  between  (I)  and  (2)  we  get  the  indirect  diSenfl- 
tial  equatioDS 

6j  ~  +  c-^  —  6y  =  0 (S),  when  a  is  eliminated ; 

aad         ay  +  c  —  aa  -^  =  0  . .  .  .  (4),  when  b  \s  eliminated. 

In  each  of  the  equations  (2),  (3),  and  (4),  the  variables  are  con 
nectcd  by  ihe  isanie  relation  as  in  (1),  which  latter  is  their  commoii 
primitive, 

131.  As  the  integration  of  diflorential  equations  can  be  effected 
ill  comparatively  few  eases,  it  is  fimnd  convenient  to  arriinge  them 
in  the  order  of  tlif  difficulties  presented,  commencing  with  thesim- 


Piferential  Eg^uaiions  of  the  First  Order  and  Degru. 

133.  These  are  of  the  general  form  i*+  §  ^  =0  or  Pdx\  Qdy^O, 

in  which  P  and  Q  may  bo  functions  of  both  x  and  y.  The  Integra- 
tiijn  will  obviously  be  possible,  by  the  method  applied  U>  differentiiil 
cj;ii-c."i-i«s,  whenever  J'dj:  +  Qd;/  ia  an  exact  differential,  and  the 
required  solutiim  will  be  of  the  fi>rm 

F{x,  y)  =  C, 
whore  Cis  an  arbitrary  constant. 

139.  Again,  the  integration  can  be  effected  whenever  the  separa- 
tion of  the  variables  is  possible,  that  is,  when  the  equation  caa  ba 
reduced  to  lliG  form 

Xdx  +  Tdy  =  0, 

whiTc  JT  is  a  function  of  x  only,  and  T  a  function  of  y  only. 
The  form  of  the  solution  will  then  be 
Fx-\-ify=  C, 
which  requires  only  the  integration  of  functions  of  a  single  variable. 
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The  separation  of  the  variables  is  possible  in  several  cases, 
140-   Com  Xat.  Let  the  flirm  be 

Ydx  +  Xdy  =  0, 
in  which  the  coefficient  of  di  contains  only  y,  and  that  of  rfy  cdhtains 
only  X. 

Divide  by  XY,  the  product  of  the  two  coefficients,  and  there  will 
result 

-y  +  -^  =  0,  in  which  the  variables  are  separated.       • 


relation  between  x  and  y. 

whieh  is  the  required  relation. 

142.  due  2rf.  Let  the  form  be 

XYdx  +  X^  F,rfy  =  0, 

in  which  each  coefficient  is  the  product  of  a  function  of  x  by  anothei 

function  of  y. 

Divide  by  A",  r, 

Xdx       Y.dy       „        ,    ,  .  , , 

■ "  ■   "1r~  "* — v    ~    '  ""         variables  are  separated. 

143.  £x.  Determine  the  primitive  of 

{\  ~  xfydx  ~  {I  +  y)x'dy  ^Q. 
Divide  by  xh/. 
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144.  Cate  Zd.  Let  the  proposed  equation  be  homogeneous,  or  of 
the  form 

(i"y"  +  (u'+'y*^'  +  6a:"+*y*~* +  px'''*^y^~')dx 

+  ^I"y-  +/i-+iy~-i  +  ^ar"+=y"-2 yi-+'y— •)rfy  =  0. 

Put  y  =  xz,         then        dff  =  xdi  +  zdx, 

nnd  bf  substitution 

a;.-hii^2«  +  aj..-i  +  jg.-2 ^  p!f^)dx 

^  a^+-(e/"  +/z*-'  +  3'z"^ +  q^-'y^xdz  +  ztiz)  =  0. 

dx  (ez"  +/a'^'  +  g^**"' +  qii^')dz 

=  0  and  the  variables  are  separated. 
146.  Ex.  To  find  the  primitive  of 

x^dy  —  y  Vi  —  xydx  =  0. 
Put  y  ^  «2,         then         t/y  =  xdz  +  aiir. 

.  • .  x'*{xdz  +  zdx)  —  tx^z^dx  —  i=ziij:  =  0, 
dx 


••■?-3=». 

and 

l0g»  +  j  = 

-0; 

or,  by  restoring  the  value  of  z 

X 

log. 

-r- 

C. 

S.                          «J,  -  yi« 

=  ir, 

/^  -  y'. 

y  =  M,        then        «(ir(fe  +  zit) 

-rzii  =  «(l 

-t'] 

>^, 

ix           di 

logar  =  9in-'i 

+  C. 

146.  The  same  method  of  transformation  may  be  extended  to 
such  differential  equations  as  involve  any  function  of-  unmixed  with 
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tbe  variables,  provided  the  equation  would  be  otherwise  homo- 
Seneous. 

&!.  xydy  —  y^dx  —{x  +  y)»e  'dx. 

Put  y  =  iz,  or,  -  =  e,   , 

.  -.   3iSj(mfe  +■  zdr)  -  x^i^dx  =  x^{l  +  zye—dx, 

dx         e'zdz  J       ,  *'       I    /T 

.-.  logi=-i— +  C  =  -^i^  +  C. 

'+;  " 

147.  Cum  4fA.  Let  the  form  be 

(a  +  fii  +  cy)dx  +  (a,  +  i,^  +  e,y)dy  =  0. 
Put       a  +  hx  ■{■  cy  =  v,        and         a,  +  ija;  +  c,y  =  «. 
Then      iv  =  ifie  +  cdy,         and         rfit  =  b^dx  +  Cjrfy, 
and  by  elimination 

bda  —  h,dv 


4c, -V'  '        '^~    6c, -V 

.-.    By  substitution     «(r,rfH  —  «/«)+u(6<iu  —  i,du)  =  0, 

which  is  a  homogeneous  equation. 

148.  This  method  fails  when  Ac,  —  J,c  =  0,  because  the  attempt 

to    eliminate    either  dx    or    dy  causes    the    other    to    disappear 

also.     But   since  we  then  have  e,  =  -^,  the  proposed  equation 
reduces  to 

(a  +  to  +  cy)dx  +  (a,  +  i,z  +  ^y)dy  =  0 (1). 

Put    bx-i-ty  =  z,  then  a;  =  — j-^,  and  (in  =  - — - — - ; 
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and,  by  substitution  in  (]), 

an  equation  in  which  the  variables  are  separated. 
149.  Sx.  Find  the  primitive  of 

(1  +  «  +  y>it  +  (1  +  ai  +  3y>/y  =  0. 

Put  1  +x  +  y  =  v,  l  +  2n-3y  =  «;  then 

dx  +  dy  =  dv,   and  2dx  +  3rfy  =  du, 

,'.<£>  ^  3dv  —  du,  and  dff  =:  du  —  2dv. 

.  ■ .  v{Zdv  -  du)  +  v{du  -  2dv)  =  0. 

Now  put  tt  =  rv,  then  du  =  rdv+vdr,  and,  consequently, 

v(3di!  —  rdv  —  vdr)  +  rv{rdv  +  vdr  —  Hdv)  =  0, 


*'"  J.  (»-  -  ^y^ 


=0,  or  —  +  - 


1{2'-Z)dr  Id 


or  ,og(l-..-..=  +  3.y+3y')t+-L  tan-{-L(|i^^)]=  Cr. 

150.   Cast  ruh.  Let  the  form  be  rfy  +  Xytir  =  X,rfx (1).  ™ 

which  A'  !iinl  Xi  are  functions  of  «, 

The  [U'culiwity  of  this  form  is  that  no  power  of  y  except  the  first 
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Kiters  JDto  it,  and   for   this  reason    it  is   usually  called  a  linear 
equaCioD,     Its  solution  is  always  possible. 

Put  y  =  XjZ  yfhere  X^  ia  an  arbitrary  function  of  r,  which  may 
be  so  assumed  as  to  facilitate  the  integration ;  and  s  a  new  and 
undetermined  variable.     Then 

i/y  =  X^  +  zdX^,  and  (1)  can  be  reduced  to  the  form 

Xt'h  +  edX^  +  XX^dx  =  Xidx (2). 

Now  let  X^  be  determined  by  the  condition 

zdX^  =  X^dx (3), 

and  (2)  will  become      X^dz  +  XX^  =  0. 

.■.—=-Xdx     and     Iog3  =  -/X<ii,  .•.8  =  8"-™'. 
Ilia  value,  substituted  in  (3),  gives 

e^^dXt  =  X^dx    or     dX^  =  eS^^X^dx. 
.- .  X,  =  fef^-^X^dz,  and  yz=zX^  =  r^x^'/ef^^X^ds  ...  (4), 
which  is  the  re<]uircd  relation  between  z  and  y. 

161,  Let  there  bo  now  taken  the  more  general  form 

di/  +  Xydx  =  X^-^ (5). 

This  is  easily  reduced  to  the  linear  form  (1).     For  put 

m  =:  «  +  1     and     2  =  y~". 
Then  dx  =:  —  ny-^-*dy  or  rfy  =  — ■ 

Substituting  this  value  of  dy  in  the  equation  (5),  and  reducing, 
we  get 

-  J+~  =  X,^,  oT  dx-nXz^=--iiX^dx (6), 

which  becomes  identical  with  (1)  when  we  replace 

2  by  y,  -  nX  by  X    and     -  nX^  by  X,. 
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.-.  z  =  —=- ne'SXi.jx^e-^xta^ (7V 

Cur.  In  fomiiiig  the  integral  JXdx,  it  will  be  unnecessary  to  add  a 
constant  C.     For  if  we  reiilace  JXdx  by  Xj  +  C,  tlie  formula  (4) 

will  become 

in  which  the  constant  C  has  disappeared. 

152.  1.  To  determine  the  primitive  of  (I +«^)(fy  —  yxdx=:adx. 

yjrfj    _     a 
'  1 +  *'"!+» 


Hpro  dtf  — Y~T — ;  =       |^"  -  dx,  which,  compared  with  the  linear 


.../M,=  -/^  =  log— L=. 

,/»  =  ,  1..  l<i+.'rt=  (1  +  ,i)-+,„d  r-f^  =  (J  +  1=)*. 

.-,   y  =  (l+,!)*r_?£_^+c]  =  „+(7(H-«')*. 

"■(1+.=)'     ■' 

2.  rfy  +  yrf^E  =  xy^dx. 

Here     X  =  1,  Xj  =  «,  y*  =  y»,  or  m  =  3,  and  n  =  2, 
and,  by  substitution  in  (7), 

or  l  =  [C<^.  +  :,  +  ^]y». 

3.  rfy  —  5 ydx  =  4dr. 

1  — « 
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BereX  =  j=;^,  X,  =  b.    .  ■ . /Jiiit  = /^^  =  log  (1  - 1)", 

/jr,./"- .  ii = /i(i  - 1)'  «i  =  -  j-iy  (1  _  i)-+i  +  a 

4.  Find  an  expression  for  the  sum  of  the  series 


'       1    "^  1.3      1.3.5       1.3,5.7   ' 

DilTeren  dating,  we  obtain 

^  1  +  xff.     .' .  di/  —  xi/dx  =  d!x,  a  linear  equation. 
Also  fXdx  =  -  fxdx  = -^x^. 

.  ■ .  y  =  e      (fe        dx),  the  desired  expression. 
153.  Cane  6lh.  Let  the  form  be 

dy  +  by^dx  =  a^dx (1). 

This  form,  which  is  called  Siecali^i  equation,  involves  only  the 
second  power  of  y.  Ita  integration  has  been  effected  for  certain 
values  of  the  exponent  tn,  but  a  solution  applicable  to  all  values  of 
m  has  not  been  discovered. 

164.  It  is  obeious  that  when  m  =  0  the  equation  (I)  will  be  int^ 

grable,  for  then 

dv 
dy  +  by^dx  =  adx.      ,  ■,      _      ,  =  dx, 

and  the  variables  are  separated. 
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Thus  we  have    2a*i*di  =  -J ,  - -, —     ,- 

Next  suppose  m  to  have  some  value  other  than  0. 
Assume  w  =  ; — h-r,  where  z  is  an  undetermined  variable,  but 
obvioustj  a  function  of  x.    Then 

Substituting  these  values  in  (1),  it  becomes 

%  +  ^  =  .M,     or     i,  +  5i'i,  =  „.«&....  (2). 

Now  this  equation  (2)  will  be  homogeneous,  and  therefore  inte- 
grable  when  m  =  —  3,  and  ihus  a  new  intcgrable  case  is  found. 
Again,  if  m  =  —  4,  the  variables  x  and  a  can  be  separated,  for  then 

dz  4-  b  —„dx  =:  ax-^dx.     . ■ . ^-^  =  — ^, 

x^  a  —  hz'      x^ 

which  is  a  third  integrable  case. 

156.  To  obtain  others,  put 


s~^^ 

and 

fV 

'  = 

*!• 

bm 

Ji"' 

*-«rfj 

'i'l 

-|»+3' 

Id 

1>  =  ™ 

1 

+  3'" 

-i+i 

'di, 

Hence 

by 

P), 

1            ' 

,7-^ 

^i, 

»ir, 

(■»  +  %i" 

.  +  3" 

•  (3). 
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aai  (3)  will  become,  after  reduction, 

ds/i  +  iiy,'tir,  =  Oi«,"n&, (4), 

which  is  identical  in  form  with  (1).  Hence  (4)  must  be  integrable 
when  the  exponent  m^  has  either  of  the  three  viilues  0,  —  2,  or  —  4. 
Moreover  \rhen  a  relation  has  been  obtained  by  integration  between 
2,  and  y,,  a  simple  substitution  will  give  the  desired  relation  be- 

We  have  therefore  to  examine  whether  by  assigning  either  of  the 
values  0,  —  2,  or  —  4  to  mi,  any  new  values  of  m  will  arise. 

3mi-M 


«"""=      ■n.li    •■ 

.  mm,+3m,=-m-4,  and  m=  - 

.-.when         «.,  =  0,  m 

=  —  4,  a  case  before  considered : 

and  when       mj  =  —  a, 

n.=  -2,     «             "         « 

but  when       m,  =  -  4, 

8 
m            g,  a  new  case. 

Hence  Rlccati's  equatu 

jn  is  integrable  when  m  =  —  -  a 

156.  In  a  manner  entirely  similar  to  that  by  which  (1)  was  trans- 
formed into  (4),  may  we  transform  (4)  into  a  new  equation 
<tyi  +  b^^dxj  =  OjTj""  rfjj  ....  (5), 

in  which  m,=  —  ■  '■      -i     si"i  therefore     m,  = — • 

nil  4-  ■>  ""j  +  1 

And  by  repeating  the  process,  a  series  of  such  equations  may  bo 
formed  ;  so  that  it  will  be  possible  to  find  a  relation  between  x  and  . 
y  when  any  one  of  the  following  quantities  or   exponents  shall 
be  =  -  4 ;  viz. : 

m  +  4  -mi +  4  '"2  +  4  , 

m,  or  «,  =  _——-,  or  m,  =  - -i-j— ,  or  mg  =  - -^--,  io. 
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:  —  5,     when     m,  =  —  4 


!»,=  —  -,        "       m3=— 4 
Hence  by  success ve  substitutions, 

ro  = ~,    when     m,  =  —  4 

f»Z=-y,         «  m,=  -4 

Thus  Riccati's  equation  is  integrabls  for  all  valu^  of  m  included  it 


8' 


11' 


2ii-l' 


157.  The  general   formula  for  these   numbers  i 

which  n  is  any  positive  integer. 

To  prove  this,  suppose  one  of  the  numbers,  as  tRg,  to  be  of  the 

4n 
form  required  —  ^r ~ ;  then  will  the  adjacent  terms  wt,  and  m, 

be  of  the  same  form,  with  the  number  n  increased  or  diminished  by 
unity.     For  we  shall  have, 

.      „     4» 

8m, +  4 2n-\ 4n  +  4  _  _     4(n+l) 

'^-        -flg+l"        .  4»      ~       an+1-       2{n+l)~\ 

2n-l 


B  +  4 


4n 
~  2'.  -  1 


4n- 


-0 


^  ~       Mb  +  8  U      ~       2n  -  3  ~       2(«  -  1)  -  1 

2rt—  1 

both  of  H'hich  forms  are  similar  to  that  given  above  13  the  genend 
form. 
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But  we  have  seen  thnt  one  integrable  case  is  that   in  which 

f9  =  —  -  =  —  ,j~s' — i  'w'*''^''  being  of  the  required  form,  the 

12 

adjacent  numbers  —  4  and  — ^  are  also  of  that  form  ;  and  thence 

the  same  reasoning  can  be  extended  to  tlie  other  numbers  in  the  series, 
158.  Second  Trang/aTmatioii  of  £ieeaU't  Hqualion. — In  the  given 
cquatioi 


rfy  +  bfdx  =  ax-^.  . . 

....(1). 

put 
then 

ds=- 

y  =  — ,     and     a*^" 

1=3!, 

and     dx 

Also 

,   J'  = 

— ,  and  therefore  by  substitution  in 

(1), 

^^., 

or. 

*-  +  ;r^^.*.=s4-.'' 

'^'d,,. . 

(8). 

Now  make 

6 

•hi     -; 

_!!L 

-=m„ 

-1~    "^     m+\\ 
and  the  equation  (8)  will  reduce  to 

(fyi  +  l>iyi^dx^  =  Oi^i-irfr, (9). 

which  is  of  the  same  form  with  (1). 

The  equation  (8)  will  evidently  be  integrable  whenever  m,  has 
any  one  of  the  values  included  in  the  scries  before  found,  that  is, 

when  m,  or  its  equal has  the  form  —  ~ -■     But  if 

'  ^  m+\  2n  —  I 

m  An 
-^  =  —      ^"  ■,  then  2m»  —  m  =  4m»  +  4», 

An 
ana  *  *    "*  -      2»  +  l" 
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Hence  wc  htive  a  new  series  of  integrable  cases  corresponding  to 

4ii 

«ll  values  of  m,  iDcIuded  in  the  formula  — Thus  Riccati's 

!in  +  1 

equation  is  !iitvgi'able  whenever  the  exponent  m  can  be  expressed  in 

4ii 
the  form  —  - — — r,  the  quantity  n  being  a  positive  integer. 

It  appears  also,  that  whenever  the  given  value  of  m  is  found  in 

4n 

the  second  series,  tlie  terms  of  which  have  the  form    —  r; ;,  an 

2'.  +  1 

application  of  the  second  transformation  will  transfer  >n  to  the  lirst 

series,  and  then  the  repeated  application  of  the  first  transformatiwi 

will  eventually  reduce  m  to  the  value  —4. 

159.  1.  To  integrate  ihe  equation 

dy  +  y-^dx  =  a'^x'^dx (1). 


1:  * 
T 

and  m  is  found  in  the  second  series. 


Here  ^  =  -  -  ^  -  ^^-^^^^  -  ^-—^, 


Put       y  =  — , 


-t. 


,-*+' 


'dx  =  -  3Sj-„     and  .  rfy  =  -  -^\- 
Hence  by  substitution  in  (1), 

or,  rfyi  -  SaVi^'i^i  =  -  Sx^-^dx^ (2). 

Now  put  .—  3a*  =  S„     and     —  3  =  a^, 

then  rfy,  +  ^lyi^dx^  =  Bii,-*itr,. (3). 

4.1  4n 


Here  m,  =  —4  =  - 

.  • .  put   y, : 


-  1  2rt  —  I' 

1     .   *. 
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dx.        Sz.rfr.  ,<&■,,        1        2z,  .  b,',' 


Hence  by  substltutioD 

dz,    ,   b.z.^dx,      a,dx. 


or,  by  replacing  o,  and  6,  by  their  values 

3(a=z,^  ~  1)  -  *,^'      '*'■'        jr,^     -  ar,  -  1      oz^  +  V 


"L  V  Sa'a-i^^i  +  r,  -3aJ' 
'-3a^/"*+  y{a:"*  -  3a)-'  '-3<i=j:~*+y(l-3ox*)-' 


-4-  =  P,  =  e-«-^ 


rSn'j  ^  +  y{l  +  3'Jy 


j]- 


Here     »»=—-  =  —-; .  ■ .  Put  y=  5- + -^  = -+ -i- 

Then 

Now  make  a,  =  — ,     and     *  =  x    =  «,.     Then 

yi 

_  :^>  +  2    5:^'  ^  lai.,       or  <ftf,  +  12y.=<ir  =:  ^,-'<^,.  .  (2). 

y^s       y,'      »■,♦  *i            ^-i 

Repeating  the  procesa  of  auhstitution  as  in  the  last  example,  we 


(fc,  +  12za=^,-"<£r,=  Sx.-'yi, 


•IV  —  1' 
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the  integral  of  which  is 


160.  If  the  proposed  form  be  dy  +  by^x'dx  =  ex'dx,  which  differs 
from  the  form  just  considered,  in  having  a  power  of  x  in  the  second 
term  of  tlie  first  member,  it  may  be  readily  reduced  to  the  simpler 
form  by  making  x'dx  =  dz.    For  then 

■+1      rH 

jH-i  ~{r+  \y,  and  z'+i  =  (r  +  1)'+'.  a--^^ 

.  - .  x'dx  =  [(r  +  l)i]'^'ife,  and  <^/  +  byHe 

=  c[(r  +  I  )z]'^'dz  =  a^dz, 
the  form  in  which  Kiccati  equation  has  been  integrated. 

Of  the  FacUn'a  necessary  to  rend-er  Differential  Eg^niitiona 

exact. 

161.  The  cases  examimd  above  embrace  the  principal  forms  in 
witich  the  integration  is  possible  by  a  separation  of  the  variables. 
We  now  proceed  to  consider  those  in  which  the  first  member  of  an 
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equation  Pdx  +  Qdij  =  0  can  be  rendered  an  exact  differential  by 
the  introduction  of  a  suitable  factor. 

162.  If  the  equation  Pdi  +  Qdy  =  0  has  been  obtained  by  direct 
differentiation,  it  will  satisfy  the  teat  of  integrability,  viz. : 

dP  ^dQ 

rfy        dx  ' 
but  if  it  has  resulted  from  the  elimination  of  a  constant  between  the 
direct   differential  and   its  primitive,   that  condition   will   not  be 
satisfied,  ."klthough  the  same  relation  between  x  and  y  will  be  implied 
by  the  two  differential  equations. 

163.  Prop.  To  show  that  an  indirect  differential  equation  can 
always  be  rendered  exact  by  the  introduction  of  a  suitable  factor. 

Let  Pdx+  Qdg=fi (1) 

be  the  given  equation  which  has  resulted  from  the  elimination  of  a 
constant  c  between  the  primitive  and  its  direct  differential ;  niid  let 
the  primitive  be  solved  with  respect  to  c,  giving  a  result  of  the 
form 

'  =  n',y) (2)- 

Differentiating  (3),  e  will  disappear,  and  we  shall  obtain  an  equation 

of  the  form, 

P^dx+Q^d!,  =  0 (3). 

Now,  since  (1)  and  (3)  contain  the  same  constants,  combined  with 

X  and  y,  and  since  the  same  relation  connects  x  and  y  in  the  two 

dy 
equations,  the  differential  eoeJIieient  —  must  be  the  same,  whether 

derived  from  (I)  or  (3), 

dy  P  P,  P        P,  ,  P,       Q. 

Hence,  if  we  multiply  (1),  the  first  member  of  which  is  not  an 
exact  differential  1*7  ^  =  ^.  ™e  shall  convert  it  into  (3),  which  is 
exact 
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Cur.  Tf  i(  were  possible  to  dettTtnine  this  foctor,  the  integration 
of  every  ciiflurenlial  eqimticn  of  the  first  order  and  degree,  could  be 
elTeetod  wilhout  serious  difficulty,  but,  uiifortimatcly,  the  difficulty 
of  discovering  this  factor  is  usually  insuperable. 

164.  Prop.  To  exhibit  the  eondition  or  equation,  the  solution  of 
which  would  give  the  factor  necessary  to  render  any  proposed 
difTiTeniial  w^uation  exact. 

Let  I'dx  +  Qdy  =0  be  the  given  equation,  and  e  the  required 

Then  Pzdi  +  (jzJ'j  =  0,  and  the  first  member  will  be  exact, 
dPz  _  dQz_ 
'''~¥' 


— ,  the  required  cor.dition. 


No  general  method  of  resolving  this  equation  is  known.  There 
arc,  however,  several  particular  cases  in  which  the  factor  can  bo 

165.  Prop.  To  show  that  when  the  factor  which  renders  an 
equation  intcgrable  has  been  found,  an  indefinite  number  of  such 
feetors  can  be  discovered. 

Let  i  be  the  factor  first  found.     Put 

Pzdx  +  Qzdy  =  du. 

Mnltijjly  by  Fu,  an  ai'lilirary  function  of  w,  and  there  will  result 

Fu .  Pzdi  -i-  Fv .  Qidy  =  Fu.du ; 

and,  since  the  second  member  is  esaet,  (containing  w  only)  the  first 

mcinbcr  must  be  esact  also. 

.-.  z.FH=z.Ff{Pi:dx+  Qzdy)  is  a  suitable  (lietor. 

166.  Prop.  To  explain  the  process  for  finding  the  required  factor, 
when  the  equation  can  be  separated  into  two  parts,  for  each  of  whitJi 
a  separate  factor  can  he  found.     Let 

Pih  +  Qdij  =  0 (1)  he  divisible  into  the  two  parts. 
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{P,dt  -t  Q,dy)  +  {P^  +  Q^y)  =  0 (2), 

uicl  let  2,  and  sj  be  the  fiictors,  which  will  render 

Pjdx  +  Q^dt/  and  P^  +  Q^y  separately  integrable. 
Put  Zi{Pidx  +  Q^dy)  =  da^    and    t^P^  +  Q^dy)  =  du^ 
Then  Bi^jUi  and  Zj/i",  will  also  be  suitable  fectors  to  render  the 
two  parts  separately  integrable.     If  therefore  we  can  so  select  /*!», 
and  F^u^  to  fulfil  the  condition 

dther  of  those  factors  will  render  the  entire  equation  int^able. 
167.  1-  To  find  the  primitive  of 

adz      bdy       ex'dx  _  ^  . 

This  can  be  resolved  into  the  two  parts 
-  H and 


adx      bdy  ex'dx  ^ 


the  first  of  which  is  an  exact  differential,  and  therafore  z,  =  I ;  and 
the  second  can  be  rendered  exact  by  the  factor  y*  =  Kj. 

••■».=/Wv+?)]=/(v+?) 

t=a\ogx+b\ogy  =  log(i'.y»). 

Hence  we  must  endeavor  to  satisfy  the  condition  *if  ,Ui  =  «ii^s«j,  or 
1  x/',  [log  (iV)]  =  ?'•-*■.(- 2^} 

A8.»mo  /-, (log (iV)]  =  ('■?')'    •nd    ^,(-^)  =  i'i", 
in  which  k  and  jt,  -are  undetermined  constants.    Then 
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a  condition  which  will  be  satislied  by  making 

Jib  =.h    And    ka  =  itjn,    or    i  =z\    and    k^  = 

Henc«  a"y*  ia  the  required  factor. 

Now  multiply  (])  by  z'^*,  «nd  there  will  result 

iM!*^i  y*dx  +  63:^*-'  dy  —  «•+•  dx  =  0, 

which  is  exact,  i 


and  the  required  solut 

'*'*  ~  «  +  „  +  1  "■ 
^xdy  ~  ydx  ~  -adx  =  0. 


This  can  be  resolved  into  ^xdy  -~  ydx,  and  ~-adx,  of  whidi  the 

first  will  be  rendered  exact  by  the  fector  a,  =  — ,  and  the  second 
is  already  exact,  giving  ^  =  I. 

.....=/l(!.,-,.,)./lf-/|  =  ,,^ 

and  we  must  satisfy  the  conditions 

and  .  ■ .  ^j  (  —  -  (w)  =  -5-  also. 
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Hence  -^  is  the  proper  fkctor. 

1   xdy      ydx       1    adx  _ 

vhich  is  exact,  and  the  solution  is 

J  +  i~+<?  =  0    or    j,+  W  +  |  =  0. 

188.  Prop.  To  determine  the  factor  necessary  to  render  a  differ- 
ential  equation  exact,  when  that  factor  is  a  function  of  one  variable 
only. 

Let  Pdx  +  Qdy  =  0  ....  (1)  be  the  given  equation,  and  z  =  Fx 
the  required  fiictor. 

.  • .  zPdx  +  z^rfy  =  0  will  be  exact,  and  therefore 

d(.P)  _  HzQ) 
di    ' 

'•*='^+«-s-  •  ■T=eL-Sjr-^J'"- 

Here,  by  hypothesis,  the  first  member  does  not  contain  y,  and 
therefore  the  second  member  must  be  independent  of  t/  also.  Con- 
sequently 


ioS.=y 

m- 

'  dxig 

■  =  ipx  futa  z 

~     ' 

169.  1. 

Ginn 

y<&- 

-xdy  =0  .  . 

..(1). 

SuppOK 

c  to  oontain  x 

only. 

dP 

=  ?=■ 

'      dx 

-^= 

dQ-\d' 

adz 

•Aogt=  —J  —  =  log-j    and     »  =  -— 
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Multiplying  (1)  by  — ^  we  get 

'^-"'''=0     ;>nd     5^=<?     or    j,  =  &. 
2.  The  linear  equation  dy  +  Xydx  —  X^dx  =:  0. 
Supp«„.  =  J.:.    .,^  =  £(£^=^,    .ndf  =  0. 

.  ■ .  log  z  =  fXdx    and    »  =  ef^,   the  factor  sought. 
Multiplying  (1)  by  this  factor,  we  have 

efx^.dy  +  e!^''Xydx  —  etxiiX^de  =  0,  which  is  exact 

Btmark.  The  value  of  z  found  by  the  method  just  explained,  was 
obtained  by  assuming  that  a  factor  containing  x  only  can  be  dis- 
covered; but  since  such  factor  may  not  exist,  it  will  bo  proper  to 
apply  the  test  of  integrability  to  the  transformed  equation. 

170.  Prop.  To  determine  the  factor  necessary  to  render  a  homo- 
geneous dilferentiat  equation  exact. 

Let  Pdx+  Qdy  =  (i. (1) 

be  a  homogeneous  differential  equation,  the  coefficients  P  and  Q 
being  each  of  the  «'*  degree ;  and  let  the  factor  t  be  of  the  m** 
degree.    Then 

zPdx  +  zQdy  =  0 

will  be  exact,  homogeneous,  and  of  the  (m  +  n)'*  degree. 

Hence,  by  the  rule  for  integrating  homogeneoua  exact  ditferenUal 
expressions,  we  have 

or,  since  C  is  arbitrary,  we  may  put  (nt  +  n  +  1)  C  =  1. 
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^— -^  ia  a  auitabid  iactor. 

-  Qy 


Ex.  {xy  +  y^)dx  -  (x^  -  xy)iy  =  0 (1). 

Here  xy  +  y^  =  P    and     —3?  +  xy=  Q. 


'   '  Px+  Qy        2n/^ 

■••  3y  +  glog*+2logy=C;    or    j  +  log  (xy)  =  C^. 

Geometrical  Applicaiums  of  Differential  Equations  of  the 
first  order  and  d^grm. 

171.  1.  Determine  the  curve  whose  tangent  PT  ia  a  mean  pro- 
portional between  the  parts  A  T  and  B  T 
of  its  axis,  intercepted  between  the  tan- 
gent and  two  fixed  points  A  and  B, 

Place  the  origin  at  B,  and  put  i 

BD  =  x,     DP  =  y,     BA  =  a. 


''^ 
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Hence,  by  the  eoodJlions  of  the  problem, 

Pjn^BTxAT,    or    y,'  +  y,»' 


=(''-^' £)("-*' £-"■)■ 


Reducing,  and  omitting  accents,  we  get 

\/^dy  =  x^dif  —  ^ydx  —  azdy  +  aydx, 
which  is  the  differential  equation  of  the  required  curve. 
This  may  be  wrilti^ 


I    2jrydx  —  ar'rfy  ydx  —  zdy 


•nd,  since  both  members  are  exact,  we  gel  by  integration 

I*  X 

y-\ =  B-  +  C,    or    *»  +  y* —4w— Cy=0;  or,  finally, 

{'-\-Y  +  {y-lcy  =  \(a^-^c^), 

which  is  the  equation  of  a  circle  whose  radius  is  ^  -j/u'  +  6'' ;  and 

the  co-ordinates  of  whose  centre  are  -o  and  -  C,  the  latter  oo-ordi. 
Date  beiog  arbitrary. 

2.  Find  the  curve  in  which  the  subtangent  is  constant. 
Let  z,y|  be  (he  co-orditiates  of  the  point  of  contact. 

mi  .  "^1  '^y      ^' 

Then,  subtangent  =—  y,  -j— =— a,    or     —  =  — ■ 

<^y,  y      " 

.  ■ .  log  (y  =  — ,       ey  =  ••. 

This  is  the  equation  of  the  logarithmic  curve. 

3.  To  find  the  curve  in  which  the  subtangent  is  equal  to  the  tarn 
of  the  abscissa  and  co-ordinate. 

The  differential  equation  o(  the  curve  will  be 
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. ' .  y'  +  2j:y  =  C,  &  hyperbola. 
4.  The  ourve  in  vhich  the  subDormol  is  constant. 

Snbnonnal        =  y^  =  a.    .  *.  yrfy  =  "dx. 

,  ■.  y*  =  2<m;  +  C,  a  parabola, 
172.  Prop.  To  find  the  equation  of  a  trajectory  or  curve  which 
ehall  intersect  all  the  curves  of  a  given  family  in  the  same  angle. 

Let  K^^y-o)  =  0 CO 

be  the  equation  of  a  class  of  curves,  in  which  the  parameter  a  may  take 
any  value;  and  let  f  =  tang ^, 
where  /3   represents  the  con- 
stant angle  of  intersection. 

Suppose  a  to  talce  a  parti, 
cular  value,  a,  and   let  A^S^ 
be  the  particular  curve  in  the 
general  class  resulting  from  this  supposition.    Then,  if  lEiyi  denote 
its  general  co-ordinates,  its  equation  will  be 

»('i,!'i,«,)  =  0....(2), 

and  the  differential  coefficient  -~,  derived  therefrom,  will,  when  ap- 

dx,  "^ 

plied  to  the  point  P,  express  the  trigonometrical  tangent  of  the  angle 
PTX  or  v„  included  between  the  tangent /*  2"  and  the  axis  of  x. 
Also,  if  X  and  y  denote  the  general  co-ordinates  of  the  required 

'%< 

will,  when  applied  to  P,  give  the  tangent  of  PZX  or  v. 


or  by  substitution, 


.*., 


'  i+t« 


•(S). 
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Now  at  the  point  P,  where  the  curvea  ^,£,  and  CPD  intersect, 


z,  y,  and  a,,  and  therefore  (3)  maj  be  written  thos 

But  (2),  when  applied  to  P,  gives 

9{z,y,a,)=0....(5). 

If  then  a,  be  eliminated  between  (4)  and  (5),  the  resulting  equa> 
tion,  being  independent  of  the  position  of  the  particular  curve  ^i^i, 
will  apply  to  all  points  in  the  required  curve  CPI>, 

173.  1.  Determine  the  curve  which  cuts  at  right  angles  all  straight 
lines  drawn  through  a  given  point. 

Let  Zg^g  be  the  co-ordinates  of  the  given  point 

The  equation  of  one  of  the  straight  lines  passing  through  that 
point  will  be  of  the  form 

rfy 

.■.9(a!^,a,)  =  yi-ya-ai(*i-*s)=0  ™<i    57"  ~  *'• 
Alao    i  =  tan  -  *  =  oe.     .  ■ . ~, ;-  =  rx.    and  oonsequenlJy 

Also  at  the  point  of  intersection 

y-y,-a,(r-«,)=0 (2). 

Now  eliminating  a,  between  (1)  and  (2),  we  get 

d« 
«  —  «!  +  ^  (y  —  yi)  =  0,    or    xdx  —  a^  +  yiiy  —  y^dy  =  0, 

which  b  the  differential  equation  of  the  curve. 
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1 


And  by  int^ratioii  -  a^  —  i^  +  -  y* 


y=C, 


or  {x  -  *,)»  +  {y  -  y,)*  =  2C  +  V  +  Vt^- 

Hence  the  curve  sought  is  a  drcle  whose  centre  is  at  the  point  x^  y^ 

and  the  radiua  arbitrary. 

%  The  curve  which  cuts  at  an  angle  of  45°  all  straight  linen 
drawn  through  the  origin. 

Here  9(a„  y„  Sj)  =  yj  —  a,ar,  =  0. 

.•.-P-  =  a,     also     *  =  Un45''  =  l. 


•■•'  +  ".1=".-^ (''■  •"''  »-".-  =  » (')• 

Eliminating  a,,    1+-.  — = —     or    xdx  +  ydy  =  ydx  —  xdy. 

This  being  a  homogeneous  equation,  it  will  be  rendered  exact  by 

multiplying  by  -5 — — rr-  =  -r— — =■ 

'^  ^    ^    ■"    Fx  ■\-  Qy       «=  4-  y* 

_  xdx  +  yiy  _  yfj  -  ^rt^y      .  j     ra='-fynt_      ^^-yV, 
•   ■     «*  +  y^  a*  +  y'        '   '     *  L     e^     J  *' 

Put  y  =  rsinS,  a!  =  rcos(*— fl)=  —  rcosfl.    .■.  r=(a;*+y^)' 
and  -=— tan*.     .■.log-=S     and     r  =  m', 

the  equation  of  the  logarithmic  spiral.  * 

3,  The  curve  which  cuts  at  right  angles 
all  parabolas  having  a  common  vertex  and 
coinddent  axes. 

Here  ^(x,,  y„  a^)  =  yj»  -  2oiir,  =  0. 

Also  *  =  <».    .'.1+^.^  =  0., 
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and  y»  —  2a^x  =  0 (2). 

Eliminatdng  a,,    ^  +  §2''^  =  ^    '^'^    ^'^  +  W?  =  0- 
.-.^  +  1,.  =  ,.,     or    J  +  ^  =  l. 
This  ia  the  equation  of  an  ellipse  whose  axes  have  the  ntio  1 :  y^ 


CHAPTER   in. 


DUTKBENTIAL   BQCATIONa    OV    THX    riRBT    ORSXB    AITD    Ot    TO* 
BIOBER    DBORBXe. 

174.  These  equations  contain  the  several  powers  of  tlie  coefficient 
-p  to  the  n'*  power  inclusive  where  n  denotes  the  d^ree  of  the 
equation.    The  most  general  form  of  such  an  equation  is 


+  &c  . 


rfa^  ^  rfa;— '  ^  *  dx—^ 
which  equation  can  be  derived  from  its  primitive  only  in  attempting 
to  eliminate  the  nV  power  of  a  constant  e  between  the  primitive 
and  its  direct  differential.     For  the  direct  difierential  contuna  onlj 

the  first  power  of  T-,  and  therefore  cannot  be  identic^  with  (I)  ;  but 

if  we  suppose  the  primitive  to  contain  several  powers  of  the  same  con- 
stant c,  as  c',  c*,  e^  ■  •  •  •  c*,  and  resolve  with  respect  to  c,  there  will 
result  n  values  of  c,  from  each  of  which  c  will  disappear  by  differen- 
tiation ;  and  each  of  the  resulting  differential  equations  will  contain 

only  the  first  power  of  ^,  each  bdngafactorof(l).    Henoe  by  multiply. 
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iiig  together  these  n  equations,  we  shall  produce  (1).  If  therefore 
we  resolve  (1)  with  respect  to  -j-,  thereby  ascertaining  its  n  con- 
stituent factors  of  the  first  decree,  then  integrate  each,  annexing  the 
same  constant  e  to  every  result,  and  finally  multiply  the  results  to- 
gether, the  complete  primitive,  which  includes  all  these  separate 
results,  will  be  obtained.  It  will  be  obvious,  that  in  order  to  render 
this  method  applicable  to  all  equations  of  the  first  order,  it  would 
he  necessary  to  have  a  process  for  the  solution  of  equations  of  all 
degrees. 

Unfortunately  no  such  process  is  known. 

176.  1-  To  find  the  complete  primitive  of  the  equation 

S^=«' » 

Resolving  with  respect  to  --r— ,  we  get 

|=+.....(.).     .=d     |=-.....(3). 

Integrating  (2)  and  (3),  and  annexing  the  same  constant  to  each, 
we  have 

y  =  isx-^c (4X     and     y=  —ax  +  e....  (5), 

either  of  which  satisfies  the  given  equation  (1).  It  b  also  satisfied 
by  their  product. 

(y  _  (w  -  c)  (y  +  (ur  -  c)  =  0, 

or  y^-^-a^x^  +  <?  =  Q (6). 

For,  by  differentiating  (6), 

2yiy— 2ei?y— 2ai'«(£e=0,  and  c 


dy 


This  value,  substituted  in  (6),  gives 

,      ^  ,  ,  2a^xy        ,  ,  ,     ,      : 
y>_2y«  +  -^-«»*»  +  y»_. 
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or,  by  reduction, 

which  is  identical  with  (1) 
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53  =  ' 


(!)• 


,  ■,  By  integration    y  =  ^11*1'+  c,  mid  y 


(j,_|.V-c)(,  +  |.V-.)  =  0, 

(y  —  e)'  =  -  0x3  tj)g  complete  priniitive  of  (1). 

(1). 


da: 


,ni 


y         y 


.  ix=±. 


.-.«=  +  (»■  +  y')»+c,  and  i=-(»=+y>)'  +  t. 

•.  (i - 1 -  Vi'  +  y")  (i - 1  +  •«"  +  S')  =  0,  or  y'  =  t>-Sc«. 

4.  Determine  tho  equation  of  the  curve  which  has  the  property 

.  =  01  +  hy. 


.•.l+^  =  ,.  +  2^54 


<fy»         2a6     Jy  _  1  —  o« 


<tF  ~  1  -  A* 
,•.  y  =  n«r+  fi 


ni±ii. 
and     y  =  imx  —  lU!  +  e, 
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.  ■.  y»  =  mV  —  n*i*  +  ^emx  +  c*. 
This  is  (he  equation  of  two  straight  lines,  which  intersect  on  the 
axis  of  y,  and  which  become  imaginary  when  a*  +  6'  <  1.     Suppose 

"  =  v4"'"=\/f    •'•  ""  +  '"  =  1,  »4  =  5«ndl-J'=i. 

.  ■ .  m  =  1     and     n  =  0,     .  • .  y  =  *  +  c, 
and  the  two  lines  become  a  single  line,  inclined  to  the  axis  of  x  in 
an  angle  of  45°, 

176.  When  the  proposed  differential  equation  cannot  be  resolved 
with  respect  to  -^,  its  primitive  may  still  be  found  in  certain  cases, 

the  principal  of  which  will  be  examined. 

Case  lit.  When  the  equation  contains  only  one  of  the  variables, 
and  the  solution  with  respect  to  that  variable  is  possible. 

Let  X  be  the  variable  which  enters  into  the  equation.    Put 
—^  ^Pi,  and  resolve  with  respect  to  X.   The  result  will  be  of  the  form 

X  =  (pPi (1). 

But  since  dy  =  p,dx,  an  integration  by  parts  will  give 

y=Pi'-  /"'Pi (2). 

Eliminating  x  between  (1)  and  (2),  we  get 

y=Pi-<PPi-  fVPi ■'iPi (8), 

in  which  ihe  last  term  is  integrable  as  a  function  of  a  single  variable. 
£lTccting  the  integration,  we  may  unite  the  result  thus 

y  =  fpi (4). 

Then,  eliminating  Pi  between  (1)   and  (4),  we  obtain  the  desired 
relation  between  x  and  y. 

177.  This   method   may  sometimes  be  applied   advantageously 
even  when    the  more  general    method  is  applicable,  provided  the 


rfy 
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Ex.  To  find  the  primitive  of  the  difierential  equation 

Here  x  =  =  ?;>, (I). 

■  ■  ■  y  =  p,*p,  -  /w. .  dp,  =  j^,  -  /rf^i 

But  from  (1),      ;),  =  (1^^)*    and     !+;>,«  =  -, 
and  these  values  reduce  (2)  to 

178.  When  the  equation  (siill  supposed  to  contain  x  only),  cannot 
be  resolved  either  for  x  or  p-^,  we  may  substitute  xz  for  fy,  and  we 
can  then  divide  every  term  by  a  power  of  x,  thereby  depressing  the 
degree  of  the  equation,  except  in  the  case  where  there  is  an  absolute 
term.  If  then  the  depressed  equation  can  be  solved  for  x  or  e,  we 
shall  have  either 

X  =  tfz,     and   pi=  —  =  apa, 

.  ■ .  rfy  =  z.ifz.d{<fx),     and    y  =  /  x.(pi.d{(fg), ....  (5), 

or,  z  =  ipx,    and    p^  —  ~-  =  x^x, 

.  • .  dj/  =  x.<BX.dx,     and    y  ;=  fx.fx.dx,  ....  (6). 
In  the  first  case  we  eliminate  «  between  (5)  and  x  =  fz.     In  the 

second,  the  desired  relation  is  found  in  (6). 

Put    Pi  =  xz,     then     a^  +  «'r'  —  itc^z  =  0,     and    x  =         - 

.-.      1.,  =  -^  = —,      rfy  =  -  .rf  "^         =^il- --— '&■ 
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-  expresses  the  relation  W 


-!  +  .>• 


His  relation,  together  with  *  =  ^ 
tween  7  and  y. 

179.  Ca»«  2rf.  When  the  equation  ia  homogeneous  with  respect 
to  z  and  y. 

Let  n  denote  the  degree  of  the  equation  in  x  and  t/,  and  put 
y  =  xz,  then  the  equation  will  be  divisible  by  a;*,  and  if  the  trans- 
formed equation  can  be  solved  for  z,  we  shall  have  a  result  of  the 

t  ^  9p„      .'.  di  =  d{<ppi).      But     y  =1  xz,     .' .  dy  =:  xdz  +  zdx, 
or,  dy  =  xd{tfp^-\-ifp^dx,     or,    p^dx  =  xd{<pp^-\- ^p^dx, 

...   ^  =  AfPlL,     and      X,^,=  fJ^A^  =  Fp„ 
X       Pi~<(>pi  "         -fpi-fPi 

This  combined  with  y  =  x^Pi,  gives  the  desired  relation  between 

£x.  y  —  xp,  =  y/\  +  p^  .  X. 

Put  y  =  xz,    substitute  and  divide  by  a:,  then 

a  -  p,  =  -y/  1  +  p^. 


Pi  +  ■/r+  Pi'.  dz=dp,+~^I^ 


y,<&  =dy  =  xdz  +  zdx  =  x(dp,  +  -^^iLJ\+{p+  ^l  +  p^')d 


]<^«  = 


D.n*4- 


-  log(^i  +  V1+??)-  log(l  +?,')*+  logc. 
But     y  =  23  =  - 


Vi^ 


and     x{c  +  ^ 


e  desired  relation. 
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180.  a..3i. 

Let  the  form  be 

-4+4:)---<' 

..*.,(!) 

does  not  contain  ar  or  y. 

By  differentiati 

.„,|  =  ..=,.  +  .|^ 

■■■(-t)t  =  »- 

This  is  !>atisfied  either  by  making 


^/),  does  not  contain  x  or  y,  and  therefore  (2)  contains  only  x  and 
/>,.  If  then,  we  eliminate  p^  between  (1)  and  (2),  the  result  will  be 
a  relation  between  x  and  y.  But  this  relation  cannot  be  the  com- 
plete primitive,  because  it  contains  no  arbitrary  constant.  We 
must  then  refer  to  the  condition  (3),  which  gives  by  integration 

p,  =  C,  a  constant 

It  appears  then,  that  in  the  proposed  equation,  which  is  known  as 
Clairatili's  form,  the  complete  primitive  is  obtained  by  simply  re> 


Ex.  1.  To  find  the  primitive  of 

'-4M'^S) (». 

Replacing  the  differential  coefficient  -^  by  0,  we  have. 
y-a  =  .(l  +  C").,..     p). 
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The  ooirectiicsa  of  this  solution  is  easily  verified ;  for  by  differeo- 
tiatJDg  (2)  we  get 

!-<'=« » 

and  by  eliminating  C  between  (2)  and  (3),  we  obtain  (1). 

2.    ydx-xdy  =  a{d^  +  df)^,  or,  y  =  o.^ +(l +g)*a. 

Substituting    C   for  ^  we  get  y  =  C/  +  {1  +  C')'((. 

181.    Cast  A,th.  Let    y  =  Px  +  Q, (1). 

wlien  P  and  Q  are  functions  of  py 

By  differentiation,    dy  =  p^dx  =  Pdx  +  xdP  +  dQ. 


This  being  a  linear  equation,  its  solution  is  of  the  form 

Hence  if  ^j  be  eliminated  between  this  and  (1),  the  result  will  be 
A  relation  between  x  and  y. 


.  1. 

y=Pt^'  +  Fi'  ■■ 

.(1). 

i,j  =  p,rf«  =  f  ,'ii  +  2«p,<Jft  +  2f  ,<p,. 

■  ■•(i-p,)i^-ai* 

=  2*.. 

■•— ,-;^  = 

2*, 

n-1 

=  •-"■-'■=  (ft -1)'  . 

log  (p.- I) 
nd     «     "     = 

(ft-l)' 
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r./Hp,  -  1)*, 


j5L 


.'.  pi  =  1  +  ;     and  from  (1),    />,  =  - 

V 1  +  «  V*!  +  « 

;i,(ii  =  (1  +  i),)di  +  xdpi  +  2pidp^. 
.-.  dx  +  xdpi=  -2p^dp^,    and    z  =  r^"^[~f2e^*''.p,dp^\. 
But        /'"''  =  e",     and    f^'p^dp^  =  e'X;*!  -  1)  +  <?i- 
.-.«  =  2(1 —;),)  +  Ce-i^    where     t;=-e,; 
•nd  from  (1),       y,  =  ~  - le  ±  -  y'4y  ~4x  +  x^. 
.  * .  By  eliminating  p^  we  get 

0  =  2  =f  i/4s-4^  +  rf  +  c,W'.'ii3Xrf_ 
3.  ji  =  .Cp, -vT+P?)---(l)- 


.r*^. 


Id  this  example  Q  =  0,  and  by  dilTerentiatioi] 

p^dx  =  p,dx  +  xdp^  —  i/T+pi^'dc  —pix{l  +  Pi^)  'dpy 

.  • .  —  =        ,      '  rfpi,  the  integral  of  which  is 

X  1  +pr 


Jpi+V^+Pi'')^ 


(P1+-/1 +?■')«= 


lOj 

vT+ft- 

v"+f," 

and 

<?,  +  ('-  ')-/r 

-Pi^ 

=  0.,  . 

.(2). 

Bui  from  (1) 

ft.-Vi+f." 

=  y- 

■  ■■  Pi= 

»(&-x)' 

•nd 

vf-+v=-^,. 

-•■i'l 

^~ 

■  »■(«" 

-  te)  =  -  i-(a! 

-')• 

or  finally    ar»  +  y»  = 

2a. 

,Google 


CHAPTER  IV. 

fllHOULAR  SOLUTIONS  OP  DIFFERKKTIAI.  KQUATIOKB. 

183.  Differential  equations  may  be  regarded  as  resulting  in  all 
cases  either  from  the  immediate  differentiation  of  their  primitives  or 
from  the  elimination  of  constants  between  the  primitives  and  their 
direct  differentials. 

184.  Talcing  the  latter  and  more  common  case,  let 

F{..,,.)  =  0....{1) 
be  the  complete  primitive  of  the  differential  equation 

■  m, 

where  (2)  has  arisen  from  an  elimination  of  the  constant  e  between 
(1)  and  its  immediate  differentia 


»(-!)= 


Fa^  =  «....(3). 


Now  if  the  constant  e  were  replaced  in  (1)  and  (3)  by  any  func- 
tion of  X  and  y,  the  elimination  of  this  function  would  necessarily 
lead  to  the  same  equation  (2). 

If  then  it  be  possible  to  replace  c  by  such  a  function  of  *  and  y, 
in  equation  (I)  as  shall  give  by  differentiation  a  result  entirely  simi. 
to  (3),  after  it  has  been  modilied  by  a  like  substitution  of  this  func- 
tion of  3S  and  y  for  c;  then  the  elimination  of  that  function  would 
necessarily  lead  to  (2)  the  proposed  differential.  Hence  equation 
(1)  with  the  value  of  e  so  repiaced  may  be  properly  considered  an 
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iiitogrnl  of  (2) ;  although  U  is  essentially  ditferent  in  form  from  the 
ordinary  integral  (1),  in  which  e  is  an  arbitrary  constant. 

Such  a  solution  of  a  ditfcrcnttat  equation  is  called  a  singular  tolu- 
iion  or  a  aingular  integral,  while  the  term  particular  inttyral  is  ap- 
plied to  each  of  the  results  obtained  by  substituting  various  constant 
values  for  e,  in  the  general  inte^al. 

185.  Prop.  To  determine  the  conditions  necessary  to  render  pos- 
sible a  singul.ir  solution  of  a  differential  equation. 

Let  the  ordinary  primitive 

n',y.')  =  o (1) 

be  differentiated  regarding  c  as  variable,  and  there  will  result 
and  to  render  this  equation  idvntieul  with 

[^^^]- (^). 

which  is  obtained  by  supposiiig  c  constant,  the  necessary  conditicHi 

'-^^■(l)  =  » <•)■ 

Now  (a)  is  satisfied  cither  by  making 


dF{x.y,c)  _ 


..,         o,         (-)  = 


.(5). 


The  condition  (5)  gives  e  =  consiant,  and  therefore  (4)  can  alone 
iup|)ly  the  suitable  variable  value  of  e. 

The  equation  (4)  may  give  several  values  of  c,  and  then  there 
will  be  aa  many  singular  solutions. 

186-  It  must  be  observed  that  the  value  of  e  derived  from  (4), 
IS  not  nwossarily  a  function  of  x  and  y,  or  of  either :  for  if  e  be 
connected  » ith  x  and  y  only  by  the  signs  +  anii  — ,  those  variables 
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will  nnt  appear  in  (4),  and  consequently  the  values  of  c  derived 
from  (4),  will  be  constants  corresponding  to  particular  integrals,  and 
not  singular  solutions. 

187.  And  again,  the  derived  values  of  c  may  be  functions  of  t 
snd  y,  and  jet  not  variable.  For  if  the  primitive  (1)  be  solved 
with  respect  to  any  constant,  as  a,  appearing  in  it,  the  result  will 
assume  the  form 

■'=A;,!>.') («); 

and  if  by  assigning  any  particular  value  lo  c,  this  value  of  a  should 
become  either  identical  with  that  of  c  given  by  (4)  ;  or  if  the  latter 
be  a  functJun  of  the  former,  then  e  will  be  invariable,  and  therefore 
will  not  correspond  to  a  singular  solution. 

188.  If  we  solve  the  complete  primitive  (1)  for  *  and  y  succes- 
sively, the  results  may  be  written  in  the  forms 

z=fi,,c).....{i).        V=M',') (8). 

Which  differentiated  with  respect  to  c,  give  (since  the  first  members 
do  not  contain  c) 


4f{V.c)_r,        ^(^)_ 


=  0,.(10). 


ITiat  is,  if  the  primitive  can  be  solved  with  respect  to  x  or  .Vi  we 
may  differentiate  either  of  those  values  with  respect  to  e,  placing  the 
result  equal  to  zero.  Thus  (9)  or  (10)  may  be  employed  instead 
of  (4),  when  more  convenient,  in  obtaining  those  values  of  c  which 
give  singular  solutions. 

189.  It  may  be  observed  that  no  differential  equation  of  the  first 
order  and  first  degree  can  have  a  singular  solution;  for  such  equa- 
tions have  complete  primitives  containing  only  the  first  powers  of  c, 

_  and  these  primitives,  when  diflerentiated  with  respect  to  e,  give  a 
result  (4)  independent  of  e,  which  result  cannot  furnish  a  value  of  c. 

190.  The  relation  connecting  the  complete  primitive  with   the 
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singular  solution,  can  be  illustrated  geometricallj.  For  the  former 
always  represents  a  seriej  of  curres  of  the  same  class,  in  which  e  is 
the  variable  parameter,  and  as  the  process  for  obtaining  the  equa- 
tion of  the  envelope  of  these  curves  is  identical  ■with  that  by  which 
we  iind  the  singular  solution,  it  follows  that  this  solution  must  repre- 
sent the  envelope. 

I9L  !■  Required  the  singular  solution  of  the  diflerential  equation 

ydx  -  xd;,  =  a{dz^  +  di,')\     or,     y  ^  irp,  +  a(i  +  p,')*  .  .  .  (1). 
This  example  belongs  to  Clairault's  form,  and  therefore  the  com- 

•  .  (2)- 


This  value  substituted  in  (3)  gives 

y  =  --7==^  +  "\/i+^^'  ■■■  *=  +  *"  =  «»... ..(3). 

Thiis  the  general  solution  (2)  represents  a  series  of  straight  lines 
all  tangent  to  the  circle  represented  by  the  singular  solution  (3). 

The  general  solution  of  this  example  has  been  found  to  be  (p.3!>6) 

y=  =  c'  -  2cx, 


dc       y/'^  —  2cx        ' 
. ' .  e  —  ;r  =  0,     and     c  ^  x. 
This  value  substituted  in  the  general  integral,  gives 

yS  —  x^  —  2a;',     or    y^  +  3^  =i  0,  the  singular  solution. 
The  general  integral  in  this  example  represents  a  series  of  para, 
bolas  which  do  not  intersect,  and  therefore  the  singular  solution  can- 
not, in  this  case,  represent  an  envelope. 
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Thb  is  Clairault's  form,  and  therefore  the  general  solution  is 


(1). 


-v^ 


Here  the  singular  sotution  represents  a  parabola  tangent  to  a 
series  of  straight  lines  represented  by  (3). 

192.  In  the  method  of  finding  the  singular  solution  of  a  differential 
equation,  just  explained  and  illustrated,  it  has  been  supposed  that  the 
general  solution  of  the  equation  was  known;  but  when  it  is  not 
given  we  require  the  following  proposition, 

193.  Prop.  To  determine  the  conditions  by  which  singular  solu- 
tions of  ditTerential  equations  may  be  found,  without  first  determin- 
ing their  complete  primitives. 

Let  u  =  F(x,  y,  c}  =  0. (l), 

be  the  complete  primitive  of  the  diflercntial  equation, 

«,  =  F^^,y,p^)  =  0,  .  .  .  .   (2)  ;  and  suppose 

"■=[^^]  =  -^.('.«^.)  =  » (5). 

to  be  the  direct  diHerential  of  (1). 

Also  let  U  =/{xj/)  =  0  ....  (4)  be  the  singular  solution  of  (2), 

„d  tr,=  [^fc2i-]=/A,)  =  0....(5), 

die  direct  differentiHl  of  (4). 
Now,  whether  we  eliminate  e  between  (1)  and  (3),  or  eliminate  ■ 
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certun  function  of  x  and  y-  viz.,  tlie  value  of  e  (expressed  in  ternis 
of  z  and  y),  derived  from  the  conditioa 

dc       ~    ' 

between  (4)  and  (5),  the  result  will  be  (2)  or  its  equivalent. 

Let  (3)  be  solved  with  reference  to  e,  giving  a  result  of  the  form 
e  =  <f,(x,y,pj) («), 

and  let  this  value  be  substituted  in  (1) ;  we  shall  thus  have  (2)  or 
its  equivalent  under  the  furm 

u-=F(j,y,<p)  =  (i in 

where  (f  is  put  for  <f(x,y,Pi);  for,  by  hypothesis,  (2)  is  the  result  of 
the  elimination  of  the  constant  e  between  (1)  and  (3). 

Now,  since  (2)  and  (7)  are  equivalent,  the  elimination  of  Pi 
between  them  must  lead  to  an  identical  equation  in  x  and  y;  that 
is,  an  equation,  which,  being  true  for  oil  values  of  x  and  y,  does  not 
imply  a  relation  between  them. 

Let  Pi=A^,t/) (8) 

be  the  result  obtained  by  solving  (2)  with  respect  to  p,. 

This  value  substituted  in  (7)  gives  the  identical  equation  before 
referred  to,  which  can  be  differentiated  with  respect  to  x  and  y, 
successively,  as  though  they  were  independent  variables,  since  the 
equation  does  not  imply  any  relation  or  mutual  dependence  between 

Then,  differentiating  (7),  and  observing  that  ip  contains  x,y,  and  j)^ 
while  y,  =/(ji,y),  we  get 

du      du  dip      du    df    dp^ 

dx      dip  dx      dp  dpj    dx  ~    ' 

du      du  din      du    dip    dp,       ^ 
and  +.^^.^.^=0. 

dff      da  dv      df  dpi    ay 
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dpi  _       tdu      du  dp\   _    idu    dip  \ 

*'■  ^~  ~\d^'^d^'d2}~\d^"^)' 

dpi  _       /du      du  d^\   _    Idu     dp  \ 
dy   ~        \dy       d<f    dy)   '    \df    dp^l 

But  when  the  solution  is  singular,  we  have  the  condition 

du      du  dpj  .  dpf 

df      de         '  '    '  dx  '  dif  ' 

or  '7~  —  ^  and  ~  =0. 

If  p,  beeiiRiinated  between  either  of  the  last  two  equations  and 
(2),  the  Ti^ult  will  be  a  singular  solution,  provided  it  satisfies  ('^). 
Thus  we  can  find  the  Angular  solution  without  previously  finding 
the  general  solution. 

Or,  agaiuj  from  (2),  we  have 

frfujl  _  </uj      du^  dij      rfu,  /(/pi       rfp,    dy\  _ 
XmA'^Jx"^  dy  'Tx'^  dp^\d7'^dy"^}~ 

rf'/j  ^        /rfi/j       </uj    dy\        Idp^        dp^    dy\ 

■"■  d^i~  ~  \U7  '^  df'  di)  '^  \di"^di'di)'' 

and,  since  the  divisor  is  infinite,  when  the  solution  is  singular,  we 
shall  have  the  condition 

which  will  give  suitable  values  of  jj,  to  be  substituted  in  {'i),  in  order 
to  obtain  singular  solutions. 

194.  1.  Find  the  singular  solution  of  the  ditTerential  equation 

u»  =  W~VPi  +  ^  =  9 (1), 

without  previously  finding  the  general  integral. 

Difierentiating  u,with  respect  to  p,  and  placing  the  result  equal 
to  zero,  ve  get 
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.(2). 


this  substituted  in  (I)  gives 


This  equation  satisfies  (1),  as  will  be  seen  by 
X  and  Pi,  their  values  derived  from  (2), 

4(f)"-(f)  +  '  =  »'  "  '-^'  =  ''' 

an  identical  equation.     Hence  (2)  is  a  singular  solution. 
^  .,  =  ,+  (,-.)  |+(.-.)(|)-=0, 

or  «,  =  >  +  (»-  »)f,  +  (a  -  i)V  =  0  . . . .  (1), 

This  value,  substituted  ii)  (1),  gives 

This  satisfies  (1),  and  is  therefurc  a  mngular  solution. 
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CHAPTEK  V. 

INTEGRATION   OP  DIFFERENTIAI,  EQUATIONS   OF  THE   SECOND   OBDBR. 

195.  DifferentinI  equittions  of  the  second  order,  when  presented 
in  their  most  general  form,  include 

3;,y, -J-     and     -r-^,  and  may  therefore  be  written 

Of  these  comparfttively  few  admit  of  being  integrated,  and  there- 
fore only  such  particular  varieties  of  the  gcneta!  form  aa  admit  of 
integi-atioii  or  reduction  to  a  lower  order  will  be  examined. 

196.  Case  \»i.  Let  the  equation  involve  only  x  and  t^,  the  form 
being 


Then  resolving  the  equation,  if  possible,  with  respect  to 
get 

j-^  =  F-iX  =  X.      .  ■ .  — ^  rfa;  =  Xdx,  and  by  integration, 

^  =  /X<&  =  X  +  C,.      .-.    ^dz  =  X.dx^C,dx, 
ax  11-  ^  1  I    '  . 

and,  y  =  fX^dx  +  f  C,dx  =  X^+  CjX  +  C^ 

The  constants  C,  and  C^  being  arbitrary. 


.y  Google 


'['T,) 


'l/--l='>. 


-■*    \  .'  -  ^   ' 


„t,iK,Google 


DIFFERENTIAL  EQUATIONS. 

=vsU(»*+'*)*-i'V+»*)»]+<v 

iquBtion  hivt 

Resolving  with  respect  to  -7^  if  possible,  we  have 

This  is  im  equatiuQ  of  the  lirst  order,  which  being  integrated  gives 
X  =  r^pj,     and     y  =  fp^dn  =  fp,  -^g  =  /-,;.,. 
Hence,  by  eliminating  p„  we  obtain  a  relation  between  x  and  y, 


&. 

«S-^£f=»- 

•I* 

=  -(,+g)»„d..= 

x=- 

_vAh__, 

(1 +?■')* 

y  -            1  +  ^» 

sod 


Hence,  by  eliminating  ^,,  we  get 

202.   Com  Ath,  Let  the  equation  involve 


!,  -^    and     -j-^  only,  being  of  the  form 
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Replacing  —  and  -y-^  byj'i    and    -^j  the  proposed  eqnatioi 
reduces  to 

^ (..,.,  *)=0....(1), 

which  is  of  the  first  order  between  x  and  p„  and  must  therefore  be 
resolved,  if  possible,  by  so.ne  one  of  the  methods  applicable  to  suidi 
equations. 

Thus,  if  the  equation  (1)  can  be  solved  with  respect  to  x,  giving 

•  =  -fiR (2), 

we  shall  have,  since    y  =  Jpidx  =:p^x  —  Jxdp^, 
y  =  PiX-/F^p^dp^ (3); 

and,  by  eliminating  p^  between  (2)  and  (3),  the  desired  relation 
between  x  and  y  will  be  obtained. 

Or,  again,  if  (1)  can  be  solved  for^,  giving 

J'l  =  -^i* (4). 

then  y'=^  fpi<^  =  f^i^  ■  <^>  tlio  integral  sought. 

If  neither  of  these  suppositions  be  true,  we  can  onl^  resort  to 
some  one  of  the  expedients  exhibited  in  the  foregoing  chapters. 


hy  substitution 


*i 


(1+?,')' 

and  by  integrfttion 

— — 1  —  ^ 2— z —     ^^""^^     ^—~i' 

•   •  ft'       (4=  -  ,')'  (4"  -  «■)■      ' 
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-  dl 


-./^^{b-^-x^V 


P      (&*  -  T>)ih 


dx         dy    dr.  '  rfy ' 


,  the  desired  relation. 
-  (4" .      -  - 

204.    Case  bth.  Let  the  equation  involve  y,  -r-,  and    -r-^  i 
he  fiirrii  being 

By  it  substitution  similar  to  that  adopted  in  the  last  case,  we 
,  and  by  substitution 

.•.4..,...|)=^.(..„|')=», 

'which  is  an  equation  of  the  first  order  between  y  and  Py 


or  by  making  ^j*  =;  2«,  and  consequently  Pldp^  =  dt, 

dy- 

This  is  a  linear  equation  of  the  first  order  and  first  degree,  and 
therefore  integrable. 

206.   Cast  6lh.  If  we  reckon  (as  usual)  ir  or  y  as  of  the  dimen- 


dx  •         dx* 
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dimension  —  1,  then  every  ecjuatton  of  ihe  second  order  which,  upon 
this  soppositioD,  is  homogeneous,  may  be  reduced  to  an  equation  of 

the  first  order,  by  making  y  =  vs  and  -r^  =  — 

For,  if  n  denote  the  degree  of  the  coefficients,  the  terms  contain- 
ing -r-'—  must  have  a  factor  of  the  degree  n  +  1,  and  those  contain- 


ing -J-  must  have  factors  of  thedegree  n.    Henc«  after  substituting 

the  assumed  values  of  y  mid  -r^,  every  term  of  the  ei^uation  will 

neccsfariiy  be  divisible  liy  x",  and  thus  r  will  disappear,  leaving  an 
e<]uation  between  i-,^',  and  />,.  of  the  general  form 

fl;,.,r,f,)  =  o....(i). 

But  d'j  =  pjdz  =  vdc  +  xilv.     .  ■ .  —  = 

.1  ^l'\       *  dx       i!p.  ,         ,  ,_, 

iu'^x'    ■ '  ■  T  "  "7"    ■  ■  ■  ''^*'  =  (Pi  -  '¥p\,         t 

or  bv  snlj^lituling  tbe  value  of  z,  obtained  by  resolving  (I), an  equa- 
tion of  ilie  first  order  will  arise  between  v  and  j),,  from  which  p, 
may  be  found  in  terms  of  v.  Then  by  eliminating  p,  from  tha 
equation 

dx  _     dv 

X   ~p^-v 

and  integrating,  we  shall  tiet  log  x  =  ipr. 

Lastly,  eliminating  v  between  this  result  and  y  =  vx,  the  desired 
relation  between  x  and  y  will  be  obtained. 

207.  £'x.  x^  J?  _  x^  -  3y  =  0. 

dx-         di 

Making  -~^  =■  -     and     y  =  vx     we  get 

xz  —  xp.  —  Zvx  =0     or     s  —  p.—Sv  =  0. 
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.  •.  z  =Pi  +  Sw    and     {p^  +  3v)dv  =  {p^  —  v)dpi, 
Pidv  +  vdpi  =  Pi<lpi  —  &vdv. 
0  +  PiV  =  ~p,*-lv\     or    p>^-2p,v  +  ffl=Av'  +  Za 


p^  ~v=y/4v^  +  iiC.    Hence 


'4(7,       tt 


**        4*'/      4y^      4j/* 

eg. 


-^,-  ,  ,T-ii-  +  2a 
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CHAPTER    VI. 

INTEGRATION   OF  DIFPERENTIAL   EQUATIONS   OF  THB  BIQBEB  ORDERS. 

208.  The  integration  of  difiurencial  equations  of  an  order  higher 
than  the  second  is  attended  with  diffirulties  still  greater  than  those 
which  have  been  overcome  hitherto,  and  in  conseqiieoce  the  number 
of  integrable  forms  ia  very  restricted.  The  following  exhibit  a  few 
of  the  simplest  cases. 

Y^  


1st.  Let  the  form  be    ^(~,    j-^l  =  0. 


rf^ly  d^y  du  \  ,  ... 

Put      -5 — 7  =;  «■    then     -p-  =  -r-,    and  by  substitution 


«.£)  =  ». 


which  is  an  equation  of  the  first  order  between  t*  and  x.     This  being 
resolved,  gives 


209.  Next  let  the  form 


(fr- 'y  _  d*>/  _  dht 


and  by  substitution 


an  integrable  form  of  the  second  order,  which  has  been  alreod; 
Aiunined. 
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V  _        rf*?  _iiu 

■  dx  =  wrfu,    and     x  = 


■i  =  -v^7-  2C, 


g:£.  =  ['^T^^'>^c„1...  ^^(^^-acj^g^. 


and 
2. 
Put 


(2x-2ci      ^^ 
^  3.5-7     ^1-a^   I    ^'■ 


d*y      d^y 
d!^~'^' 


d?u  i'^u  du. 


.  —  =u^+Ci     and     dj!  = 


■0)- 


!>,  =  --  =  fudx=  /     ^- = 


..,*a 


y  =  /y,&  = /[(.■+<;,)'+ 6',] 

v»-- 

=  »+C|.+  (7,. ...(2). 


(/<( 
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Thon,  lo  eliminate  u  between  (1)  and  (2),  we  get  from  (1) 
CV  =1*  +  i/ti^  +  C'„     C.J'e^'  ~  2uCie'  +  u^  =  u'  +  C,. 

which,  substituted  in  (2),  gives  a  result  which  maj  be  written  in 


CHAPTER   Vir, 

IKTEORATIOH   OP   eiUtri.TAKEOUe   DtFFER£NTIAL   EQETATIOKB, 

211.  In  the  applications  of  the  Calculus  to  Physical  Astronomj, 
it  occurs,  not  unfrcqncntly,  thiil  several  vnriables,  as  i,  y,  t,  Sit. 
are  connected  by  co-exJstent  relntions,  the  number  of  such  relations 
being  one  l-'ss  th:in  ihe  number  of  variables ;  and  the  object  pro- 
posed is,  to  deduce  equations  which  shall  express  the  values  of  x,  y, 
&c.  in  terms  of  the  remaining  variable  t.  The  following  solutionis 
gomn  of  the  simplest  ruses  of  such  equations  was  first  g^ven  by 
D"Alembcrt. 

212.  Prop.  To  resolve  the  system  of  equations, 

in  which  A,  B,  C,  D,  y!„  S„  C„  and  D^,  arc  constanfs,  and  T  and  T, 
fijnctiona  of /;so  as  to  express  x  and  y  in  terms  of/. 
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I.  -7-,  «.u  <.<>«.  -T-,    ^^  can  reduce  the  proposed 

equations  to  the  forma 

~+ax  +  by  =  T,....(l),     and     ^+a,x+bj,=  T:,. .  .  {%), 

in  which  T^  and  T*]  are  alao  functions  of  (,  and  a,  &,  a,  fi,  are  constants. 
Multiply  (2)  by  an  undetermined  con stnnt  m,and  add  the  resulting 
product  to  (1). 

.-.  ^<.  +  «,)  +  (.  +  „.,)  (.  +  ^-±£^,)  =  r.  +  .,r. 

Now  determine  m  by  the  conditii>n    m  =  — — ; 

or  nut  -\-  ts,^a^  —  b  —  mfi,  ^  0, 

and  suppose  m^  and  m^  to  be  the  two  values  of  m  given  by  this 

quadratic. 

Also  put     a  +  ta,ai  =  r,     and    a  +  m^a^  =  r,.     Then 

-^ix  +  m,y)  +  r,[x  +  m,y)  =  T,  +  ».,r^ 

■^  (*  +  m^)  +  r,(x  +  »,^)  =T,  +  m,Ty 
Tbese  being  linear  equations  of  the  first  order,  their  solutions  will  be 
«+m,y— «-"'  [/t'l' (^T^+ m^Tj)dl1  1  from  which  x  and  y  may  be 
r+m^=«-'-»'[/e'"*(7',+mj3",)rf(]  [found  in  terms  of  (. 

213.  £i.  Let  -j-  +  4y  +  52  =  e»,  and  57  +  *  +  2y  =e"  be  the 
proposed  equations. 

As  these  have  the  forma  (1)  and  (2)  of  the  last  article,  we  mul- 
tiply the  second  by  m,  and  add. 
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Put  "^ii^.    or    „>  +  Sm  =  4. 

.  ■ .  m,  =  1,     and    m,  =  -  4,  r,  =  5  +  1  =  6,  r,  =  5  —  4  =  1. 

.  -  4,=  •-•If <■{••-  4'">"]  =  <-' Q<"  - S""  +  ^'.] 

from  which  x  and  y  are  readily  found, 
214.  Prop.  To  integrate  the  system  of  equations, 

^^ +  (/!»  +  £,  + a)  =y....(i). 

~  +  (.1^  +  lla+C:f)  =  T,....  (3), 

in  which  .■),  B,  C,  &c.  are  constants,  anil  T,  T^T,  functions  of  t 
Multiply  (2)  by  m,  and  (3)  by  n,  and  add. 

I        Jl  +  J),,n  +  J>,.  C+  C>+  C..    \ 

r + jta-tj^  » + j  +  j  ,„. + 2^  7  -  +  '  +  '^ 

Hence,  if  we  put 

a  +  mi/  4-  iw  =  u,     and     A  +  A^m  +  A^n=M, 
and  determine  m  and  n  by  the  conditions 

_  £+  B,m+  B^n         _  C  +  C^m  +  Q 
"*  -  .^  +  ^,»H-  J,«'     "       A  +  A^m  +  A^n'  '  '  '  ^  '' 
the  equation  will  assume  the  form 

~  -\- Mu  =  T  +  Tt^i* -Y  T^ii,  which  is  a  linear  equation. 
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This,  being  integrated,  will  give  a  relation  between  v  and  (.  Also, 
in  finding  the  values  of  m  and  n  from  equatton3(4),  two  cubic  equa- 
tions will  arise,  and  therefore  each  of  these  quantities  will  have  three 
values.  Denoting  them  by  m^,m^,  and  m^,  ii,"2<  ■^'^d  n^,  and  represent- 
ing the  three  values  of  the  second  member,  after  integration  by 
J7|,  (Tj,  and  U3,  there  will  result  three  equations  of  the  form 


x  +  m^  +  njt=  tr,, 

x  +  m^  +  n^^  Ut, 

x^-m^  +  n^=  P,, 

from  which  x, 

y,  and  z,  can  be  found  in  terms  oft 

215.  Prop. 

To  integrate  the  system  of  equations. 

-^  +  ..  +  l,  +  .  =  0....(l). 

g  +  .,.+  4,!,  +  ,,  =  0....(2). 

Multiply  (2)  by  m,  and  add.     Then 

and  g='^""'',    and    a  -j-  mo,  =  -  n\ 

and  the  equation  will  reduce  to 

df  "■ 

The  integral  of  this  equation  ie 

t.  =  e,."  +  (v->. 

Hence  if  m,  and  m^  be  the  values  of  m,  deduced  from  the  assumed 
relation  of  m  and  the  constants,  then 
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'  +  ">!'  +  ^xS;  =  '''•"■'  +  ''^''■ 


c+jnjc,  _ 


«1«-^-     S  =  3«  +  4y-3,  §  =  8,-.-5. 


i  +  mS,      —  4  —  8m 


.  m"  +  5m  = 


.  +  »,«,       -3  +  m   ■ 
=  ~I,    and    m3=  —  4.    .•.ni  =  2    and    nj  =  -y/zT 

«  -  4y  +  "  =  C/i>''+  C,ri A     ■ 
«  =  i  +4(7,t=>  +  4(;ir-'i  -  Ct'^^  -  (7^iV, 
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CALCULUS  OF  VARIATIONS. 


CHAPTER   I. 


1.  In  the  general  expression  M  =  9{i|,i^2'g jr.),  which  signi. 

jies  that  u  is  a  function  of  several  independent  variables  x„  r^,  x^ . .  x,, 
the  value  of  tt. obviously  depends  upon  two  essentially  diOercnt  con- 

Mderations,  viz, :     Isl.  The  values  of  the  variables  x^,x^,r^ ar., 

and  2d.,  the  form  of  the  function  ^, 

2.  The  consideration  of  the  changes  imparted  to  u  by  changes  in 
the  values  of  the  independent  variables,  while  the  function  ip  is  sup- 
posed to  retain  the  some  foiin,  is  the  chief  object  of  the  Differential 
Cal.cutus,  and  then  the  form  of  the  function  is  supposed  to  be 
Imovrn.  But  there  are  many  cases,  especially  in  questions  relating 
to  maxima  and  minima,  in  which  the  form  of  the  function  necessary 
to  fullil  some  specified  condition,  is  the  principle  object  of  inquiry. 
For  the  resolution  of  such  questions,  (he  ordinary  methods  of  the 
Differential  Calculus  do  not  suffice,  and  their  consideration  is 
reserved  for  the  Calculus  uf  Variation. 

3.  There  are,  it  is  true,  some  cases  in  which  it  becomes  necessary 
to  consider  the  change  in  «  due  to  bolh  these  c.iuscs,  namely,  a  change 
in  the  values  of  the  independent  variables,  and  a  change  in  the  form 
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of  the  function,  but  U  is  with  the  latter  that  the  Calculus  of  Variation! 
is  more  immediately  concerned. 

4.  Thu  form  of  a  function  may  be  so  connected  with  the  form  or 
forms  of  one  or  more  other  functions,  that  when  the  latter  are  given, 
the  former  will  become  known.  For  example,  a  differential  coefficient 
has  a  certain  form  always  deducible  fiom  that  of  the  function  itself. 
Tills  connection  betweea  functions  is  expressed  by  calling  the  oiiginal 
function,  whose  form  is  arbitrary,  \iie  primitive,  and  that  whose  form 
is  dependent  upon  it,  the  derived  function. 

Now  if  the  fc.rm  of  one  or  more  of  the  primitive  functions  be 
supposed  to  change,  the  form  of  the  derived  function  will  undergo  a 
corresponding  change,  and  if  the  relation  connecting  the  forms  of 
the  primitive  and  derived  functions  be  invariable,  the  change  in  the 
.  form  of  the  latter  will  not  be  arbitrary,  but  will  be  coDnected  with 
the  change  in  the  form  of  the  former  by  a  fixed  rel&^on. 

6.  To  trace  this  dependence,  or  to  investigate  the  change  in  a 
derived  function  resulting  frotn  an  arbitrary  change  in  the  form  ofitt 
primitive,  is  the  design  of  the  Calculus  of  Variations. 

6.  In  this,  as  in  the  Differential  Calculus,  it  is  usually  necessary 
that  the  increments  of  the  function  shall  admit  of  being  indeGnitely 
diminished,  and  also  that  such  mcrements  shall  continue  indefinitely 
small,  when  any  values,  consistent  with  the  conditions  of  the  ques- 
tion, arc  assigned  to  the  variables  Xf,x^,  &c. 

Hence  the  necessity  of  the  following  proposition, 

7-  Prop.  To  investigate  a  general  method  of  giving  to  a  function 
such  a  change  of  form  as  shall  impart  to  it  an  increment  of  any  pro- 
posed order  of  m:ignitude,  without  reference  to  the  values  of  the 
independent  variables  /„ x^x^. .  .  .x,  which  enter  into  it. 

Let     u  =  ^{xj.  Z),  ^3 . . . .  X,)  he  the  originul  function,  and 

u,  :=  ^i(j'i,  Zj,  Xg . . . ,  X,),  after  it  has  undergone  the  required 
change  of  form  ;  and  suppose  i  to  represent  a  small  quantity  of  the 
same  order  of  magnitude  as  that  which  we  desire  to  impart  to  the 
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difference  «,  —  «,  so  that  if  v^—u  t=  ni,  the  quantity  «  shall    be 
neither  esceHsivcIy  great  or  extremely  small.     Then 


must  be  finite  for  all  values  of  i„  a-j,  r^  . .  .  «„  consistent  with  the 
conditions  of  the  qaestiun.     Assume 

f,^V!•'>■■■'■)-fi'>•V^■^■'■'l^^,^,^^^,^,,,^_).     Tten 

.,-..  =  .■.+(,„,„.,...,.)  or  «,=„  +  i.+(,„i„x,...i.); 
in  which  the  function  -),  is  subjected  to  no  condition  but  that 
of  not  becoming  Infinite  for  any  values  of  x^,  x^,  Xj..  .x,  within  the 
restriction  of  the  problem. 

Hence,  in  order  to  impart  to  a  given  pvimitive  function  such  a 
change  of  form  as  shall  cause  it  to  receive  an  increment  susceptible 
of  indefinite  diminution,  we  mu&t  add  to  it  another  arbitrary  function 
of  the  variables  (subject  to  the  above  restriction),  multiplied  by  a 
constant  ?',  which  constant  is  to  be  assumed  of  the  same  order  of 
magnitude  as  that  proposed  to  be  given  to  the  increment  of  the 
functioi). 

8.  ^x.  iippose  M  =  sin  I,  where  arcan  take  any  value  between 
0  and  t,  and  let  the  increment  Wj  —  w,  proposed  to  be  given  to  u  by 
a  change  of  form,  be  required  of  the  same  order  of  magnitude 
with  dx. 

Then  making  i  =  adx,  when  a  is  nearly  equal  to  unity,  we  may 
write 

u,=u  +  icoax,  or  Mi  =  M  +  isin2j,  or  w,  =  « -[- i  sin  4r,  ifcc. ; 
but  it  would  not  be  admissible  to  assume 

«!  =  «  +  »  tan  X, 
because  tan  x  would  become  infinite  for  one  of  the  admissible  values 
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of  2,  viz.,  I  =  —  *,  and  therefore  i  tan  x  would  not  be  necessarily 
small,  as  rei)iJii'od. 

If  the  inci'.  iiiuut  required  to  be  given  to  u,  were  of  the  snnae  order 
with  dx^  01'  dj:\  then  we  would  make 

i^a.dx'         or         (  =  0.^1^. 

9.  The  indefinitely  small  change  in  the  value  of  a  function  pro- 
duced by  a  chiitige  in  its  form,  is  called  a  variatiou,  and  it  appears 
tliiit  the  variation  of  h  primitive  function  is  entirely  arbitrary,  but 
the  variiition  of  a  derived  function  is  dependent  upon  that  of  its 
primitive,  and  therefore  not  arbitrary. 

10.  Prop.  Let  u  =  *(a;[,  Xj,^^....  x,)  be  an  indeterminate  func- 
tion of  Xi.x^.x^  - . . .  ^.,  and  let  v  —  Fu  denote  a  relation  by  which  v 
is  derived  from  w,  that  is,  a  relation  of  form,  but  not  of  mnjiiili'de  : 
it  ia  proposed  to  find  the  change  in  the  value  of  the  derived  function 
(or  the  variation  of  v)  resulting  from  an  indefinitely  small  change  hi 
the  form  of  «. 

Let  if{x^,x^,x^, a^.)  be  replaced  by 

<p{x^,x^.X3  .  .  .  .  ;r.)  +  i .  4,  (;i:i,  Zj,  Tj  . . . .  ar.X 
and  let  the  operation  denoted  by  the  symbol  F  be  performed  oa  the 
substituted  function  so  far  as  to  obtun  the  coefficient  of  the  first 
power  of  i  in  the  development  of 

nfi'v'r',  ■■■■=>'.)  +  <■  ^{'^,  ^.'3....  *.)] 

If  the  co-efficient  of  this  term  be  denoted  by  «,  then  will  i .  u  be 
the  variation  of  v.  This  will  appear  by  reasoning  entirely  similar 
to  that  employed  in  the  Differential  Calculus,  in  finding  the  dilfereii- 
tial-of  a  function  {p.  18). 

11.  The  proposition  enunciated  above  is  far  more  general  than 
that  commonly  presented  for  consideration.  Usually  the  only 
derived   functions   necessary   to   be  considered,   are  such  as    are 
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obtained  by  the  processes  of  differentiation  and  integration,  which 
are  represented  by  the  ajmbola  d  and  /reapectively  ;  and  for  the» 
two  cases,  the  symbol  F  is  diHribuiii-e,  that  is, 

F{f  +  (>')=  /^  +  F>f'. 

Then  to  find  the  variation  of  »  =  /!p,  substitute  ?>  +  i.-}'  for  ip, 

and  since  F{v  +  •  -  +)  =  ^ip  +  F{i.  4.), 

the  variation  or  increment  given  to  F'^  will  be  F{i,  4-)  o""  •  ■  -P+i 
since  i  is  a  constant,  and  therefore  not  a  function  of  i,,  o-j,  &c. 

12.  ITius  far  we  have  supposed  the  function  to  receive  the  kind  of 
increment  peculiar  to  the  calculus  of  variations,  viz.,  that  due  to  a 
change  of  form  ;  but  if  the  independent  variable  be  supposed  to 
change  also,  the  function  will  receive  an  additional  increment,  and 
the  total  change  imparted  to  the  function  will  be  the  algebraic  sum 
of  the  two  increments  resulting  from  the  two  causes. 

13.  The  fallowing  notation  is  used  to  distinguish  the  increments 
due  to  one  or  both  of  these  causes. 

Xxt.  The  character  S  refers  to  the  change  in  the  value  of  the  func- 
tion resulting  from  a  change  in  its  form. 

2(i  The  character  d  refers  to  the  change  in  the  value  of  the  iiine- 
tion  produced  by  changes  in  the  values  of  the  independent  variables 

Zd.  And  the  character  B  refers  to. the  total  change  resulting  from 
both  causes. 

. ' .  If  u  be  a  determinate  function  of  several  variables,   then 

. '.  If  u  be  on  indeterminate  function  of  invariable  quantities,  then 
Du  =  Su. 

And  if  u  be  an  indeterminate  function  of  variable  quantities,  then 
J)u  =  du  +  Sit. 

14.  Since  an  independent  variable  admits  of  both  spedes  of  change. 
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Unless  the  c 


admits 


we  iiiight  denote  that  change  bj  either  character, 
Irary  is  specified  this  change  will  be  indicated  by  d. 

15.  ITie  distinction  between  diflerentiation  and  v 
of  a  simple  gconiutriciil  illustration. 

Thus  let  ff  =z  <px  (1)  be  the  equation  of 
ft  curve  ACB  Rndyi  =  ip,r  (2),  that  of  a 
second  curve  A■^C^B■^,  the  form  and  posi- 
tion  of  the  second  curve  being  supposed 
to  differ  very  slightly  from  those  of  the 
first.  ^  "    "' 

Put  OD  =  x,  DD-^  =  dx,  DC  =  y,  and  DC^  =  y-^.  Then  the 
change  N£  imparted  to  y  by  an  addition  DD^  =  detox,  while  ihe 
point  referred  remains  on  the  same  curve  AOB,  will  represent  d//; 
the  change  (7(7,  =  y,  —  y,  imparted  to  y  by  passing  from  C  to  a 
point  C,  on  the  second  curve,  (while  x  remains  unchanged,)  will 
represent  S)/  ;  and  the  change  A'£^  due  to  both  causes  will  represciit 


16.  Prop.  Given  M  =/(ar,,a'j,  aTj.. ..  3",)  a  tfrfcrminafe  function  ( 
ievcral  variables,  to  determine  its  total  increment. 
Since  the  Ibrm  of  the  function  is  supposed  invariable,  we  have 


dx. 


du 


d>,  +  . 


du 


dx,. 


.[A]. 


17.  Prop.  Given  1*  =  if{r[,3-2.r3.. ..  «,)  an  tnrfe (crmt no (e  function 
of  several  variables,  to  determine  its  total  increment. 

Here  the  form  of  the  funtuon  and  the  magnitudes  of  the  indcpei*d- 
ent  variables  must  be  supposed  susceptible  of  change,  and  therefore 

But         du  =  -T-  •dx^  +  -y-  ■  dx^  +■•■■+  -j —  dx,; 
and  5a  =  i  ■  4-  (^^i,  iEj,  jBj  ■  ■  ■  ■  x,).     Ilence, 
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^i^,.x,,x,...^.)...{B). 


18.  Prop.  Given  h  =  F-^  (i„  x^x,,.  .  .  .  x.),  where  J*"  is  the 
Bymbtil  of  a  derived  funetion  which  fiiifila  the  condition  F  {if  -^  $') 
=  /",?  +  Ftp',  and  fi  is  tlie  symbol  of  an  indeterminate  function,  to 
deieriiiiiie  the  total  increment  of  w. 

Here  «  =  *■[;.  4,  (»:„,„», ;,.)], 

^  F-  S -^  [x^,x^,Xy,.  ...x^ 

^         du      ,         du      ,  du     , 

.-,    J>U  =  -r-    -dx^  +  y-    ■dx^+....  +  -r--dX. 

dXj        '       rfjj        *  dx, 

+  F.S.v{x„x^.x„...,x.)....{C). 

19,  Prop.  Given    V  =  f  (i^,  x^,  Xj, i.,  i/„  v„  113 v.), 

where  /  is  a  determinate  function  of  the  quantities  within  the  (  )  ; 
Z],  i-j.  3:3,  ....  I,  being  independent  variables,  and  «,,  Wj,  a^.  .  .  .  v, 
indeterminate  functions  of  one  or  more  of  these  variables,  to  find  the 
total  increment  of  V. 

Here  V  varies  in  consequence  of  changes  in  the  values  of  x,.  x^, 
aTj, .  ,  z„  and  also  from  the  changes  in  the  forms  of  «„  Wj,  ?/j,  ,  .  a,. 

Now  V  is  directly  a  function  of  ^„  and  indirectly  n  function  of  x, 
through  Uj,  Wj,  Uj,  .  .  .  .  u,.  Hence,  if  «j  be  supposed  alone  variable, 
the  change  in  V  will  be 

dV,       ,   dV    rfa.     ^       ,    dF    rfu,    ^       .  dV   d«.  ^ 

and  similarly,  where  z,  alone  varies,  the  change  in  V  will  be 
rrfF      dV  dut         dV  du^  dV    dH,-\, 

[rf^+rfii;-^,-  +  ^7/5;;  +  ■  ■  ■  ■+-dir:dr^Y'^ 

and  the  other  variables  will  furnish  like  expressions. 
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Now  let  the  form  of  the  fimetion  Uj  change,  other  things  being  tha 
same,  and  the  corresponding  change  in  V  will  be 
dV 

since  F  is  a  function  of  w„  and  the  change  produced  in  T'  by  a 
change  in  Uj  depends  only  upon  the  amount  of  change  in  ii,,  not  on 
the  manner  in  which  it  is  received. 

Introdiwing  similar  tiirms  for  tjie  variations  of  Wj,  1/3,  ...  .  a„  and 
adding,  the  total  change  in  V  will  be  thus  expressed 
„„       rdV       dV    du.    ,   dV    rfy,    ,  ,   dV    rf".i  , 

frfr       rfr  (/«,        dV  du^  dV    rfH.l, 

-5^-.-:^-»---^:- (-)■ 

the  quantitv  in  the  last  line  being  the  variation  proper  or  &  V. 

20.  Given  U  =  FV,  when  F  =  /  {x^,  x„  x^, .  .  .  .  x„  «„  «j, 
ttj,  .  .  .  .  «.),  where/  is  a  determinate  function  of  the  quantities 
within  the  (  ),  and  Fa  derived  function  which  satisfies  the  condition 
F  (9  +  ip')  =  />  +  F:^',  to  find  the  increment  of  U. 

First,  let  a:,  alone  vary,  and  since  F  is  a  determinate  function  of 
*'i,  jr„  x^,...,x„  iti,  11^  Kj,  .  .  .  .  «„  it  follows  that  so  long  as  the 
forms  of  w„  Wj,  Wj,  .  .  .  .  «.  remain  unchanged,  the  quantity  V  will 
be  a  determinate  function  of  the  independent  variables  a:,,  x^ 
Xy,  .  .  .  .  x„  and  therefore  the  corresponding  change  in  U  will  be 


[f]-.. 


m 


where 
denotes  the  total  difiercntial  cocflicieat  of  U  with  respect  t< 


igtizec.y  Google 


APPUCATIONS  OP  GENERAL  PRINCIPLES.  453 

And  similarly  when  x^  alone  varies,  iho  correspondirg  change 

in    V  is    ]- — \1lx2;    and    the  other   variables   will   fuinish  like 

Now  to  find  the  change  in  U  due  to  a  change  in  the  form  of  Mi, 
wc  observe  that  the  change  in  U,  resulting  fixtm  a  change  of  any 
l(ind  in  Uj,  might,  at  tirsi,  appear  to  be  properly  expressed,  (as  in  the 
dU 

properly  a  function  of  u,,  that  is,  a  quantity  whose  magnitude  is 
fixed  by  that  of  Uj, ;  but  such  is  not  the  case,  their  relation  being 
one  of  form,  not  of  magnitude;  and  therefore  the  desired  increment 

is  not  -t —  ■  Sjiy     But  although  U  is  not  a  function  of  M|,  it  is  derived 

from  tt„  the  form  of  U  being  dependent  upon  that  of  V,  which  latter 
depends  upon  the  form  of  w,.     And  since  tr  =  J'r,  .■.SU  =  FSV. 
But,  by  the  last  proposition, 

iV  =  ^Su,  +  ^^«,  +  &C. 

.  ■-  ^-f-  -^"n  is  the  part  of  SU  which  results  from  a  variation  in 
the  form  of  u^. 

Hence,  ihe  entire  ir 
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21,  Prop.  To  find  the  total  increment  of  the  differcutial  coefficient 
-7-^,  y  being  an  indeterminate  function  of  the  single  variable  x. 

Here  the  quantity  proposed  can  vary  only  in  two  ways,  viz :  by  a 
diange  in  the  magnitude  of  the  independent  variable  x,  and  by  a 
change  in  the  form  of  the  function  y,  the  case  corresponding  to  that 
of  formula  {C),  with  the  number  of  variables  reduced  to  one.  We 
therefore  estimate  the  two  changes  separately  and  add  the  results. 

Now  when  x  takes  the  increment  dx. 


-  dx'  '■      """  "  '^''"  "^  ''' 


-  becomes  m  +  A(  = 


the  corresponding  change  it 
increment  of  u  will  be 


and  therefore 


■  (fry  _  ^(y+iy)    _  ^y  _  d'y      d'Sy      d*y  _  d^y 
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S2,  It  is  to  be  observed  that  ^y  requires  a  ceitain  restriction ; 
for  it  was  shown  that  when 

Su  =  t. .},(!„  3^  &C.) 

it  is  necessary  to  assume  the  function  -^  ^^  ^"^h  form  as  not  to 
become  infinite  for  any  values  of  2,,  a^&c,  within  the  limits  of  the 
question.  This  condition  is  sufficient  when  we  consider  only  the 
primitive  function ;  but  when  it  is  necessary  to  take  account  of  a 
function  derived  from  the  primitive,  it  becomes  also  necessary  that 
the  function  similarly  derived  fruni  -^  should  not  become  infinite  for 
any  admissible  values  of  the  variables. 

Thus  when  we  say  that  SFip  =  iF-\.,  it  is  to  be  understood  that 
F-^  remains  finite  for  all  suitable  valuesof  z,,tj,  i&c.  In  the  present 
example,  there  being  but  one  variable  z,  we  have 

and  we  must  so  select  4/  that  — ,■  -  shall  be  finite  for  all  admissible 
values  of  z. 

23.  Prop.  To  find  the  total  increment  of 

-/L'^'  ir'<£r' dx'J 

where  y  ia  an  indeterminate  function  of  x. 

This  is  a  particular  case  of  the  general  investigation  which  resulted 
in  the  formula  [i>].  To  make  that  formula  applicable  to  the  present 
case,  we  reduce  the  number  of  variables  to  one,  and  put 

rfy  fPy  , 

''='•    "■  =  ■£•"'  =  55 *"■ 

Making  the  substitutions,  and  putting,  for  brevity, 
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DV^  U  +  .vj  +  /.,§.+  Ag +  P.0]^ 

or  by  subatituting  for        ^  j~' ^  TT  ^*'- 
lieir  values  given  by  ihe  last  proposition, 

„K=[^+^2+P.^+P,g +^-P> 

24.  Here  S^  is  to  be  expressed  as  hitherto  by  % .  -^.x,  aiti  therefore 
4'  is  to  be  assumed  of  such  form  that  neither  it,  nor  any  of  its  first 
R  ditfcrcntinl  coefficients  sliall  become  infinite  for  any  value  of  x  con- 
wtttent  u  ith  the  conditions  of  the  problem. 

25.  Prop.  To  find  the  total  increment  of  U  =  J    '  Vdx      when 

-■'L ''''<//      dx'  dx'i 

It  is  obvious  that  a  definite  integral  can  change  its  value  only  in 
three  ways,  v'v/..  : 

1«(.  By  a  change  of  ibe  superior  limit  x^,  while  the  inferior  limit 
lo  and  tlie  form  of  the  difTorcntial  coefficient  F  remain  the  same;  id. 
By  a  cluinge  in  the  lower  limit  x^  while  the  superior  limit  and  tha 
form  of  F  oi  e  unchanged ;  and  3rf.  By  a  change  in  the  form  of  V 
while  tlie  limits  are  invariable. 

The  complete  variation  or  total  increment  is  the  algebraic  sum  of 
the  three  separate  changes  thus  produced.  Denote  by  F,  the  value 
of  V  ttiicti  X  =  X,,  and  suppose  x,  to  take  an  incremctt  dx^.  Then 
y,dij  will  be  the  corresponding  increment  received  by  U;  forwheo 
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Xi  takes  an  increment,  U,  which  consists  of  an  indefinite  number  of 
terms,  each  of  the  form  Vdx,  simply  receives  an  additional  term, 
expressed  by  Vi<lxy 

And  similarly,  when  n,,  takes  an  increment  tiro,  the  correspond- 
ing increment  of  U  will  be  —  V^^,  since  U  will  thereby  be 
deprived  of  one  term  expressed  by  Vf,dXf,. 

-  ■ .  J)U=  F,rfi,  -  V^xa  +  '^/''^  ^<i^, 

and  we  must  now  iind  an  expression  for  Sj    '  Vdx,  the  change  in  U 

duo  to  a  change  in  the  form  of  V.     But  the  operation  denoted  by  the 

syrebol  /    *  satisfies  the  condition  F{i(i  +  9')  =  F<p  +  Ff'- 

.-.  Sp^Vdx  =f''  (V  +  Sy)dx  -f'Vdx 

=  r^Vdx-ir  r*SV.dx~r^  Vdx^rnV.dx. 

•>  X^  •'Xd  "  Xfj  "  Xa 

Now  as  F  is  a  determined  function  of  x,  y,  -f ,  -r^,  &c.,  its  form 
dz    dx^ 

(considered  as  a  function  of  x),  can  vary  only  by  a  change  in  the 

form  of  the  function  y. 

Hence  the  variation  of  V,  found  as  in  the  last  proposition,  is 

d'Sij 


"■  dx^     "  (ie^ 


+ +P„- 


r.Sn^Vdx=Mmy  +  P,f-^P,'^  +  ...+P,'mdx. 
J  x^  •'x^\-  ^  dx  '  dx^  dx'  J 

Now,  by  applying  the  formula  for  the  integration  by  parts  to  the 
second,  member,  we  get 

in  which  {P^&yli  and  [P]Sij\^  represent  the  values  of  i',5y  at  the 
superior  and  inliirior  limits  respectively.     Similarly 
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J  x^         dj?  L      <ii  J ,      L      rfj  J  n     J  z^    dx     ax 

or,  by  applying  a  similar  process  to  the  last  term, 

And  if'  we  integrate  n  tiniies  successively  the  term 
J      ■P- ■ -^  <'^.  ^''^'■e  ivil]  result 

+<-)--^4 

Now  collecting  tlie  coefficients  of  iS^,  -7^,  &c,  we  get 

+[''-£S]-[p.£?], 
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.-.  of''  Vdx  =  r,Ji,  -  f,cir,  +[j't-^  +  *»■]  %1 

which  is  the  expression  required. 

26.  The  value  of  DJ    '  Vdx  found  in  the  above  propositiona,  con- 

taina  three  parts  essentially  different  from  each  other,  viz. : 

Isc.   The   terms    V^dx^  —  V^dr^  which  arc   independent  of  the 

change  in  the  form  of  V,  but  depend  exclusiTel;  on  tbe  variations  of 

the  limits. 

2d.  The  terms  [F^  —  &c.]i3y,  which  depend  upon  the  form  of  the 

function,  not  for  everj  value  of  x ;  but  for  limiting  values  alone. 
3d.  The  t«rms  within  the  alga  of  integration 


■C;[*-ie''H'' '^' 


which  depend  upon  the  general  change  in  the  form  of  the  function. 

27.  The  nature  of  this  difference  becomes  more  apparent  by 
observing  that  Sy  =  i.  -J-i.  For  it  is  plain  that  the  terms  in  the  first 
class  are  wholly  independent  of  the  form  of  the  function  4- :  that 
those  in  the  second  chisa  do  not  require  for  their  determination  a 
knowledge  of  the/orm  of  the  function  4-,  but  only  the  values  of  Chat 
function  and  its  first  it  —  1  differential  coefficients,  at  the  limits; 
and  that  the  terms  of  the  third  class  depend  upon  the  form  of  the 
function  4',  and  cannot  be  determined  so  long  as  that  form  remains 
arbitrary, 

28.  Prop.  To  find  the  total  incremeat  of  IT  =  A*'  Vdx,  when 
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the  quantity    V  being  supposed  to  contain  expUeilly  the  limiting 
values  of  one  or  more  of  the  quantities,  x,y,  ~,  &c. 

Since  x^,  y^  and  x^  y^  are  connected  by  the  some  general  relalion 
as  X  and  y,  the  integral    /    '  Vdx  can  be  varied  only  in  the  three 

methods  explained  in  the  last  propositiun. 

Now  when  x-^  receives  the  increment  dfe,,  the  form  of  the  fiinction 
y  remaining  unchanged,  the  increment  received  by  XT  will  be 

tfx,idV     dv  /dv\         dv    /dhA      „    )  ,n. 


Similarly,  when  x„  receives  an  increment  drg,  the  change  in  U 
will  be 

r    „     fx.tdv    dV  /d>/\        dV    /rf»y\     .    )  ,1, 

Now  let  the  form  of  the  function  y  change,  while  other  things 
remain  the  same,  and  the  corresponding  change  in    17  will  be 

/iay\    /-I,    dV    ^  ^IdiA    /•.,    ir     , 

^X&h  ''Kdih 
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_         dV  dV  dV  dV 

dV  dV  dV  dV 

Now  integrating  by  parts,  as  in  the  last  proposition,  and  collecting 
the  terms,  we  obtain 

+«■©■),+ *"'•[''']*■ 

&Cf  &0.,  &C.,  &C. 

29.  i'rop.  To  find  the  total  increment  of  {/  =J    '  Vdx,  in  which 
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-'  L  ■  ^'  til'  tti:=  ■      '  ■  rfj-  '■    '  dx'  dl^' 

y  and  2  being  indeterminate  functions  of  a:. 

1- 

rfj:  lis*  lit- 

Then,  since  the  value  of  tT  can  change  only  in  four  ways,  viz. ; 
1st.  By  a  change  in  the  value  of  a:,;  2d,  by  a  change  in  the  value 
of  Xg-,  3d,  by  a  change  in  the  form  of  the  function  y;  and  4th,  by  a 
change  in  the  form  of  the  function  2;  we  shall  obtain  by  reasoning, 
03  in  a  preceding  proposition,  where  y  was  the  only  liiDCtion, 

/>  p  ='  F,(&,  -  Korf^o  +  r^i  -  ^  +  *'^1  ^yi 

4----].(f),-t'--].-(t)--- 
-('■•i^),-(^-S3). 

+  *c.]..,.  +  [p,-.c.]_(f)_ 
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+  *-■    ■+(^-E.^).-(^"£^'), 

And  if  there  bo  sovernl  iiidulprnunate  functions  of  x  in  the  value  of 
U,  each  will  introduce  a  set  of  similar  terms  in  DV  or  iV. 

30.  Remark.  The  results  just  obtained  are  equally  true,  whether 
the  functions  x,  y,  z,  &c,,  are  entirely  independent  of  each  either,  or 
are  connected  by  one  or  more  equations  of  condition. 

31.  Prop.  To  find  the  total  increment  of  U  =  /    '  Vdx,  in  which 

r       rfy<^         ^      ^^  V-gl 

the  functions  y  and  z  being  connected  by  the  relation  Z  =  0,  which 
relation  may,  or  may  not,  be  a  differential  equation. 

The  equation  (a)  of  the  last  proposition  is  immediately  applicable 
to  this  case,  but  since  z  and  y  are  coimected  by  a  given  relation,  Sg 
and  Sy  are  not  both  arbitrary,  one  being  dependent  upon  the  other. 

32.  If  the  equation  Z  =  0  can  be  resolved  with  respect  to  one  of 
the  variables  (as  z),  giving  a  result  of  the  form  s  =  Fy,  the  several 

entiation,  and  these  valuer,  substituted  in  that  of  V,  will  render  it  a 
function  of  x,  y,  and  their  differential  coefficients.  Thus,  the  case  will 
become  the  same  as  that  considered  in  a  previous  proposition. 

But  since  the  equation  Z  =  0  is  oflen  a  differential  equation  which 
cannot  be  integrated,  this  method  is  frequently  inapplicable.  It  will 
now  be  shown  that  by  another  method  (due  to  Lagrange)  one  of  the 
variations  fiy  or  hz  can  be  removed  from  under  the  sign  of  integratioo. 
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_         rfZ  dL       „        dL  ,  dL         , 

d'J  ,djl  ,d'y        '  dn 

dL       „,  dL 

Now,  since  the  equation  Z  =  0  is  true  for  all  forma  of  y  and  z  con- 
sisteiit  with  tlic  conditions  of  the  question,  we  must  have  SZ  ■=  0. 

When  this  equation  can  be  integrated  so  as  to  give  &  value  of 
either  Sy  or  Sz  in  ^urms  of  the  other,  (as  for  example  that  of  oz  in 

terms  of  5y),  we  can  form  the  values  of      -^,     -r^  &c,  by  differ- 

entiation,  and  then  substitute  them  in  the  value  of  SU,  as  determined 
in  the  last  proposition,  thus  cfTeeting  the  desired  transformation.  But 
as  this  Lntogration  is  rarely  possible,  it  is  usually  necessary  to  adopt 
the  method  rt-ferrcd  to  above,  which  will  be  now  explained. 
33.  The  value  of  SV  being 


Sr  =  My  +  P,  -^  +  F^-^  +  &c.  +  N'Si 
„,dSz         „  ,  d^5z 

we  can  (without  disturbing  the  equality  here  expressed)  add  to  the 
second  member  of  this  equation,  the  value  of  SL  multiplied  by  an 
arbitrary  quantity  X,  since  X.SL  =  0.     Hence  we  may  write 
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m=  (P,  +  yi-  "•'"'-y^'T'l  +  ic),  J,, 


+  (P.  +  x,-to.),,(§)_ 

-(A  +  X,-ie.)..(f)_  +  to. 


-W  +  V-to.)..(^)_+&c. 

+ _^^'  [jf  ■ + w  -  'Jii+m + te]  J. . ,.. 

Now  let  it  bo  required  to  determine  an  expression  for  STT  con- 
taining but  one  of  the  variations  Sy,  5z,  under  the  sign  of  integration. 
If  the  ToluB  of  X  be  determined  by  the  condition 

ax 

the  variation  Sz  will  disappear  from  under  the  sign  of  integration, 
and  similarly,  if  \  be  determined  by  the  condition 


5y  will  disappenr  from  under  the  sign  of  integration. 

The  following  example  exhibits  an  application  of  this  method. 
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34.  Prop.  To  find  the  total  increment  ni  U  =  J    '  Vdx  in  which 

rf«  dv  dv  dv  ,       f   ,  dV       .„ 

The  equation  Z  =  0  becomes  in  this  case 

V  —  -T-  =  0         since        /  i«ii:  =  z.     Hence 


Also  -;-=—-  or  a'  =  0  and  similarly  ti'  =  —  1,  y'=  0  die 

And  by  substilnting  these  vnlucs  in  the  formula  of  the  last  pro- 
position, we  obtain 
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Since  P^'  =  0,  P^  —  0  &c.,  there  will  be  no  terms  containing 
/Sz\   lSz\ 


&c. 


By  adding    Fjd/,  —  V^dx^  to  the  expression  for  iU  just  found,  we 
shall  (ihlniii  the  total  iniTyim;nt  DU,  and  in  order  to  reduce  DU  to 
furm  in  wliich  Si/  shall  be  the  only  variation  remaining  under  the 
sign  uf  integration,  we  determine  X  by  the  condition 


irhieh  gives  X=  —  J  N'dx, 

Denoting  this  value  by  t  we  obtain 


-(i,J,,-i/z.) 
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36.  Thus  fur  no  condition  has  been  imposed  &a  to  the  invariability 
of  form  of  the  function  -|-  or  S//.  The  conclusions  arrived  at  an 
equally  true,  whetiiur  that  form  be  variable  or  invariable. 

Thus  if  the  symbol  /'satisfy  the  condition 
F(f  +  9')  =  >>  +  Zip', 
it  is  equally  true  that 

whether  tiie  form  of  -^  be  constant  or  variable.     But  this  condition 

censes  to  be  immaterial  when  it  is  necessary  to  tahe  account  of  the 

stcoiid  variaiioH,  that  is,  tlic  variation  of  the  variation.     Thus  in  tha 

case  just  refeiTcd  to,  we  should  always  have 

i^/ip  =  /'o=^  =  Fi&-\.. 

But  this,  when  the  form  of  ■^^  is  supposed  invariable,  reduces  to       . 

S^F<9  =  FO. 

Now  FO  =  0,  since  by  the  nature  of  the  function  F,  we  have    ■ 

.f (p  ■hO)  =  F^+FO 
.  ■ .  /".  0  =  F{ifi  +  0)~  F^  =  F!p-  F:p  =  0.         .'.  S-Ff  =  0. 
Hence  for  convenience  we  agree  that  the  variation  iu  of  any  fiiiio- 
tioii  «,  although  of  arbitrary  form,  shall  yet  preserve  that  form  inva- 
riable, so  as  in  all  cases  to  satisfy  the  coiiditioQ 
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36.  We  may  notice  here  a  striking  analogy  between  a  primitive 
function  and  an  independent  variable,  the  first  increment  of  each 
being  arbitrary,  and  the  second  equal  to  zero. 

37.  Prop.  To  find  the  second  variation  of  the  differential  coefficient 

-r— .     It  has  been  already  shown  that 
ax" 


m- 


But  since  y  is  a  primitive  function         5^y  =;  0. 


and  consequently      S^ 
38.  Prop.  To  find  the  second  variation  of 

-/["■I m- 

We  have  already  found 
SV 


dV.         dV  dSij  dV    d'Sy 

dy  dy    dx  ,  d'y    ax' 


dx 


S^y  = 


^[?'^]- 


dv 

and,  by  determining  the  value  of  S  —  in  a 
in  which  SV  was  found,  we  get 

.dv _dw.       d^r  dsj,  tpr  d*Sy 

dv  ~  du"  -    .dir    dc  -   ,d'ii  dx' 
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Similarly  6 1  — -, r^  \  =  -^-S  — ~,  and 

dx 

.   dV  d^V  ^    ^ 


^l"*4"'^tir 


Hence,  by  substitution,  we  st  length  find 

39,  Prop.  To  find  the  second  variation  of  /  Vdx,  when 

■'L'^'.te'     oLr^  lie"  J 

It  has  been  shown  that  5/  Frfj:  =z  f&  Vdx,  and  similarly  we  get 

S^fVdxt=S\SfVdx\  =  S/SVdx  =  fi^Vdx. 
Substituting  for  5=  F,  its  value  found  in  the  last  proposition,  we 
obtwn 

[43  "-''-■     ^ 

By  similar  methods,  the  third   and    higher  variations  could  be 
deduced,  but  the  results  are  of  little  practical  value. 
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40.  The  Calculus  of  Variationa  is  applied  with  great  advantage  in 
resolving  questions  of  masima  and  minima,  to  which  the  ordinary 
methods  of  the  Differential  Calculus  are  not  appliiaible. 

41.  A  maximum  value  of  a  function  is  one  which  exceeds  other 
values  of  that  function,  produced  by  infinitely  small  changes  in  any 
or  all  of  its  varying  elements. 

!n  the  DilTerential  Calculus,  these  changes  in  the  values  of  the 
function  are  produced  by  changes  in  the  values  of  the  independent 
variables,  while  the  form  of  the  function  remains  the  snme  ;  hut  in 
the  Calculus  of  Variationa  the  change  in  the  value  of  the  function  is 
due  to  n  change  in  its  form. 

it.  The  problcLD  of  maxima  and  minima,  as  resolved  in  the 
Differential  Calculus,  it  the  following : 

Given  u  =/z,  where  z  is  an  independent  variable,  and  /  a  fimo- 
tion  of  determinate  form,  to  find  what  values  of  x  will  render  w.  » 


In  the  Calculus  of  V^ariations,  the  corresponding  problem  is  this 

Let  ip  denote  a  function  of  indeterminate  form,  and  w  =  F^ 

function  derived  therefrom,  to  find  what  form  of  ip  will  render  u 


43.  The  mode  of  re^iolving  this  latter  problem  is  as  follows : 
Let  qj  +  1.4-  be  substituted  for  ip  in  the  derived  function,  and  let 
^  (9  +  t .  ^|')  be  developed  in  terms  of  the  ascending  powers  of  L 
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Then,  by  a  course  of  reascniiiig,  entirely  sirnilnr  to  that  employed  in 
the  Differential  CalculuB,  it  will  appear  that  when  <p  has  the  form 
proper  to  render  ff  a  maximum  or  mitiiinum,  the  coefficient  of 
the  first  power  of  i  must  reduce  to  zero,  and  that  of  the  secood 
power  of  t  must  be  negative  for  a  maximum,  but  positive  for  a 
minimum.  In  other  words,  if  the  form  of  (p  alone  be  supposed  to 
change,  we  must  have  6u  =  0.  But  when,  from  the  nature  of  the 
question,  both  the  form  of  9  and  the  value  of  x  are  liable  to  varia- 
tion, we  must  have 

44.  The  application  of  this  theory  will  new  he  explained,  observing 
that  in  the  present  state  of  this  Calculus,  the  functions  to  which  it  is 
applied  are,  almost  exclusively,  those  having  the  form  of  a  definite 
kitcgral,  stich  &a 

r^  vdx. 
''"0 

45.  Prop.  Let  yz=ifx  be  an  indcterminato  function  of  a  single 
variable  x,  and  lot  it  be  proposed  to  find  the  form  of  9,  which  shall 

r   mininium,  the  symbol  /  denoting  a  determinate 


function. 


Let        du  =  Af,h+  N  -f-dx  -\-  P^-r^dx  -\-  P^-^dx  +  Sk. 


~        ^  ^  ^  dx  ^  ^  dx^^ 

and  if  the  form  of  9  be  such  as  will  render  a  a  majtiraum  or  mini, 
mum  for  any  given  value  of  x,  we  must  have 
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This  equBtion  cannot  Jn  genernl  be  satisfied  without  destroyinj;  the 
independent  character  assigned  to  the  form  of  the  function  4'  or  Sy. 
For,  unless  the  coefficients  jV,  P,,  P^,  &o.,  be  separately  equal  to 
zero,  the  equation 


^  dx^     '^  di^ 


=  0. 


will  establish  a  relation  between  the  form  of  the  function  4-  or  Sy, 
ftnd  that  of  9  or  y,  which  is  inadmissible.  Nor  is  it  possible  in  gen- 
eral to  satisfy  the  separate  conditions  If  =Q,P^  =  Q,P^  =  0,  &c., 
eiiice  each  of  these  equations  establishes  a  relation  between  x  and  y, 
or  in  other  words,  determines  tlic  form  of  y. 

Hence  unless  all  these  equations  should  concur  in  giving  the  same 
form  to  y,  they  would  contradict  each  other :  and  since  this  concur- 
rence docs  not  usually  take  place,  the  problem  does  not  ordinarily 
admit  of  a  solution. 

46-  If  in  the  last  proposition  the  value  of  u  should  contain  but  one 

of  the  quantities  y,  -j-,  ~^,  &c.,  or  if  by  the  nature  of  the  pro- 
posed question,  the  value  of  all  but  one  of  these  be  fixed  for  each 
value  of  I,  the  equation 

will  be  reduced  to  a  single  term,  and  can  therefore  be  satisfied. 

'  dxr 

termine  what  form  attributed  to  the  function  y  will  render  u  a  max- 
imum or  minimum,  it  being  understood  that  the  value  of  y  is  to  be 
given  for  each  value  of  x. 

Jn  this  ease,  since  y  is  constant  for  the  same  value  of  x,  Sy  =  0, 
and  the  equation 

2fSy+ Pi''-^+ P^^  +  &ic.  =  0    reduces  to 

P,=0. 
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Thii  folIowLUg  geometrical  application  w'ill  render  ihis  example 
more  intelligible. 

Prop,  i'u  determine  a  curve  such  that,  if  at  each  pnint  P  a  tangent 
be  drawn  and  produced  to  cut  two  ^ 
given  lines,  DC  and  i>,C„  parallel  t 
thcaxis  of  y,  the  rectangle  iJ(7x  i>,C, 
of  the  parla  intercepted  between  the 
tangent  and  the  axis  of  »  shail  be  a  [_ 
maximum  or  tninimum;  it  being  i: 
derstood  that  the  curve  is  to  be  compared  only  with  sui'h  ithet 
curves  as  pass  through  that  point. 

Let  0  be  the  origin,  OX  and  0  Y  the  axes. 
Put  OD  =  a,  01>i  =  B,  Off  =  f,  OP  =  f. 

Then  we  ahall  have 


I        D  Q  I 


Vjt' 


'H- 


..r=^Cxi>,..=  [,-(.-.,gx[,-,.-,,|]^(.,|) 


or         SF  =  [2,+  (.  +  ,,-2,)|]j,+  [2(:.-.,)(,_.)| 

■+,(„  +  .,-2.)]f. 

But  since  it  is  proposed  that  the  curve  shall  at  each  point  bo  com- 
pared with  Buch  curves  only  as  pass  through  the  same  point,  we 
must  have 

Sy  =  0 

and  therefore  the  condition  SV=i  0,  which  ia  necessary  for  a  maii- 
mum  or  minimum,  becomes 
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.     2^ ^ ^  =  0      •■ 

y        I  -  o       a:  -  o, 

whence  by  integration, 

21ogy  -  log  (x-a)-  log  (a  -  Oj)  =  logc. 

log{y^)  =  !og[c(^-«)(^-a,)] 

the  quantity  c  being  an  arbitrary  constant. 

This  equation  ob\  ioiisly  represents  an  ellipse  or  hyperbola  accord- 
ing as  e  is  negative  or  positive. 

Passing  now  to  the  second  variation,  we  have 

and  since  in  the  present  case      F=/ia:,y,--j     and     5y  =  0 

or  by  putting  for  (ar  —  a)  (a-  —  o, )    its  value     — 

The  sign  of  this  quantity  is  the  same  as  that  of  c  Henoe  the 
curve  is  an  ellipse  when  Kis  a  maximum,  and  a  hyperbola  when  V 
is  a  minimum.  In  the  first  cose  the  curve  lies  entirely  within  the 
lines  CD  and  C^Di ;  and  ir  the  second  entirely  exterior  to  those 
linei. 
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48.  Prop.  To  find  the  form  of  the  function  y,  and  tho  values  of 
he    limits    tc^  and  Xj,    which    shall    render   the  definite  iDt^^ral 


''< 


Vdx 


a  maximum  or 


the  dmracter  /  denoting,  as  usual,  a  determinate  function. 
Here,  we  tiaye 

I>U=  P,<ii,  -  V^a  +  fp,  -^  +  &e.J  Jyi 

Two  cases  may  occur  in  the  attempt  lo  satisfy  this  equation,  viz.: 

1st,  The  variation  iy,  or  the  form  of  the  function  -J-j  """y  ^ 
wholly  unrestricted  (except  by  the  general  condition  always  appli- 
cable to  this  function)  ;  or, 

2d.  It  may  be  necessary  to  assilme  the  function  -^^  of  such  form  is 
will  satisfy  some  given  condition  or  condition?. 

fn  the  first  case,  the  object  proposed  ia  to  determine  among  ail 
possible  funeliottt,  that  one  which  shall  render  w  a  maximum  or  mini- 
mum. In  the  second  ease,  the  derived  function  is  required  to  belong 
to  a  particular  elau,  each  individual  of  which  fulfils  certain  ^ven 
conditions. 

Maicima  and  minima  belonging  to  the  first  of  these  divisions  are 
called  absolutf,B,nd  those  belonging  to  the  second  division  are  termed 
relativt.    Taking  the  first  of  these  divisions,  put  for  brevity 
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ax         dj:^  lie" 

Uid  equation  (^)  will  reduce  to  the  form 

ai-a^+f^'b-S!/.dx  =  0..--{B). 

This  equation  cannot  be  satisfied  so  long  as  the  form  of  Sy  or  4- 
remains  unrestricted,  unless  we  have  the  two  independent  conditions  i 

fli  —  Qfl  =  0,     and  6  =  0. 
For,  if  a,  —  a  be  not  equai  to  zero,  we  must  have 

«i  —  io  =  —  /    '  f^y  ■  dx, 

a  condition  manifestly  impossible,  since  the  value  of  the  definite 
integral  in  the  second  member  cannot  possibly  remain  invariable ; 
while  we  are  at  liboitv  to  change  arbilrnrily  the  form  of  the  quan- 
tity to  be  integrated  ;  but  the  value  of  a,  —  Oq,  which  depends  only 
upon  the  values  which  certain  qiiantities  have  at  the  limits,  will  not 
necessarily  vary  with  a  change  in  the  form  of  Sy.  Ilcncc,  we  must 
have 

fli  —  flo  =  0,    and    J^ bS!/.dx  =  0. 

Now  this  last  equation  cannot  be  true  for  every  form  of  iy, 
unless  i  =  0,  or         • 
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a  dJfTcrential  cquatiou  which  serves  to  deturmine  the  form  of  tha 
function  y. 

49.  The  two  equations,  0^—0,^  =  0,  and  6  =  0,  differ  esseiilially 
in  their  signification,  the  latter  establishiiig  n  general  relation  between 
the  variables  x  and  y,  while  the  former  coiinccU*  the  particular  values 
which  these  quantities  have  at  the  limits  of  integration. 
.  60.  Without  this  distinction,  iho  soiiition  of  the  problem  would 
be  impossible,  since  there  could  not  bo  two  general  relations  between 

51.  The  coefficients  of  the  increments  in  the  equation  a,  —  Oj  =  0 
being  constant,  and  the  increments  themselves  either  entirely  arbi- 
trary, or  restricted  by  a  limited  uumber  of  conditions,  that  equatiim 
will  be  equivalent  to  as  many  distinct  eijuations  aa  can  be  formed  by 
placing  equal  to  zero  each  of  the  coefficients  of  those  increments 
which  remtun  arbitrary,  atlcr  we  have  eliminated  all  such  increments 
aa  are  restricted  by  the  given  conditions.  We  now  proceed  to  show 
that  the  equations  thus  formed,  together  with  that  obtained  by 
integrating  tlie  differential  equatiim  A  =  0,  will  just  sulBce  for  the 
complete  solution  of  the  problem  when  a  solution  is  possible. 

62.  The  differential  equation  6  =  0,  or 

*-'i'  +  'sJ -■>"=■ +  (-l)-^  =  o-.-(C), 

is  in  general  of  the  2»'*  order.     For   since    V  conbuns  -j-=-, 
the  quantity  P, 


— T —  Will  usually  contain  -r--- 

Hence   the   integral   of  (C)  will   usually  contain  2n  arbitrary 
constants. 

, _::!^u 

"dx'dx'  dx*- 


le  entirely 
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anrestrict&l,  the  equntioii  tr,  —  tfj,  —  0  will  contain  2n  +  2  arbitrary 


in  which  ease  that  pquatioii  ciiniiot  be  satisfied,  since  there  would  l)o 
formed,  by  placing  the  cocflitieiit  of  each  arbitrary  incromeiit  ef]nal 
to  zero  2n  +  2  equations,  while  there  are  but  2/i  conKlimts  whoM 
values  are  to  be  determined. 

This  result  might  have  been  anticipated,  for  it  is  evident  that  if 
the  form  of  the  function  y,  and  tho  limits  of  integration  be  entirely 
unrestricted,  the  integral  may  have  any  value  from  0  to  m,  and, 
therefore,  cannot  admit  of  a  maximum  or  minimum. 

53.  The  nature  of  the  restriction  imposed  upon  the  limits  must 
depend  in  each  case  upon  the  conditions  of  ihe  proposeil  problem. 

1st.  Let  the  limiting  values  of  .r,  viz.,  3-„  and  x^  be  given  ;  that  is, 
let  it  be  proposed  to  find  such  a  form  of  the  function  y  as  will 
render  fVdx,  when    taken   between  tixed    limits,  a  maximum  or 


Here  we  have  lir,  =  0,  and  dr^  =:  0,  and  the  equation  a■^—  a  =  0 
is  now  equivalent  to  the  following  separate  equations; 

[/'i-&o.]i=0,  [P^-&c.]^=0,  &c  ic.  &o....[P.-],=Q,  [F.]o=0. 

The  number  of  these  equations  is  2)i,  the  same  as  that  of  the  con- 
stants remaining  to  be  determined ;  and  hence  the  solution  is  in  this 
case  complete. 

2d.  Let  the  limiting  values  of  both  x  and  y  he  given. 

Then  rfj-,  =  0,  Si/^  =  0,  dr^  =  0,  Si/^  =  0,  and  the  equation 
a,  —  Og  ^  0  is  equivalent  to  2n  —  2  separate  equations,  viz. ;  those 
formed  by  placing  equal  to  aero  the  coefficients  of  the  following 
iuci'oiiients : 
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4l],.^C::l»[S],''[2];--[^].'^[Ea; 

But  thi'i'  jire  now  two  ailditional  equatioiia  resulting  from  the 
iiubstitutLoi.  ff  the  given  limiting  values  of  x  and  y  in  the  general 
suluiion  of  (li(!  diffurentihl  equation  b  —  0.  For  let  thB  integral  of 
that  cqualiun  be 

/[».  >.'„«!  ■..•'>.]=». 

where  Cj,  Cj. . . .  fjn  ore  the  2n  arbitrary  constants.  Then  we  shall 
hiive  the  2/1  cquiitiona 

A',. v,-v,---- «..]  =  0.  /h. y.. 'I, '! «..]  =  0, 

[/•j-&c-.],  =  0,  [/'a-A-e.Jo^O,  &o.  .tc. . . .  [P.],  =  0,  [/',](,  =  0, 
with  which  to  determine  the  2ft  constants. 

3d.  Similarly,  if  the  limiting  values  of  x,y,  and  -^  were  given  tho 
new  condition,  would  remove  two  of  the  preceding  equations,  viz, : 

but  two  new  eomlitions  would  bo  derived  from  the  subsiitut.inn  of 
the  limiting  values  of  y-  iu  the  equation  obtained  by  didl-rontiating 
the  general  solution. 

/[»,?,«■,'> tj.]=0. 

F..rlct  fA',y,%V. 'a-]=0 

lie  the  result  of  a  differentiation  with  respect  to  x.     Then  wc  shall 

^i'.-e).-'> '-]  =  "• 
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54.  S;r;i::,,.-!_sntheiim:!;:,2  va:ii^5of  ^  -xere  znr, -.1 .  :.  Ti 

equation!^  ■AO'Lii  dl-aj  rx.-ar  ^t--m  the  sm-ip  ob-ar-ci  Vv  L-:i-z 
<*,— o,  =  0;  a;.J.  o:;  the  i^:V:r  harJ.  tw.>  new  t.pi;i  ■,»  ■=  -  i 
result  from   [be  s;;:/i:;tu:i"a  (..f  iKt  Il:.:>:'2  values  ti*  y^  ::;  -i.* 

that  of  thi- tv:.-:-..:?  t>  „e  J..;.n(.!r.-].  .^i.-i.  it.  gii.tr..:.  nhi-'-.tr 
mav  Ire  ;hi-  r-..i:.'-r  .t'  :!,■.-  <^-^:. :'.','.■:■,  L.viMi  ^''-'i  J'^.-tS  t!.-:  t-,',i! 
niiiiiber  i.f  t-. _;:.•'  r,-  »!:!  Ik  in.  sr.  1  lLeri:l'.rf  j*i>t  v.:%':'.--vX  f.r  tLe 
toni]iA!*  =■.;■-"  .!.  ff  :a.^  pr .■'•..-.-;:;. 

55.  \Vi.;.,  ::-.^  :;::.::■  .-  w^\:<:^  of  ^.  y.  ^.  Ari'.,  are  not  aW,:.jt.-Iv 

fis,-*:.  (,;!  i\-...::\-  ly  :.'... :-:.;.i  bv  o;.t  or  a.hTH  mju  ai',ns  of  w.Ki;t:<«n, 
tU-  vaiU- :•:.■;  'f  tl^  'jUir.::;  -:^  v,  o..:.!.-Ate.J  are  ii.,t  ii.'].;i.<:r,J-M, 
aiiJ  tl.-r^;".rc-  :■*..  vr  n-vr-  ;{  \:.^  fc-.-ia'.: ',!,*,  r.-ultiiiL'  frorii  tl,.;  «,ii. 

tLv-t. -,:  S'-:.,'  .r  -:■.  ...-:..■-  .... :  -iV^  ft„,„  «, -«„  -0  «;.!  I-; 
dir..:i.l-h-.3 ;  \..\  <■-.  :U-  '.■■.-.•T  'l.^■.^.  a  fii,.(,i,<r  .>f  u.-*  i-j.ii.'i/int, 

Exu,,::.   Lvt   :;..;:;..■■■—  i;.   .",  ..f  ^a...|y  l,.-.v,.,,,.-.r..J    K    du; 

Tiie  ^■i^r.i:-:«  rj-..  w..  ir^  W;  "  -  '-^  '■'  •-'-"'•'■'i  >'/  ''-^  f.:.■.«:^3 
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But  thci-  lire  now  two  ndditional  equations  resulting  from  the 
suljstitutiiii.  iif  ihu  given  limiting  values  of  *  and  y  in  the  general 
solution  of  tlie  diffurontiU  equation  6  =  0.  For  let  the  integral  of 
that  e<niation  be 

/l',y,'„<..  •■■'..]=<>. 

where  c,,  Cj . . . .  c^n  are  the  2n  arbitrary  constants.     Then  we  sh«U 
have  the  2/^  equations 

/[.„ J,,. <„..... .  <„]  =  0,    /[.., U',.', '..]  =  0. 

[i'3-&e.],  =  0,  [F,-&c.]„=0,  &c.  &o....[A],  =  0,  [/>,]o  =  0, 
with  which  to  determine  the  2rt  constant"). 

3d.  Similarly,  if  the  limiting  values  of  x,  y,  and  -p\/ere  given  the 
new  condition,  would  remove  two  of  the  preceding  equations,  viz. : 

but  two  new  conditions  would  bo  derived  from  the  substilulinn  of 

d'  * 

the  limiting  values  of  -j-  in  llie  equation  obtained  by  dilTorentialiiig 

the  general  solution. 

/[^.y.-^i.^s. i;i.]=o. 

For  let  /,[^,y,  g,c„c„ (^,]  =  0 

be  the  result  of  a  differentiation  with  respect  to  x.     Then  we  shall 


A['..!,..{t).'„'. ■i.]  =  o. 
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54.  Similnrlv,  if  ihe  limiting  values  of  -j-^  were  given,  two  more 

equations  would  disappear  from  the  group  obtained  by  making 
u, — fl„::i:0;  and,  on  the  other  hand,  two  new  equations  would 
result  from   the  subslitution  of  thu  limiting  values  of  -7-^  in  ths 

equation  obtained  by  differentiating  the  gi'neral  solution  twice;  thus 
preserving  the  totnl  nuiTsbpr  of  equations  equal  to  2h,  the  same  as 
that  of  the  constants  to  be  determined.  And,  in  general,  whatever 
may  be  the  number  of  the  qunntities  having  given  limits,  the  total 
number  of  equniions  will  be  2n,  and  therefore  just  sufficient  for  the 
complete  solution  of  the  problem. 

55.  Wlien  the  limiting  values  of  x.  y,  ^,  &e,,  are  not  absolutely 

fixed,  but  simply  connected  by  one  or  more  equations  of  condition, 
the  variations  of  the  quantities  so  counected  are  not  indcpcndcuf, 
and  therefore  two  or  more  of  the  equations,  resulting  from  tlie  con. 
rliiion  di  —  flu  =  0,  will  be  replaced  by  a  single  equation.  Thus 
the  total  tfumber  of  equations  deducibic  from  Oj  —  oj  =  0  will  be 
diminished  ;  but,  on  the  other  hand,  a  number  of  new  equations, 
jii.st  sufficient  to  supply  the  deficiency,  will  arise  from  the  cquaticiiis 
of  ciindition.     To  illustrate  this,  take  the  following 

Example.  Let  the  limiting  values  of  x  and  y  be  connected  by  the 
equations 

The  quantities  i/«„  Jy,,  dx^  Sy^  will  be  connected  by  the  following 
relations ; 

Now,  substituting  the  values  of  S^|^  and  oy^  derived  from  these  equa- 
tions  in  a,  —  o^  =  0,  and  placing  equal  to  zero  the  coefficient  of 
each  remaining  variation,  the  following  equations  will  result: 
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...[.,-5....],><(.v.-[g3=o. 

The  other  equations  being  the  same  as  hcrL'tofore. 

These  equations,  (2n  in  number,)  in  connection  with  the  four  fol- 
lowing, viz. : 

n  =A'<>,  yi  =/»^o.  /(^i.  Vi,  «i.  ''s,  —  i^-)  =  0 

/(^o.  yo.  <'i.  -^a.  ■  ■  ■  ■  'I.)  =  0 
will  just  suffice  for  determining  the  2n  +  4  quantities 

*i,  Vi,  ^0.  V6>  «i'  "^u- ^■ 

56.  And  if  the  limiting  values  of  x  and  —  were  also  connected  bj 
the  relations 

we  should  have 

Ileni'e,  the  first  three  terms  in  each  of  the  quantities,  a,  and  n^ 
will  reduce  to  one,  and  ihe  number  of  equations  deducible  from 
a,  —  (To  =  0  will  be  redacted  to  -^n  —  2,  But  we  shall  have  in  addi- 
tion six  other  equatiu:i-',  viz. :  tho  four  used  id  the  prereding  case, 
and  the  two  following: 

/'  [■'.. !/..  /,''„  C|.  <:,,■•■  c^.]  -  0,    /'  [x^  yo,  /<,%,  ^ „  Cj.  ■  ■  ■  r^-]  =  <>. 
which  are  obtained  by  differentiating  the  general  solution 
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Thus  the  total  number  of  equations  will  be  3n  +  4,  which  is  Just 
sufficient. 

And  the  satne  result  will  be  found  true  whi'n  the  reatiictions 
impusC'd  upon  the  limiting;  values  of  the  several  v 


57.  'I'he  exceptions  to  the  preceding  theory  will  now  be  eonsidei'od. 
68.   Case  Isl.  Let    F  be  a  linear  function  of  the  highest  differ- 


be  of  an  order  higher  than  2n  —  1.     Hence,  the  equation 

cannot  be  of  an  order  higher  than  2»  —  1,  and  its  solution  will  con 
tain  2n  —  1  disposable  constants.  Thus  the  equatioii  a,  —  «(,  =  0, 
which  is  equivalent  lo  2n  equations,  cannot,  in  this  case,  be  satisfied, 
69.  It  may  even  be  proved  that  the  equatioii  i  =  0  cannot,  in  this 
case,  be  of  an  order  higher  than  2»  —  3. 

For,  put  -r^  =  v.        Then  V=(iv  +  6', 

'  dx" 

where  6  and  i   are  functions  of  x,  y,  -f-,  --hr,  •  ■  ■  -, — ^. 
dx    dx^  dx"-' 

It  has  been  shown  already  that  the  equation  fi  ^  0  does  not,  in 
this  case,  contain -T-^,  and  therefore  it  is  only  necessary  to  proT« 
that  it  does  not  contain  the  coefficient  -7-r — -. 

Now,  this  coefficient  cannot  occur,  unless  it  be  in  one  of  two  tenns, 
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rf=-V 


find  the  coefficient  of  -,-,— ^   in —r— ',  wc  muat  form  the 


Jj:-— i 


values  of  g),(f^, ),....  (^.),  and  reject,  i 
except  that  of  the  highest  order. 


each,  every  term 


\i/j-  /       dx        dy    dx         j'^.f  '  dx^ 
di 

d'g 


rfi    du 

dit'd^' 


the  only  term  to   be 

■e  of  an  < 

/d-d\ 
similnriy  the  only  term  in  l-r..)  "< 


dii    dx      du    (/,f" 
'd,  biKi'ause  all  the  olhcrs  are  of  an  order  less  than  n.     And 


rfj     (Pu   _  di    rf-+'y 
du,  dx^       du  dz*^^ 


In  the  sa 

TIC  mniiiier,  it  appears  that  the  o 

order  2b  - 

1  is 

rfJ     <^u        rfd    dr-*-hj 
du' (U''    ~  du' .ix^*- 

Again,  sine 

v  =  iv  +  i;  .•.p^,=  _^ 

»(S)-' 


Hence,  by  forming  the  ^ 


(PP,-,  d^' 


dx    '      dx^  dx*-^    ' 

retaining  only  the  terms  of  the  highest  order  in  eacli  successive  differ- 
entiation, it  will  be  seen  that  the  only  term  of  llie  order  2jt  —  I,  in 
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tic"—'  du   dx'-^      dit  day'-"''' 

and,  since  this  term  is  precisely  the  same  »a  the  term  of 

d'P, 
order  in  —z — ,  the  two  will  disappear  ia 


dx' 


d^^Pn-i       ^P, 


• .  the  equation  J  =  0  is  not  of  an  order  higher  than  2ii  —  2. 
60.   CwieSd.  Let  V  =y/i -i-F  (x,p{),  vb^rept=-£. 

Here      If  =  —r-  =  U,     and  P,  ■=—-=. \--- 

dy  £/p,  rfp, 


tion  6  =  0  will  become  simply 

N 7-  =  0,     or,  fx  =  -r-i 

dx  dx 

and  is  immediately  intcgrable,  giving 

P,  =  /fx.dx=f,:>  +  c, 
Substituting  the  value  of  P,,  derived  from  the  proposed  equation, 
we  shall  have  an  equation  involving  jr,,  p^,  &c-,  which,  solved  with 
respect  to  p,,  will  give  a  result  of  the  form 

p^=i<p{x,c)         or         £  =  ,f{x,c) 
■  ••  y  =  9A',c)  +  c,....{\). 
Now  suppose  the  limiting  values  of  x  given,  those  of  y  being  in- 
determinate ; 

The  equation      a,  —  a  =  0    is  then  equivalent  to  the  two  equation! 

[P,],  =  0,  and  [Pilo  =  0  or  /,z,  +  ^  =  0,  (2)  and  f^x^+c  =  0  (3) 

The  two  equations,  (3)  and  (3)  contain  but  one  arbitrary  constant 

c,  and  theroftire  cannot  usually  be  satisfied,  although  the  general 

30 
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solution  (1)  contains  the  proper  number  of  constants.  Hence  ibe 
proposed  problem  dues  not  admit  ofa  solution. 

61.  If  in  the  case  just  considered  /x  =  Q,  eo  that  V  =  F{xj>,) 
the  two  equations  (2)  and  (3)  become  identical,  and  the  solution  is 
then  possible :  but  it  belongs  to  the  indeterminate  class,  rnoce  one  of 
the  conslanU  remains  entirely-  arbitrary, 

6^  The  results  just  obtained  are  not  peculiar  to  functions  of  tbe 
first  order,  such  as  that  just  considered  for  if  Vbe  supposed  of  such 
form  as  will  give 

and  if  tbe  limiting  values  of  x  only  be  given,  similar  reasoning  will 
apply.  The  equation  6  =  0  will,  in  this  instance,  as  in  the  preced. 
ing,  be  immediately  integrabte,  giving 

and  the  first  two  ei^uations  resulting  from  the  equation  o^  —  Of,  =  0, 
we  f^x^  +  e  =  Q,     and    /,*o  +  c  =  0. 

These  two  equations  cannot  usually  bo  saiisfied  escept  when 
ffX  =:  0,  in  which  case  y  does  not  appear  in  the  value  of  V, 

d'v 

And  in  general  if  ■-—  be  the  lowest  ditTerential  coefficient  appesr- 

dV 


ititing  values  of  x  and  of  those  cocRicientf  which  are  higher  than  ibe 
***  be  alone  given,  we  may  prove,  in  like  manner,  that  the  problem 
will  not  admit  ofa  solution. 

Case  3d.  Let  N=  0,  and  let  the  limiting  values  of  *  onlyb* 
given. 

In  tilts  case  tbe  equation  A  =  0  becomes 
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and  is  iutegrable,  giviog 


and  the  two  conditions  furnished  by  placing  equal  to  zero  the  coefli- 

cients  5j),     and     Sy^^  viz, ; 

[i'l  -  ^' +  aic],  =  0     and     [i'j -^+&c.]o^O 

are  equivalent  to  the  single  condition  c  ^  0. 

Hence  the  equation  o,  —  oj  =  0  is  equivalent  to  but  2n  —  1 
equations,  instead  of  Sn,  and  the  problem  is  indeterminate.  This 
result  might  have  been  expected,  for  since  y  does  not  appear  in   V, 


have  been  taken  as  the  principal  function,  Instead  of  y,  and  then  the 
equations  given  by  Z'(7=  0  would  have  been  just  sufficient  to  ostab- 

lish  a  relation  between  x  and  — ,  without  arbitrary  conslaiits,  which 

relation,  when  integrated,  must  give  an  equation  between  x  and  y, 
containing  one  arbitrary  constant. 

63.  If,  in  the  last  case,  one  of  the  limiting  values  of  y  were  given, 
the  problem  would  again  become  determinate.      Similarly,  when 

d/a 
dx 

determinate,  the  solution  will  contain  Iwo  arbitrary  constants,  and 

will  be  rendered  determinate  by  assigning  at  least  one  limiting  value 


And  generally,  if  the  first  m  terms  of  the  equation 
„      dB,  ,    d^P,     , 
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ha  wanting,  and  if  there  be  no  conditions  fixing  the  limiting  values 

jfy,   -;-,  ■  ■  •  ■  .  -; — -,,  thesolutionwillcontainmarbitraryconstants, 
dx  (tr"-''  -' 

The  preceijing  cases  afford  the  principal  examples  of  exception  to 
the  general  theory.  We  now  return  to  the  consideration  of  that 
theory, 

64.  As  it  will  sometimes  be  possible  to  integrate  the  equation 

one  or  more  times  without  determining  the  form  of  the  function  V, 
and  as  the  consideration  of  these  cases  will  greatly  facilitate  the 
application  of  the  theory  to  particular  examples,  we  proceed  to 
examine  some  of  these  cases,  arranging  them  in  two  classes. 

66.  1st  Case.     Let  the  first  m  of  the  quantities  y,  -^,  -r=-,  &C  ba 
"  dx  dt^ 

wanting  in  f,  or  let 

v^/Up ^1 

Then  the  first  m  terms  of  the  equation 

JV      V  +  &c.  =  0 
will  be  wanting,  and  lh;it  equation  will  reduce  to 
d-P.       d'^T.+f 


which  gives,  when  inlegratcd,  m 


^  +  ilcc  =  0 


P- ^'  +  &c.  =  (■(,  + c,a  +  f^+- •••(■■-1^*-', 

iffi-reiiiial  equation  of  the  order  2n  —  m. 

>6.   Casf  'id.  Let  the  independent  variable  z  be  wanting  ii 


r>T  let 
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)n  thisi  case,  we  have 


L     dx  ^      'dx-'^     =■  dx'  ^     'dx'-^^JT' 

W,  by  substituting  for  N,  its  value  derived  from  the  equation, 

JV  ■—  ~  +    ■  ^  —  &c,  =  0,  we  get 
But  the  quRDtity  /  P,  jTfi  ^  S'^'^^'  ^1  *■!  integration  by  parts, 


<iC      <i£:"- 
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t„  d'y       dp.   dhj      iPP.  df\       , 

+  P.g_5.J:v+4e +  (_i)«.?:iq=//....,2,), 

dx*        ax     rfj"-'  *        '  aLc"-'     djr  " 

which  is  a  differential  equation  of  an  order  not  higher  than  2ji  —  I. 

Thus  it  appears  that  when  V  does  not  contain  the  independent 
variable  x,  the  tqnation  i  —  0  can  be  reduced  at  least  one  order. 

67.  The  following  are  the  most  important  applications  of  for- 
mula (i>) : 


1st.  Let 


^=/(S) <•)■ 


Here   F  =  c  +  A  ^  by  formula  {D\  since  P.,  =  0,  P,  =  0,  &lc 
But  K  is  a  funciion  of-^-     .■.P,= — =- is  also  a  function  of  3^- 


Ilenee  by  substituting  for  V  and  P,  their  values,  and  then  solving 
with  respect  to  ~,  the  result  would  take  the  form 

•t^.     .  ^.     . 


Here  y  is  a  linear  function'of  x,  and  this  result  shows  that  linear 
functions  have  the  property  of  giving  a  maximum  or  minimum  value 


2d.  Let 

Then  V  =  e  +  P^ 
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Then 


UAXIUA  AND  MINIMA   OF  ONE   VABIABLE.  471 


'=/(^S)- 


68.   Case  3d.  Let  the  function  K  belong  at  the  same  time  to  both 
of  the  preceding  classes,  that  is,  let  the  independent  variable  x,  and 

the  first  first  m  of  the  quantities  y,  ~,     — ,  &c.,  be  wanting  in  V. 

The  equation  6  =  0  gives,  as  in  the  first  case  by  integration, 

dp-,, 

Pm -^  +  iiC.  =  Ca+  e^z  +  CjS^  +  &c c»_,a:^'. 

.  ■ ,  Ph  =  -  "-'  —  &c,  +  Co  +  c^x  +  Cj*^  +  &c Cb_iI"~'. 

This  value  substituted  in 

the  differential  of  the  given  relation 

Sd"!/      d^^u  d*u~\ 

L  "+'(&■«  ^     i*      dir*'i 
+  &e.  *    &c. 

iDtegrating  by  parts,  we  get 
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+/['.  + V  +  «^  +  *« +  .„.-]^i.....{£). 

But  since  in  general 

+  (-!)'. ,(,-l)(,-2) 2.1^, 

if  we  put  successively  r  equal  to  (1,2,3, m—  1),  aod  substitute 

the  resulting  values  of  the  integrals, 

in   equation  (^  it  will   be   a  diBerential   equation   of   the  order 
2n  —  m  —  1 ;    that  is,  the  original  differential  equation  will  hare 
had  its  order  reduced  by  m  +  1  degrees. 
69,  Suppose  for  example  that 

^=/(|.S) (■) 

Then  the  equation  6  =  0,  becomes 

dfi  _  d^  __ 
dx         dx^   "    ' 

whence  by  integration     P^  =  -~  -f-  e, 

Mid  this  value  substituted  in  the  differential  of  (1)  vi«.: 
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a  diSerential  equation  of  the  second  order  as  it  should  be,  since 
2rt  -  m  -  1  =  2. 

Relative  Maxima  a/nd  Minima  of  One   Variable. 

70.  Prop.  To  determine  the  form  of  the  function  y  =  91  which 
will  render  /  Vdz  (taken  between  certain  limits)  a  maximum  or  min- 
imum, when  y  is  selected  from  those  functions  which  satisfy  the 
additional  condition  fV'dx  =  c     (between  the  same  limits);    the 

quantities  V  and  V  being  functions  of  at,  y, -^,  -~,  &o. 
The  condition  fVi/x  =  a  maximum  or  minimum,  gives 

DfVdx  =  <i '^  (1). 

And  the  condition  fVdx  =  e,  gives 

DfVdx=(i (2). 

Mul^ply  (2)  by  an  arbitrary  quantity  X,  and  add  the  result  to  (1);' 
then  DfVdx  +  \.J)fVdx  =  (S  or  DJ{V ■\->.V')dx  =  (}■■■■  {Z) 
and  equation  (3)  will  include  all  the  conditions  involved  in  the  prob- 
lem, and  will  imply  that  both  (1)  and  (2)  are  necessarily  true. 

For  since  by  hypothesis  X  is  an  arbitrary  quantity,  we  may  writs  . 
U/(F+X,F')'/r  =  0     and     i)/(r  +  Xjr')di  =  0 
.  ■ .  J/(X,  -  X,)  V'dx  =  0     or     (X,  -  \)J}fydz  -  0. 
Now  Xj  and  X,  are  not  equal,  and  therefore  X,  —  Xj  is  not  equal 
to  zero.     Hence  we  must  have 

DfV'dx  =  0,        and  .  • .  from  (3)        D/Vdx  =  0  also. 
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Thus  (3)  iiicliidra  oil  the  conditions  required;  and  therefore  if  we 
rej)lace  V  by    V -i-  XT',  the  prublcm  can  be  solved  as  one  of  abso- 


Thu  forinula  (3)  expanded  and  applied  to  the  limits  Zg  and  a-,,  gives 
V-'i-  Vo^^o+^f^'  Vdx+K{  V/dx^-  V^'dxa)+sf^'KV'dx=0. 

71.  Cor.  It  may  be  shown  in  nearly  the  same  manner,  that  when 
/Vdx  =  a  maximum  or  minimum,  and  also 

/Vdx  =  c         and         /V"dx  =  c', 
the  problem  may  be  solved  as  acaseof  absolute  maxima  and  minima 
by  replacing  F  by  F  +  X  T'  +  X'  F"  where  X  and  X'  are  arbitrary 
constants. 

Applications. 

72.  ■  We  will  now  illustrate  the  principles  already  explained  by  a 
few  examples. 

1,  To  find  the  nature  of  the  line  (lying  entirely  in  one  plane) 
which  is  the  shortest  distance  between  two  given  points. 
*     Let  x^ijo  be  the  co-ordinates  of  the  point 
A,  and  1,51,  those  of  B.     The  general  value 
of  the  length  of  the  arc  of  a  plane  curve  AB 

is  /  1 1  +  -T^J  I  dz  taken  between  the  proper  ( 
limits.     Hence  in  the  present  case  we  shall  1; 

Here    f'^={l+"T^)  — /(j")'  ""^  consequently  by  formula  (a), 
the  solution  of  the  equation  6^0  becomes 

y  =  cx  +  c'. 
and  the  sljortest  path  from  ^  to  ^  is  a  straight  line. 
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The  equation 

a,-  oo  =  0     or      V^dx^  -  V^dx^,  +  P^5y^  -  Pfy^  =  0 
disappears  in  this  case,  since 

dxa  —  0,  dx^  —  0,  &y■^  =  0,     and    Sy„  =  0, 
the  limiting  values  of  bnth  x  and  y  being  fixed. 

To  determine  the  values  ()f  the,constants  e  and  e'  we  have  the  two 
equations 

y,  =  Ml  -I-  c',         and         yj,  =  m^  +  «' ; 

thus  the  solution  of  tho  problem  is  complete. 

2.  To  find  tho  line  of  shortest  distance  between  two  given  currea. 

Let  the  equation  of  the  curve  AB  be  yo  ^^  ^^a (I)- 

and  that  of  the  curve  CD,  n 


.(2), 

=('+S)*=/(S)^ 


mple  1, 


and  the  shortest  distance  ia  still  a 
straight  line. 

To  determine  the  values  of  the  constants  o  and  c',  and  the  limiting 
values  x^  y,,,  i,,  y,,  we  proceed,  as  follows; 

From  (1)  and  (2)  we  get  the  following  conditions  connecting  i£r„ 
Sy^ ;  dxi  and  Sy^,  viz, : 


in  which  („  = 

Also 


\-y-\  =  c,     and       -i     =  c ; 

'o  =  ito~c)dx^         5y,  =  (/,-c)^,. 
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Siibstitiitinp  these  vjilues  in  the  cqualiim  a,  —  (Iq  =  0,  and  replacing 
r„  V^  y,,  /"o  by  their  values,  we  get 

(1  +  ,  ijij^^  _  (1+  c^^^di^  +  c{l+  e=)~*  (t,  -  c)<h, 

Now,  placing  equal  to  zero  the  coefficient  of  dx^  and  rfj:,,  the  only 
arbitrary  increiiicnis  rcmaiitiiig  Jn  the  equation,  we  get 

(1  +e=)*f  c{l  +  c'rt/i-c)  =  0,     and 

or,  1  +  c(j  =  0  .  ■  ■  (3),     and     1  +  r ((,  =  0  ■  •  ■  (4). 

These  two  equations,  with  the  following 

y«  =  "o  +  «'.     yi  =  "i  +  <!'>     Vu  =  -^0^0.     9i  =  -^1^1. 
Buflice  to  determine  the  six  quantities,  e,  e',  x^  y^  x„  y,. 

I'he  equations  (3)  and  (4)  show  that  tlic  shortest  line  EE"  cuts 
both  curves  at  right  angles. 

73.  Ill  the  preceding  example,  suppose  the  given  curves  to  become 
straight  lines  perpendicular  to  the  axis  of  x.  Then  dx^  =  0,  and 
dx^  —  0,  since  the  extremities  of  the  shortest  line  will  necessarily 
have  invariable  abscissiB. 

Also     ta  =  -P-=m,     and     i,  =:-fi  =  ai:     .-.<:  =  —  =  0; 

and  as  c'  is  now  indeterminate,  the  required  line  of  shortest  distance 
may  pass  through  any  point  of  AB. 

This  is  an  example  of  Exception  2. 

3.    To   (ind    the   form   of   the   function    y,   which    shall   render 


^-f:'A^%)'^- 


a  maximum 
Here  we  have 
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and  therefore,  by  formula  (fi), 


F=P, 

!-■ 

i", 

-•(-^rs^ 

(- 

'■g 

(-S)* 

Making  e  =  Z",  and  solving  with  respect  to'  dz,  we  get 

This  comes  under  the  binomift!  form.and  therefore  ia  integrable  when 
5j=.,     or,      5J-5-', 

all  integer   or  zero;    that  is,   when   n    has  one  of  the  following 
values,  viz. ; 


>,iii>o.i     or,-.,4   4-i< 


As  a,  particular  case  of  this  problem,  suppose  »  =  —  ^ ; 
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If  the  limiting  values  of  i  and  y  be  given,  then 

dx^  =  0,     &•/„  ~  0,     'lx■^  =  0,     3yi  =  0, 
and  the  cquatiiin  a,  —  Qq  =  0  disiippcnrs. 

To  find  the  two  constants  c  and  i,  we  have  the  two  equatio 

-2^0         .A— -^ 


=  -l-^ 


• .         ■  "'2yi        /7 — —^ 
!F,  +  c  =  5  /  ■  versin    -j^  —  ■/<?!  —  yi  i 

and  if  a;,,  =  "t     *nd     y,  —  0,     then     e  =  0,     and 

74.  The  equation  (1)  of  this  Jast  example  exhibits  the  t 
the  celcbratL'd  problem  of  the  Brachyslockrotte,  or  the 
ticifleat  descrnt. 

Thus,  let  A  and  B  bo  two  points  in  the  same  ver-^     | 
tical  plane,  and  lot  it  he  proposed  to  deti'rmine  the 
nature  of  the  curve  AFB,  along  which  a  hfavy  body 
will  descend  from  A  Xo  B  (undyr  the  iiiflui'iicc  of  the 
force  of  gravity  alone}  in  the  shortest  possible  time. 

Denoting  by  ( the  time  occupied  in  passing  fi  oni  A  to  any  point  P 
in  the  unknown  path,  the  co-ordinates  of  which  point  nro  x  and  y; 
by  *  the  variable  arc  JP,  and  by  g  the  velocity  acquired  by  a  heavy 
body  falling  vertically  during  a  unit  of  time;  then  it  is  shown  by 
the  principles  of  MLfNanics,  that  the  velocity  acquired  by  the  body 
in  descending  along  the  rnrve,  (when  it  has  reached  the  poiiil  f,} 
will  be  expressed  by 


,Google 


MAXIMA    AND   MINIMA    OF   ONE    VAMIABt.E. 


vbM-;S)- 


x  =  r^  =  0,     and     x  =  Xi  =  AF. 

The  equation  (1)  represents  a  cycloij,  the  axis  DC  =  I  being 
vertical,  iind  the  extremity  of  the  ti.osp  coincident  with  A,  the  point 
of  tlepar'ture. 

75.  4,  Through  two  given  points  A  and  E,  draw  a  curve,  of  given 
length,  so  that  the  area  included  between  the  chord  AB  and  the 
curve  APB  may  be  the  gre-atest  possible. 

This  is  a  problem  of  rdalive  maxima  and  minima,  since  the  curve 
is  to  be  selected  from  a  particular  class,  viz. :  those  which  have  a 
jpven  length  /,  or  which  fulfil  the  condition 


f::ht)'-'-^''"- 


AJso  fVdx=f^''yJx=.e. 

Therefore  by  the  method  of  relative  maxima 
and  minima,  we  have 


.^*-i 


=  V,dx.  -  V.dx,  +  S  r^  Vd^ 

+  X(r,V3:,-  V^'.dxa  +  Sf^  V'dz). 
Here  the  limiting  values  of  both  x  and  y  tfe  invariable,  giving 
lie,  =  0,     Sy„  =  0,     dx,=  0,     6t/i  =  0. 
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Hence  the  equation    a,  —  og    disappears,  and  formula  (A)  gives 


'('+Sf+^('+£)- 


X     «.d     f.=^^  I. 


.=  -[x--(,-<n*  +  ''   or   (i-0'  +  (y-«)-  =  >>' 

and  the  required  curve  is  the  arc  of  a  circle. 

To  determine  the  constants  c,  c',  aiid  X  we  have  the  three  equations 
(^.  -  -=')=  +  (yo  -  cf  =  X^     (^,  -  cy  +  (yj  -  c)»  =  X^    and 


X  chord  ^5 


»(^). 


or  when  the  origin  is  at  A  and  the  chord  AB  coiueidea  with  tb» 
axis  of  X, 

.'^  +  ^  =  X^(^,-.r  +  ^  =  X^    and    |;=si"^- 

76.  5.  Given  ihc  length  t  of  the  curve  joining  two  fixed  points 
A  and  B,  to  find  the  form  of  the  curve  when  the  surface  generated  by 
ita  revolution  about  the  axis  AB  is  the  greatest  possible. 
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Here  fVdx  =X''a*y(l  +  %)  dz 


=  a  maximum. 


and  fV'dx  =  f^^{\  +  ^J)   dx  =  I 

.-.  DU  =  DS(V-\-\Vyx  =  Q  and 

The  equation  a,  —  a^  =  0  disappears,  and  (6)  gives 


,                      cdy 
.-.  dz=i  ■-  ^-- 

fo  integrate  this  put  2iry  +  >i.  r=  s     and     -A^ c^  =;«  —  (, 

c*  +  (^  rf;       (^  — c* 


•"li  ^{2»s  +  ).)> . 


■  ''■«  =  -s^ • 


2or''^(       2*  °^2Ty  +  x- y^^^x)^-e» 


y  +  X  +  Vp»y  +  X)' 


y  +  g'  +  •(>+  C")'  -  C" 
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in  which  C  =  ^,  C  =  —,    tmd     C"  =  -^■ 

This  is  the  equation  of  the  Catenary,  which  therefore  is  the  required 
curve. 

77.  Prop.  To  find  the  form  of  the  function  and  the  values  of  the 
limits  *„  and  z,  which  shall  render 

F  =  F'  4-  A''  ydt  a  maximum  or  minimum,  where 

'''0 

The  general  equation  6  =  0,  being  derived  exclusively  from  the 
terms  under  the  sign  of  integration,  must  be  the  same  as  in  the  last 
proposition,  and  therefore  it  will  be  nutossary  to  consider  only  those 
terms  which  refer  to  the  limits : 

Put  dV  =  M'dxa  +  iV'rfy,  +  ■^/'^{t^)  +  ^^4^J^)  +  ■fcc  ■  •  •  • 
Then  the  additional  terms  in  DU,  resulting  from  V,  are 


+j/"<i^,+jv'%,+i'," . 


and  the  first  member  of  ihe  equation  a^  —  a„  —  Q  will  be  increased 
by  these  terms,  which,  being  of  the  same  form  with  (he  terms  pre- 
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vioiisly  found  in  that  equation,  there  wiH  be  no  difference  in  the 
manner  of  discussing  it  in  its  modified  form. 

It  must  be  remembered,  however,  that  the  possibility  of  satisfying 
the  condition  DU  =  0,  depends  upon  the  fact  that  the  number  of 
independent  increments  in  the  equation  o,  —  Oj  =  0,  does  not  usually 
exceed  the  number  of  arbitrary  constants  in  the  integml  of  the 
equation  i  =  0.  Hence  if,  in  any  particular  case,  the  number  of 
independent  increments  should  be  greater  than  the  number  of 
constants,  the  solution  would  be  impossible. 

Now  in  the  case  at  present  under  consideration,  the  number  of 
Increments. 


'^o,^ul^) 


/d''St/\ 


relating  to  the  inferior  limit  is  n'  +  2 ;  and  the  number  of  incre- 
ments already  found  to  exist  in  o,  is  re+  1. 

If  then  m'  +  2  >  »  +  1,  or  fi'  >  n  —  1,  the  solution  of  the  prob- 
lem will  be  impossible.  - 

Similar  remarks  apply  to  the  superior  limit;  and  we  conclude 
that  when  the  new  funclion  V  containa  any  coefficient  of  an  order 
higher  than  n  —  1,  the  function  IT  will  not  admit  of  a  maximum  iir 
minimum. 

78.  Prop.  To  find  the  form  of  the  function  y  and  the  values  of 
the  limits  x„  and  r„  which  shall  render  ^  =  J  '  ^'i'  *  maximum 
or  minimum,  where 

©, (£'),]■ 

The  general  equation  DU  =0  becomes  in  this  case    (p.  -ill) 
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['■.<l".-.(i),+^.(S),+'.(g).+-H-. 
4(.._-.,^,X>,](f)-[(..-^.H 

This  bping  written  in  the  form 

"i  -  oo  +/''  *5ya^  =  0, 

shows  that  6  is  the  same  ns  Uefiire,  and  therefore  the  form  of  tie 
function  y  is  not  phaiiijcd  by  supposing  V  to  contain  expticitlj'  the 
limiting  vfthies  of  jr,  y,  ~,  &e. 

Also  the  terms  in  a,  —  o^  =  0  are  of  the  same  nature  M  if  T 
did  not  contiiin  the  limits,  forming  a  series 

A^dx^  +  D^6y^  +  C,  ("^Ij  +  iSic,  +  A^x^  +  B^Sy^  +  C^i^  *^'c- 

Ji,  fi,,  C„  iip.,  A^,B^  Co,  &c.,  being  constants.     For  in  the  ei- 

/    '  tn-idx,  J    '  m^ar,  &c., 
the  same  supposition  is  nmde  ns  in  the  terms 
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48o 


and  the  olher  ciwfiicienta  iif  the  several  increments  in  the  equation 
«,  —  oo  =  0,  where  V  diJ  not  contain  the  hmits ;  viz. :  that  ihe 
value  of  y,  derived  from  the  equation  b  =  0,  has  been  substituted  in 
m,,  nig,  6ic    This  substitution  being  elTected,  and  the  definite  integrals 


X'""''^'  X'''"'^' 


im., 


being  formed,  the  quantities  A^,  £„  A^,  B^,  &c,  will  become  entirely 
constanL 

Thus  the  mode  of  trcuting  the  equation  i)^=  0  is  in  all  respects 
the  same  as  in  the  case  previously  considered. 

The  following  examples  will  illustrate  (he  cases  considered  in  the 
lost  two  propiisitioDS. 

79.  Ex.  Having  given  the  area  c  of  the  figure  BAA^Dy,  bounded 
by  the  axis  of  x,  by  two  ordinatcs  passing  through  the  given  points 
B  and  B^,  and  by  a  curve  ACA■^,lQ  find  the  nature  of  the  curve  and 
(he  values  of  the  cxtrcmo  ordinates  BA  and  BiAf,  when  the  peri- 
meter of  the  figure  is  a  minimum.  Put 
OB=x^  OB,=xy,  BA=yt,  B^A^=y^. 
Then,  since 


BB^  = 
a  constant,  we  have 


y. 


£^  +  Bi^, +  ^CJ,  =  yo  +  y, 

+  f'^U  +  "^^^dx  ^  V"  +  f'  Vdx^a  minimum. 

Also  f'^  V'dc  =  f'^ydx  =  c. 

.-.    [7=:  r"+/'^'{F+XF'}(ir  =  aminimum. 

Here  U  contains  a  term  V",  exterior  to  the  sign  of  integration, 
Involving  the  limiting  values  of  y,  and,  therefore,  by  the  method 
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appli&ible  to  such  ciisus,  ccnnWiK'd  with   that  of  relative  n)&.(imk 
and  minimji,  wu   havu 

bu  =  b[,,  +  ,,  +1'^'  {  (l  +  g,)»+  Xs  [  J.]  =  0. 

Now      V  +  XF'  =/(y,  -^V  and  therefore  by  formula  (6) 


dx 


Put 


=  /3,    and     1=.,     th™     (l  +  g)  (3  _,).  =  ..; 

or,  {x  —  fj)'  +  (y  —  ^)*  =  ei^,  the  equation  of  a  circle. 

Hence,  tlie  curve  AC  t        a  la    a 

To  determine  the     alu  s  of   h       das  yo  and  yj,  and  that  of 
a,  the  radiua  of  the  c     I     «  oh     quation 

Oj  — ao  =  Oiiihhb  nh    present  cose 

+  y'offj+Jf'Si/^  =  0,     (1), 
since  V  +  W  does  not  contain  /"j,  P^,  ice,  and  V"  contains  only  y, 
dnd  j(,. 

Also,  since  the  points  S  and  B,  are  given,  d^,  =  0,  and  dx,  =  0. 
Thus,  (1)  is  equivalent  to  the  two  conditions  ' 
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But  N'=~^l,     and     i\'"=^^-l. 

Ht^iiee,  by  substituting  ihe  values  of  JV,  iV"  and  /•„  we  obtain 


ith 


And  therefore  the  arc  ACA^  is  a  semicircle,  the  tangents  at  A  and 
Ai  being  perpendicular  to  OX. 

Also,  radius  a  =  ^(a[— I,),     and     'Ji=  y,. 

But  area  jBvijli5i=2a-yu+ -!ta^  =  c,  and  .  ■ .  yo '^'^comes  known, 
thus  makinft  the  solution  complete. 

80.  Sj:.  To  find  the  curve  of  swiftest  descent  from  one  given  curve 
to  another,  the  motion  being  supposed  to  commence  at  the  upper 
curve. 

Let  AB  and  A^Bj  be  the  given  curves,  and 
CC\  the  curve  required. 

Put     OD-x^,,     DC=y^     OE=x, 
EP  =  y,     OF=x^,     fC,^>jj,     CF=s. 
Then,  by  the  principles  of  Mechanics  (before 
cited),  the  velocity  acquired  by  the  body  in 
descending  from  C  to  P  along  the  curve  CPC,, 

^/•igxIP  =  y/'ig(y-^);     and  also  by  ^=- 
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.■.r=^.(,-..)-»(.+g)*^=y;:T^= 

Here  V  contains  the  limit  y,,  espHcitly ;  and  therefore  J)  XT  will  cod. 
tain  the  additional  terms 

which  terms  appear  in  the  equation  a,—  o,,  =  0,  but  not  in  the  e<}u»- 
tJon  6=0. 


'     ■   •  <^       L       y  —  y,        J 
This  is  the  differential  equation  of  a  cycloid  having  the  axis  parallel 
to  y,  the  cusp  or  extremity  of  the  base  at  the  upper  point  x^  y,,  and 
the  diameter  of  the  generating  circle  ^  3C. 
The  equation  o,  —  o,  =  0  gives,  in  this  case, 

r,dx,  -  TAo  +  (/•,),  Syi  -  (A),  ho  +  (ff'n,  (^\  dx\dx. 

But    n,  =  -;— = -—=  —  i\r= -J,    smce    JT t^  =  0 

ayt  ay  ax  ax 
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Again,  if  the  differeiitiat  equations  of  the  two  given  curves  be 

we  shall  have  the  following  conditions  connecting  the  values  of  rf«,, 
Sif^  <Ui,  and  6y^,  viz. : 

eSo+(^\dx,  =  lodJt^     and     lifj+(^\dj^=l,dr,. 
Now  substituting  the  values  of  Si/^  Sij,,  f    ^n^Ax,  and   /    '  ( -^  |  iig'ix 

'>  I^  J  X^    \dxla 

in  (l),and  placing  the  coetBcienta  of  di^  and  dar,,  separately,  equal  to 
lero,  we  get 

•'.  +  (''.)-['.-(X).]=»..»^ 
^.+  ('-.).['.-(g)J-[m.-(^.).i(J:). 

-[TO.-(P.),l['.-(|)J=o.   «. 
[(„|!)*,,_,.^.(|)[(,.g)-i. 

-     [(..g)».„-..-']-(a[(>-i^)^- 
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From  (2)  we  obtain        I  +  (i  l-r- 1=0;     and  therefore  the  cycloid 


.  t.  =  l„ 


intersects  the  second  curve  at  right  angles. 

Also,  from  (3)  we  get         i  +  I,  (^;-\  -  0 ; 

and  the  tangents  to  the  two  curves,  at  the  poijits  of  intersection  with 
the  cycloid,  are  parallel.  The  co-ordinates  of  those  points  are 
readily  found. 

81.  Prop.  To  determine  the  forms  of  the  functions  y  and  z,  and 
the  values  of  the  limits  x^  and  jr,,,  which  shal!  render 

U  =  I    ^  Vdx  a  maximum  or  minimum,  where 

^U'^Ux'     dx^' dx''     ''  dx'     dx^ dz-J' 

The  equation  DU  =  0  becomes  in  this  case 

V,dx^  -  Vr„  +  [p,  -~  +  &c]  0^1  -  [p,_^+ic]  ■  %, 

+[A--i.©.-['^-i.(§).—l>S3]. 

+(-i)-^]v-. 

,[.,_^^,..]_.,_[.,_g:,.,.].,. 


,ot,i.c,GoOglt' 


MAXIMA   AN'n    MINIMA    OF   ONE   VAHIABLK.  491 

If  the  functioiia  y  mid  z  be  hi  dependent  of  each  other,  their  varia- 
tions hy  ntid  Jz  will  also  be  independent ;  and,  by  reasoning  as  in 
previoua  propositions,  it  will  appear  that  we  shall  have  the  conditions 


And  for  the  equation  of  the  limits 

+  [P._*e.J,(§)^-[P.-*e].(§)^^e.d.c. 

+  [/■/-  to.]  gj)_ -  [A-  -  &c.],  C^')^.  te.  to.  =  0, (2). 

The  mode  of  treating  these  eqnations  is  exactly  the  same  as  that 
employed  when  V  contained  hut  one  function,  and  by  reasoning,  as 
in  that  case,  it  may  be  readily  shown  that  the  number  of  equations 
applicjiblc  to  the  solution  of  the  problem  will  not,  in  general,  be 
afluctod  by  any  equations  of  condition  restricting  the  limits.  For 
every  such  equation  of  condition  will  diminish  by  unity  the  number 
of  terms  in  (2),  either  by  reducing  to  zero  the  variation  which 
appears  in  such  term  ;  or,  by  uniting  two  terms  in  oncT  and  thereby 
diminishing  by  unity  the  number  of  equations  deducible  from  (2), 

But  the  given  equation  of  condition  will  just  supply  the  place  of 
that  whicii  has  disappeared. 

Thus  it  will  Buflicc  to  prove  that  (1)  and  (2)  furnish  the  requisite 
Duinbei'  of  equations  in  a  single  case,  as  when  the  limits  of  x  are 
alone  fixed. 
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Now  thp  first  of  cqiiat'Kins  (I)  is  of  the  order  2n  in  y,  and  n»  +  n 
in  «,  and  tin-  second  of  equations  (!)  is  of  the  order  m  -\-  n  in  y, 
and  2m  in  x.     They  are  therefore  of  tlie  forms 

If,  then,  we  differentiate  (3)  Sm  times,  and  (4)  nt  -|-  n  times,  we 
shall  hnve  Sm  +  rt  4-  2  equations  wilh  which  to  eliminate  the  3in  +  n 

dz  rf^+"3 

qiinntittes    2, -r- Tlj^'     *"^  *''°  resulting  equation  will  be 

of  tlio  order  Sm  +  2ft  in  y.  The  integral  of  this  equation  will  con- 
tain 2m  +  2ii  eonslnnts.  But  the  number  of  equations  given  hy 
(2)  is  cxacdy  2rt  +  2m,  viz. :  the  2n  equations, 

[Pi-^  +  Aicl  =0,  [a-^^+'^<'1  =0,[P2-&c,],=0,&c.; 
and  the  2m  equations, 

[Pj'—  &c.],  -  0,  &c. 
Hence   the   problem    is   in   gencnil   deteimiuate,  but   there  are 
exceptions  entirely  similar  to  those  considered  in  the  case  of  a  single 
dependent  function  y. 

82.  If  (he  functions  y  and  s  be  connected  by  mi  equnlion  i  =;  0, 
uni  if  it  be  possible  to  resolve  that  equation  with  respect  to  y  or  z, 
8o  as  to  obtain  a  result  of  the  form  z  =/|x,  y,  -7-,  &c.  J,    the  values 

of  -^,     -,-;,  &c.,  can  be  formed  by  differentiation,  and  .substituted  in 

dx     dx^  •' 

that  of  V,  which  will  then  contain  x,  y,  and  the  differential  coeffi- 
cients of  y  with  respect  to  x,  thus  presenting  a  case  already 
oousidered. 
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83.  But  since  the  proposed  equation  Z  =  0  is  often  a  differential 
equation  difficuU  to  be  int<:gritteci,  we  are  often  compelled  to  adopt 
thfi  method  already  noticed,  (P^e  4-14)  in  which  by  the  introduction 
of  a  new  indeterminate  quantity  X,  and  a  suitable  detemiioation  of 
its  value,  we  nre  enabled  to  obtain  ;m  expression  for  it/' which  shall 
contain  but  one  of  the  variations  Sy  and  Sz  under  the  sign  of  inte- 
gration. 

Thus,  if  we  denote  by  S,  the  sum  of  the  terms  exterior  to  the  sign 
of  integration  in  the  value  of  5(7,  (Page  4i5)  there  will  result 

jp= . +_^'' [iv+ X. -^ffiiM!  +  &c.]  M« 

+^'  [if '+  X.'-'E;+i£'  +  to.]  fci.  ; 
And  if  we  so  assume  the  quantity  X  as  to  fulfil  the  condition 

it  will  appear  by  reasoning,  similar  to  that  employed  when  y  was 
the  only  function,  that  the  condition  oU  =  0  cannot  be  satisfied  (so 
long  as  the  form  of  iyis  arbitrary)  unless  we  have  the  two  conditions 

.  =  0    .nd    if+x.-^t!i±.2£)+ie.  =  0. 
ax 

Hence,  we  have  for  the  solution  of  the  problem,  the  three  general 

equations 


and  JV'  +  Xa' ^-'  ^.^^'.  +  &e.  =  0. 

ax 

whii/h  are  just  sudicient  to  determine  the  three  unknown  quantities, 
X,  y  and  z. 

84.  We  will  now  give,  in  conclusion,  examples  to  illustrate  the 
cases  and  methods  above  explained. 
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Er.  To  find  the  nature  of  the  line  which  is  the  shortest  distance 
between  twq  given  points  in  space  there  being  no  restriction  by 
wliii'h  the  line  is  required  to  bo  confined  to  one  plane, 

The  gcuernl  value  of  the  length  of  the  arc  of  a  curve  of  doufala 
curvature  is 


fht-m- 


taken  between  the  proper  limit's. 

Hence  in  the  present  case  we  sliall  liave 


Pi  =  0,  Pj'  =  0,  &e. 
e  the  equations 

J7  -^  +  &CC.  =  0  and     N'  _  1^'-'  +  &c  =  0 

dx  dx 


V' 


V'+S^ 


Eliminating  first— and  then  -^  between  these  two  equations,  *< 
readily  obtain  results  of  the  forma 
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whii'h  m  and  n  are  coiisUuits, 


These  are  the  equations  of  a  straight  line,  which  therefore  is  Ihe 
shortlist  distance  rec[nireJ. 

Tu  find  the  values  of  the  constants  m,  n,  p,  nnd  q,  we  introduce 
the  given  limits  Xf,,  y„,  ^g,  x^,  >/,.  s„  and  tinis  get 

.Vfl  =  "Wo  +  p,     /„  =  irio  +  5,    yi  ^  mx,  +  p,    r,  =  n^,  +  y, 
whifh  snlTiee  to  dotermine  m,  ii,p  and  j. 

85.  !f  the  Jiiniting  values  of  x  only  were  given,  those  of  y  and  e 
remaining  indeterminate,  the  terms  exterior  to  the  sign  of  integra- 
tion would  give 

(A)i  =  0.  (Pi)«  =  0.  (A')i  =  0.  (^i')o  =  0, 
which  arc  equivalent  to  the  two  equations 

m  ^  0     and     «  ^  0, 
thus  leaving  the  other  two  constants  p  and  q  indeterminate,  nnd  pre- 
Benting  one  of  the  cases  of  exception  alreiidy  noticed. 

86.  .£'■'■-  To  find  the  shortest  distance  between  two  given 
surfaces. 

Let  the  equation  of  the  first  surGice  be  foi-^o- 2/f  ^n)  —0----(l) 
and  that  of  the  second  surface  /i(a-„  yi,  7))  =  0 (2) 


As  in  the  lost  example     f'  =  (■ 


1  + 


and  we  immediately  deduce  as  before 

l/  =  mx+p (3),  ^  =  nx  +  q (4) 

which  show  that  the  shortest  path  is  still  a  straight  line. 

To  fix  the  co-ordinates  of  the  extremities  of  this  line  we  form  the 
complete  inclement  of  (1)  and  (2)  thus  : 


z.c:„  Google 


496  CALCUI-L^S  OF   VARIATIONS. 


put  for  brevity 

dA  <A  <^A  j^ 

dy^  dy,  dZf)  (h^ 

dj^o  '^^1  ^■''v  d^i  ■ 

»^— »"(I),0,(e);0, 

Cheir  values  derived  ft-om  eqiiatJuna  (3)  and   (4).     We  shall  thus 
obtain 

(I  +  mra,  +  n»,)  ill,  +  mfy,  +  «,&,  =  0. 
Now  eliminating,  by  the  aid  <jf  these  e<iuatloii3,  rf^o  and  rfi„  from 
the  equations 

r,it,  +  {p,),if,  +  (/"I'tfj,  =  0 
r,i;i,  +  (P,),*j,  +  (,P,'),Si,=  0, 

and  placing  equal  to  zero  the  coeflieients  of  5y„,  Sz^,  iy„  Ss,,  wa 
obtain 

".''.-  m,  (1 + •"'.  + »".)  =  0 (') 

«',>',-  (-P,),  (1  +  ""'i  +  "",)  =  0 (8) 

".y,  -  {f,'),  (1  +  "".  + "».)  =  0  ■■■•■■  (9) 

»i  f".  -  (-P.')i  (1  +  "i™.  +  »»,)=« (10). 

If  now  we  replace  V^  and  {Pi}^  &c.  In  (7),  (8),  (9)  and  (10),  by 
their  values 

(1  +  m=  +  «=)*,     ^    — &c 
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we  readily  find  from  (7)  and  (9)      m  =  m^  n=:ti, (11) 

and  from  (8)  and  (10),     m  =  m,     and     b  =  Bo (12). 

Now  eliminating  a^o,  y^.  %  *ii  J*!-  ^i.  whioh  quantities  occur  in  tho 
values  of  m^  tig,  nij,  and  n„  by  means  of  the  six  equations, 

fbere  will  remain  the  four  equations  (IJ)  ^id  (13)  with  which  to 
compute  Uie  values  of  m,  n,  p,  and  q ;  thus  the  line  of  shorteat 
distance  will  be  fixed  in  position  ;  and,  by  combining  its  equations 
with  those  of  the  given  surfaces,  we  can  find  the  values  of 

87.  The  equations  (11)  and  (12)  show  that  the  line  of  shortest 
distance  is  uwmal  to  both  surfaces.  For  the  assumed  values  of 
nig  and  n^  indicate  that  they  represent  the  tangents  of  the  angles 
formed  by  the  projections  of  the  normal  to  the  first  surface  on  the 
planes  of  xy  and  xz  with  the  axis  of  x ;  while  m  and  n  denote  the 
tangents  of  the  corresponding  angles  formed  by  the  projections  of 
the  line  of  shortest  distance. 

A  simUar  remark  applies  to  the  quantities  m,  and  n^,  and  the 
normal  to  the  second  surikc«. 

88.  £!x.  To  find  the  shortest  distance  traced  on  the  sur&ce  of  a 
given  sphere  between  two  given  points  in  the  surface. 

Here  the  quantity  to  be  rendered  a  nunimum  is  the  same  as  in 
the  last  two  examples,  viz. : 


"<{' 


'  +  ii  +  S.'^---0)i 


but  since  the  path  is  restricted  to  the  surface  of  a  given  sphere,  the 


.y  Google 


498  CALCULUS  OP  VAEIATTONS. 

OO-ordinates  r,  y,  and  z,  of  any  point  in  the  required  path,  will  be 
connected  by  the  relation 

«»  +  y»  +  B»  =  H,    or    i;  =  a:  +  y^+«^  =  0....(2). 

Hence  the  variations  of  y  and  z  will  not  be  independent  of  each 
other. 

Now  we  might  form  from  (2)  tho  value  of  j-,  which,  suhsUtated 
in  (1),  would  reduce  V  toa  form  in  which  it  would  no  longer  con- 
tain the  fuucljon  e,  or  its  differential  coefficient,  or  we  may  adopt  the 
method  of  Lagrange,  which  is  usually  the  easier.  Tailing  the  second 
method,  we  have 


=  ('+g-«'- 


dt'}  ' 


■Pi'=- 


"vA^l^l'    "V^ 


•Bd 

become,  in  thlacase, 

dg      dPi  dy^        dK 

dx      dx  dx      '  dx~ 
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sA^ 


dz      dx   1       /       ^i       5^ 
Elimmsting  -j-  between  (3)  and  (4),  we  get 

/       * 


.(S). 


■  W 


and  by  integration 

dx 


d^ 


'"-'        .(., 


nr,  by  duingtng  the  independent  viuiable  from  xtat,  (5)  becomes 

rfs         ^   dl  ^    ' 

By  similar  reasoning  we  may  obtain 
dx         dy  ,^,  ,        ifz         dx  ,„, 

Multiplying  (6)  by  x,  (7)  by  «,  and  (8)  by  y,  and  adding,  we  get 

ar  +  Ci*  +  Cjy  =  0,     or    b  +  — a;+-^=0 (9), 

the  equation  of  a  plane  passing  through  the  origin. 

Thus  the  required  line  of  shortest  distance  on  the  surface  of  the 
sphere,  is  confined  to  a  plane  passing  through  the  centre,  and  is,  con- 
sequently, a  great  circle. 
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The  equation  a,  —  Og  =  0  in  this  cose  disappears,  since 
An,  =  0,    Jjr,  =  0,     Si/u  =  0,     Sif^  =  0,     &(,  =  0,     and     Si^  =  0. 
llMConBtants  —  and  — ^  are  found  by  substituting 

*o.y*.*o.  w^  a^i-yitBii  for  *,y,  and  *  in  (D). 
89.  If  the  limiting  values  of  x  only  were  given,  or  tlie  problem 
that  in  which  it  is  required  to  find  on  the  surface  of  the  sphere,  the 
shorteat  path  between  two  parallel  sections,  ihe  voriations  5y„  Jy,, 
&0.  ^*ij  would  not  reduce  to  zero,  and  the  equation  o,  —  a^  =  O 
would  give  the  four  conditions 


I     —, T^=   1  +  >^J'.  =  0  ■ 


.(10)  J 


■(")! 


which  apply  to  the  inferior  limit,  with  two  similar  equations  for  tha 
superior  limit 
Eliminating  \,  between  (10)  and  (11),  there  results 


d,_     it_    \ 
-^=S=.|  =  0. 


Henoe,  the  constant  c  =  0  in  (5) ;  and  that  equation  becomea 
dy         dg       -^  dy       dt 
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. ' .  log  y  =  log  2  +  log  m  =  log  im ;     and     y  =  mz. 

This  is  the  equation  of  a  plane  passing  through  the  axis  of  *,  ond 

forming  an  arbitrary  angle  (tBn~'m)  with  the  plane  of  xz-    Hence, 

the  required  path  is  the  aro  of  any  great  iMTcle  perpendicular  to  the 

jAaaee  of  the  parallel  secdona. 
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